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The theoretical bases for wind-tunnel experiments on 
stack-gas pollution by power plants are examined and 
important variables and scale factors are presented. Test 
results are presented to show some effects of these varia- 
bles. The test procedure now in use at the New York 
University 3'/2 by 7-ft wind tunnel is described. Corre- 
lation with limited field data is presented with a discus- 
sion on accuracy of wind-tunnel experiments. 


INTRODUCTION 


HE wind tunnel is a tool by which air-flow phenomena 

occurring in nature may be reproduced on a smaller scale 

in such a manner that observations made in the tunnel 
can be interpreted in terms of full scale. 

During the past several decades, intense research in the ap- 
plication of the wind tunnel to aeronautical problems has so 
firmly established its reliability in that field, that tunnel tests are 
now routine for all aircraft in the first stages of design. This ac- 
ceptance is so widespread that one is tempted to use the tunnel to 
study other air-flow phenomena not encountered in the aero- 
nautical field. Such practice may often be fruitful, but it also 
may be misleading since these other phenomena may be sensitive 
to different variables. The diffusion of gases from power-plant 
stacks into the atmosphere is one of these fields. 

The aeronautical tunnel uses one medium, usually air, homo- 
geneous in velocity, temperature, and turbulence throughout the 
working section. The principal function is to permit observa- 
tion of forces on an object in the air stream. A tunnel which 
would be suitable for diffusion studies may require two fluids, gas 
and air, of different physical properties, temperature and veloc- 
ity gradients, and a variety of turbulent-eddy sizes. Its func- 
tion would be to permit observation of the gas motion. 

It is apparent from even a cursory glance that the physical 
dimensions, operating characteristics, auxiliary controls, and in- 
strumentation of the two types of tunnels must be different, the 
latter being a good deal more complex. 

More important still, the two types of tunnels use different 
laws of similitude. 

Since there appears to be a pronounced interest in the wind 
tunnel as a test medium for power-plant stack-gas diffusion prob- 
lems, it may be of value to describe and evaluate the phenomena 
which it is capable of reproducing. This paper will discuss the 
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theoretical considerations, a test in a wind tunnel designed specifi- 
cally for diffusion studies, and limited confirmation of the test 
results by comparison with field data. 


THEORETICAL CONSIDERATIONS 


The Problem. Theproblem most commonly brought tothe wind 
tunnel by industrial units is the descent of gases to the ground 
after emission from stacks. Usually, the only evidence of such 
ground contamination is a number of complaints from local resi- 
dents summarized in a map showing the area around the plant 
from which the complaints arise. Sometimes wind roses are sup- 
plied showing the frequency of winds of different speeds in the 
various compass directions, obtained from a nearby weather sta- 
tion. Occasionally, a company will have sampled concentrations 
around the plant over a period of time. 

The picture thus presented usually shows that the complaint 
area is confined to a sector which receives the plant stack gases at 
times of strong winds. The request is made to determine the ef- 
fectiveness of several corrective measures to keep the gases clear 
of the complaint area. 

The ambiguous word “clear’’ poses several questions. Does 
clear mean devoid of all concentrations of gas or is there a tol- 
erable maximum? How high above ground is the clear layer to ex- 
tend? Is the region to remain clear under all plant operating loads 
and during winds of all possible speeds? 

The answers to these questions often represent the difference 
between a major change in plant structure and equipment to 
secure an ideal condition and a practical acceptable compromise. 

To put a quantitative label on the word clear, it is necessary 
to discuss briefly the manner in which gas concentrations at the 
ground vary with stack and wind parameters. 

Gas Concentrations at Ground Level. When gas is discharged 
into the air at stack-top level, the wind carries it away from the 
stack and causes it to diffuse. Fig. 1(a) shows the ideal case of 
point-source emission with no upward velocity, and with density 
equal to that of the air. The center line of the trail is horizontal. 
The concentration falls off vertically and laterally away from the 
center line and axially away from the source. The boundaries 
of the plume form a cone whose traces on a vertical plane are 
shown. Point A on the ground close to the source is outside 
the plume. Point B lies well within the plume. When the wind 
speed is increased, the greater dilution causes point B to ex- 
perience a reduced concentration, as in Fig. 1(b). 

When vertical momentum or buoyancy is added to the gas at 
the source, the center line of the plume is displaced upward as in 
Fig. 1(c). Applying the same dispersion of gas concentration 
about this center line as was used in Fig. 1(a), it is seen that point 
B is now free of the plume in a light wind. However, at a higher 
wind speed, Fig. 1(d), the center line of the plume will have 
dropped, thus bringing point B into a region of higher concen- 

tration. This is offset by greater dilution at higher speeds. 

The significance of diffusion and dropping of the plume with 
increase in wind speed is shown in Fig. 2. The curves represent 
the variation of ground-level concentration with wind speed as 
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Concentration 
Profile 


No gas-ejection speed or buoyancy, light wind 

No -ejection speed or muayenay. strong wind 
With gas-ejection speed and buoyancy, light wind 
With gas-ejection speed and buoyancy, strong wind 


Fig. Rewative Errects or Prume anp WIND SPEED ON 


Grounp CONCENTRATIONS 


calculated with theoretical equations for plume path and dif- 
fusion (1, 2)* for a simple stack 100 ft high and 20 ft diam. 
The stack gas has a temperature of 100 deg F above an ambient 
atmospheric temperature of 70 F and ejects at a speed of 15 fps. 
These values were chosen to emphasize important features rather 
than to represent typical power-plant practice. 

The negligible concentration at low wind speed is due to the 
steep rise of the gas plume, a condition shown in Fig. I(c). With 
increasing speed the plume is deflected toward horizontal and 
when its lower edge begins to contact the ground the concentra- 
tion rises rapidly, as shown in the curves. A maximum is 
reached beyond which the dilution as a result of increasing speed 
becomes the controlling factor. 

Two regions of the speed range thus show possibilities of re- 
lief from contamination. Above the speed of maximum concen- 
tration, a tolerable level eventually may be reached, but the 
magnitude of the wind speed renders this impractical. The 
other region lies below the speed at which concentration shows a 
marked increase and is extremely important because it is char- 


8 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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acterized by little or no contamination over a range of speeds 
normally encountered during the year. 

Critical Wind Speed, Ver. The upper limit of this region of no 
contamination will be called the critical wind speed since a small 
increase in speed will cause a rapid rise in gas concentration at 
ground level. Sherlock (3) defines a critical wind speed which in 
principle appears the same as that used in this paper but is 
based on geometry of plume edge rather than concentration char- 
acterisiics. 

Whether the concentration will increase to an undesirable value 
depends on the situation. Gas emitted from a tall stack into an 
almost undisturbed air stream will diffuse in a small cone angle so 
that only the fringes may touch the ground. Here the critical 
wind speed is not significant, but this case rarely causes a pollu- 
tion problem. When short stacks adjacent to or atop a large 
building emit gas, the entire plume is brought bodily toward the 
ground before much diffusion can occur. If the plume touches 
the ground the rate of build-up of concentration is extremely 
rapid and the speed at touching becomes critical indeed. In- 
dustrial plants causing pollution usually exhibit the latter char- 
acteristic. 

The determination of Ver can be made in a wind tunnel that is 
not equipped for quantitative concentration sampling since it is a 
threshold indication. A convenient method is to use smoke to 
represent stack gas and a light beam-phototube combination on 
the floor of the tunnel at the complaint area. At very low wind 
speeds the plume is high off the ground. As the wind speed is 
increased, the plume falls until its lewer edge intercepts the light 
beam. A microammeter in the phototube circuit indicates the 
loss in light intensity due to the smoke, thus establishing Ver. 
Fig. 3 is a typical record of such a test carried out to extremely 
high speeds to show the general similarity of the test result to the 
theoretical curves of Fig. 2. An essential difference in conditions 
is the presence of plant structure in the wind-tunnel test which 
causes a more diffused plume. 

The results shown in Fig. 3 were obtained using a single stack 
adjacent to a building having the shape of a rectangular prism 


\ 


* X=5,000' 


& 


Relative Ground Level Concentration 


20 40 
Wind Speed in mph 


Fig. VARIATION or GRouND CoNCENTRATION WITH 
Winp Speep at Toree Downwinp D1sTaNcEes 


(Simple 100-ft stack with d = 20 ft, Vs = 15 fps, and 7s = 100 deg F 
above ambient.) 


Light 
b) 
| 
5 
| 
| 
: 
‘a 3 
righ: 
| 
(a) 4 
| 
| 
* 
ig 


Relative Ground Level Concentration 


20 40 
Wind Speed in mph 


Fic.3 Resuvts or Test Run on BLock Mops. or Butip1nc WitTH 
Stack, Ustnc Licut METHOD 


(Phototube output is plotted as relative concentration versus full-scale 
wind speed.) 
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oriented diagonally to the wind. The stack scaled 20 ft diam 
and 100 ft high. The building scaled 92 ft high, 150 ft wide 
and 215 ft long. The sampling distance scaled 3000 ft down- 
wind from the stack. The stack was operating at a scale ejec- 
tion speed of 30 fps and a simulated temperature of 100 deg F 
above ambient. 

It should be noted that the theoretical curves were calculated 
for point concentrations while the test points were line concentra- 
tions across the tunnel floor. However, integration of theoretical 
point, concentrations along such a line can be shown to produce a 
curve similar in shape to that of Fig. 2. 

Application of Ver. Since variation in stack height and diame- 
ter, gas-ejection speed and temperature, and obstructions to air- 
flow in the vicinity of the point of emission strongly influence the 
height of the center of the plume, Ver will be sensitive to the same 
factors. The test run which yielded the curve shown in Fig. 3 
established 10 mph as Ver for that particular set of physical and 
operational conditions. Succeeding runs which varied only the 
ejection speed yielded other values of Ver. These were plotted 
in Fig. 4. The curve defined by these test points represents the 
effect of plant load (ejection speed) on Ver. It may be seen that 
increased plant load raised Ver and thus was favorable for reduc- 
ing pollution. 

The other curves show the effect of 200-deg F increase in gas 
temperature and the effect of a 100-ft stack extension above the 
existing 100-ft stack. Both modifications are favorable. The 
horizontal displacement of the curves shows the degree of im- 
provement at any given plant load. 

Important Variables for Tunnel Tests. For a given plant in its 
topographical environment a number of variables affect the 
critical wind speed. A useful wind-tunnel experiment can be 
made with five variables, namely, atmospheric air density, wind 
speed, wind direction, stack-gas density, and ejection speed. 
In a program of experiments the number is reduced to four by 
using the ratio of gas-to-air density. 

Omitted from this list of variables is atmospheric turbulence. 
The thermally neutral air stream of the wind tunnel produces 
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one of a range of possible turbulence conditions. 


Fortunately, it 
falls between the extremes and may in some cases be an average 


condition. Omission of the turbulence variable is one of the 
factors to be taken into account in the evaluation of wind-tunnel 
test results. 

Scale Factors. The determination of Ver in the wind tunnel 
requires that all factors which influence the plume path be scaled 
properly. Thus scale factors must be used on physical size, 
fluid velocities, and densities. 

A requirement assumed in the following analysis is that the path 
of the gas plume in model experiments and full-scale plant be 
geometrically similar. A logical result of this requirement is 
that all structures and topographical features have geometric 
similarity. This is achieved by scaling all linear dimensions with 
the same linear scale factor. Implicit in geometric similarity is 
that the wind direction be the same for model and full scale. 

Scale factors for wind and gas variables are developed from the 
following equations of plume path used in the calculations for 
Fig. 2. They are a modified form of the equations in reference 
(1). 

Total rise of plume above stack top (at downwind distance x) = 


Zz, + % 
2 2max 2max zr 
felocity risez, — =—{1—0.8— /-]......... 
Velocity rise z q 7 (: 0.8 q ‘) {1] 
d 1+0.438 V/V, V 
Buoyancy rise z, 5.01 Va V (: [3] 
80 Stack Height Gas Temp. 
200° 170° F. —— 
100° 370° F. 
100° 70°F. 
“60 
£ 


Gas Eject 
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Z = f(X) by curve in Fig. 8, reference (1) 


where 
d = stack diameter 
V = wind speed 
p = air density 
V, = gas-ejection speed 
p, = gas density 
g = acceleration due to gravity 


Velocity rise and buoyancy rise are functions of downwind dis- 
tance and variables of velocity and density. For geometric 
similarity the ratios of plume dimensions to stack diameter 
z,/d, z,/d, z/d must be kept the same for model and full scale 
under a given set of velocity and density conditions. This is 
accomplished if the ratios V,/V, p,/p, and V*/gd are the same for 
model and full scale. The last ratio is recognized as the Froude 
number. Expressed as equations relating model and full-scale 
variables they form the following 


(V2/gd)a = (V8/gd)p... [7] 


where the subscripts M and F refer to model and full scale, 
respectively. Since g is nearly constant it may be eliminated with 
little loss in accuracy. Equations [6] and [7] may be written in 
the following form 


d 

(Via = 
F 

F 


dy/d, is the linear scale factor in terms of stack diameter. Any 
convenient reference dimension can be used. Equations [5], 
[6], and [7], or [5], [6a], and [7a] together with geometric similar- 
ity determine the test conditions. 

For the special case of equal air and gas density two of the 
scale factors are eliminated. There is no plume rise due to 
buoyancy and the velocity-rise equation yields the scale factor 
V,/V. Thus only Equation {6] need be satisfied. This results 
in considerable simplification of test program and equipment. 
The extent to which density effects can be neglected in model 
experiments seems an open question. It is felt that this will 
vary considerably with specific cases. For hot gases omission of 
density characteristics is conservative and is less serious for high 
wind speeds. 

Some mention must be made of Reynolds number as a possible 
seale factor. It does not appear in the plume-path equations 
used in the preceding development probably because they were 
not intended for application to stacks as small as those used in 
scale models. However, some tunnel experiments on simple 
stacks have shown good agreement (6). The effect of Reynolds 
number on patterns of air motion for conventional building 
shapes has been shown negligible in various aerodynamic studies. 


Typicat Winp-TuNNEL TEsT 


Historical Development. The procedures described in this 
paper were developed in co-operation with the Cleveland Electric 
Illuminating Company during tests of the Avon Power Plant at 
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the New York University 3'/, X 7-ft wind tunnel starting in 
November, 1952. 

Preliminary runs made according to the tunnel practice at 
that time showed very conservative results in that pollution 
was observed in the tunnel at ground level at wind speeds much 
lower than had been recorded in field studies during the previous 
year. On the supposition that lack of buoyancy was at fault, an 
attempt was made to simulate the true gas density by adding 
helium to the smoke in calculated proportions at ambient tem- 
perature. The results showed such promise that re-evaluation of 
the entire test procedure seemed in order. The test was dis- 
continued while changes were completed in the tunnel structure 
and new instrumentation developed. Tests were resumed in 
March, 1953, and completed in May, 1953. 

As discussed under Scale Factors, the addition of buoyancy 
introduced a scale factor on velocity which had not been neces- 
sary when only wind and gas momentum was considered. This 
scale factor, Froude number, required that all speeds be reduced 
according to the square root of the linear scale. Thus a linear 
scale factor of 1:240 as used in the Avon test required a ve- 
locity scale factor of 1:15.5. Since the range of wind speeds 
encountered in full size was of the order of 10 to 35 mph, the 
corresponding tunnel speeds were about 1 to 3 fps. 

Previous experience had shown that attainment of a steady air 
stream below 5 fps was very difficult and almost impossible at 1 
fps. The difficulty lay in the fact that the tunnel was of the non- 
recirculating type, drawing air from the building and discharging 
it to the outside. Thermal currents and local air motions due to 
drafts and fans in the building were drawn into the intake and 
appeared in the air stream at low speeds as unwanted turbulence. 

Just prior to the Avon test, the tunnel had been under recon- 
struction as part of a program of atmospheric turbulence studies 
for the Atomic Energy Commission. One phase of the program 
was the rebuilding and insulating of the intake end of the tunnel 
to remove these thermals so that tests could be performed at low 
speeds. The buoyancy requirement made it mandatory that this 
new entrance section be completed before resuming the Avon test. 

By March, 1953, the new intake structure had been proved 
successful in producing a quiet air stream at all anticipated tunnel- 
test speeds. In addition, the light beam-phototube smoke de- 
tector had been developed to sufficient sensitivity that it could 
detect wisps of smoke which straggled below the main body of the 
plume. With these two major changes, the Avon test could now 
proceed. 

Apparatus. The test section of the tunnel is 30 ft long, 3'/2 
ft high, and 7 ft wide. The plant model is located at the begin- 
ning of the test section and, for convenient observation of the 
smoke plume, one side of the entire test section is of plate glass. 
Wind speed is controlled by a Ward-Leonard system applied to 
the fan motor at the discharge end of the tunnel, and wind speed 
is measured with a thermopile-type probe (Hastings Air Meter) 
over the model. For smoke generation air metered through a 
Flowrator is passed through a metal chamber into which oil 
vapor produced by electrically heated vaporizers is admitted. 
Smoke density is controlled by adjustment of the oil supply to the 
vaporizers. Helium also is metered through a Flowrator before 
addition to the smoke in the tube leading to the model. For 
detection of pollution at ground level, the phototube was in- 
stalled at a scale distance of 3000 ft from the plant facing a light 
source across the tunnel, the beam being approximately 20 ft 
above ground. 

Test Conditions. The test was run in a neutral atmosphere; 
ie., temperature did not vary with height. The effects of at- 
mospheric turbulence which are thermal in origin must therefore 
be kept in mind when applying test results. 
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The topography was reproduced in the circle of the turntable 
on which the model was placed, a radius of 36 in. or 720 scale 
ft. The upwind terrain was the flat water surface of Lake Erie. 
Downwind, the terrain consisted of flat land. It was not con- 
sidered necessary to reproduce low-level irregularities since the 
turbulence generated by the building (177 ft high) was so large 
in comparison. Fig. 5 shows the model in the tunnel. 

Test Procedure. When the air flow, helium flow, and smoke 
density are adjusted properly, the wind is set at a speed low 
enough so that the smoke plume is visibly off the ground. The 
light meter connected to the phototube is read. The wind 
speed is increased in small increments and the corresponding 
light-meter readings noted and plotted for determination of 
critical wind speed. It is to be noted that in this method of test, 
although the slope of the curve thus obtained will depend strongly 
on the density of the smoke entering the model, the zero intercept 
is very insensitive to density, provided that the smoke is not so 
dense that the particles appreciably affect the specific gravity. 

Test Results. The foregoing apparatus and test procedure hav- 
ing been developed, the Avon Plant model was tested. Salient 
results are as follows: 

Confirming theory and previous experience at this laboratory 
and elsewhere, it was demonstrated that down-wash of the plume 
is encouraged by high wind speeds and low stack velocities. 

Also confirming previous observations, wind direction is im- 
portant. Wind of such direction as to be approximately 45 deg 
off the line of stack produces down-wash at considerably lower 
wind speed than winds from other directions. 

With wind from this direction, tests of the Avon Plant model 
indicated threshold contamination (i.e., initial deflection on the 
microammeter) at a wind speed of 19 mph (Ver). With all other 
wind directions, higher wind speeds were required for threshold 
contamination. 

For a given condition of wind direction and stack velocity it 
was demonstrated repeatedly that results (for example—the 19- 
mph critical wind velocity) were easily reproducible. 

The 19-mph critical wind speed having been established, plant 
improvements were applied to the model and the tests repeated. 
Benefit of an improvement was evaluated by its effect in in- 
creasing the wind speed necessary to produce down-wash. 


Fic. 5 View or Avon PLant tn TunneL Wits Borter Loap anp ScaLs Speep or 19 


It was possible to try to evaluate the effectiveness on the 
Avon Plant of a number of the measures frequently considered for 
down-wash abatement such as higher stacks, nozzles, guide vanes 
on the stacks, dilution of stack gas with air for greater velocity, 
streamlining of the building, and even vanes for correcting 
unfavorable wind patterns caused by the structure. With the 
wind tunnel each of these measures was evaluated in terms of 
resulting increased critical wind speed. 

Data, so obtained, applied to U. 8. Weather Bureau data for 
the locality on duration of winds of various speeds for each direc- 
tion, permitted the calculation of the reduction in hours of down- 
wash per year which may be accomplished by use of a corrective 
measure under consideration. 


Accuracy oF WIND-TUNNEL EXPERIMENTS 


The ever-present and most important question relating to 
tests of this nature is ‘How do the wind-tunnel results compare 
with the behavior of the prototype plant?” 

Prior to the undertaking of the wind-tunnel tests of Avon Plant, 
the Cleveland Electric Illuminating Company had made a 
broad survey of conditions in the vicinity of the plant in Avon 
Lake Village. Some 20 sampling-station locations were estab- 
lished in various directions and ranging up to 1'/, miles from the 
plant and many hundreds of SO, analyses of the air were made at 
these locations. The analyses were correlated with wind diree- 
tion, wind velocity, and a number of other factors. Samples were 
initially taken daily for a period of 8 months and during the past 
2'/. years have been taken during critical winds. From the 
data for the sampling station located close to the equivalent 
light beam-phototube position in the tunnel, points were selected 
for plotting Fig. 6. The complete records for the station show 
readings for all wind directions but only those were taken which 
brought the plume over the station. 

The wind-tunnel-test points are based on readings of phototube 
output found by the procedure described earlier. As there was no 
calibration made of the relation between instrument readings 
and smoke concentration, the instrument readings were arbi- 
trarily multiplied by a factor which gives the wind-tunnel curve 
approximately the same slope as the field-test points. To this 
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extent the correlation is indefinite but the critical wind speed is 
not affected. 

The wind-tunnel curve is interpreted as giving a critical wind 
speed of approximately 19 mph. The full-scale points show a 
dispersion, as is expected, considering the range of atmospheric 
turbulence conditions, but a reasonable interpretation yields 
approximately the same critical wind speed as the wind-tunnel 
test. Field tests for other wind directions did not encounter suf- 
ficiently high wind speeds to give concentrations significant for 
correlation purposes. 

When evaluating wind-tunnel results, some allowance must be 
made for the lack of perfect correspondence with full-scale char- 
acteristics whether due to experimental errors, atmospheric tur- 
bulence, or fundamental features of wind-tunnel experiments. 
Use of the critical wind speed has an inherent margin of safety 
since some concentration can be tolerated and this will occur at 
speeds higher than critical. The phototube method of detecting 
the presence of the lower edge of the plume can be adjusted to 
provide a margin of safety. At best the light beam must be 
located a small distance above the floor and will therefore register 
the plume before it actually contacts the ground. Additional 
margin can be obtained by raising the beam to a higher level. 
Whether the favorable correlation in Fig. 6 will be found for 
experiments on other power plants is open to question. Further 
field studies for specific cases are needed to place wind-tunnel ex- 
perimentation on a firmer basis and special emphasis should be 
placed on those having important topographical influences (4). 
Development of wind-tunnel apparatus for precise control and 
measurement of gas concentrations will yield another important 
form of data and facilitate the correlation with field experiments 
but will not change the fundamental nature of the experi- 
ments. 

Simulation of atmospheric turbulence over a range of stability 
conditions will add a new variable serving to extend the range of 
test conditions. A project under the sponsorship of the Atomic 
Energy Commission at the New York University wind tunnel is 
directed to the development of equipment and techniques for this 
purpose. Favorable results of a qualitative nature were found 
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in the earlier stages of the project (5) but close control of turbu- 
lence characteristics has required extensive development of special 
equipment. The equipment phase is nearing completion and a 
program of experiments, scheduled for the near future, will give a 
basis for evaluating the possibilities of reproducing atmospheric 
turbulence in wind-tunnel experiments. 

While experiments on power-plant models have given useful 
results in the past, further development of this field of investi- 
gation may yield a more effective tool for the solution of atmos- 
pheric-pollution problems. The rate of development will 
depend on the interest and demands of potential users. 
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Discussion 


W. F. Davipson.‘ This paper should be of particular value 
to investigators of air-pollution problems who are considering, 
for the first time, the use of a wind tunnel as a tool. It is too 
often not recognized that wind tunnels for aeronautical research 
and investigation and wind tunnels for air-pollution studies have 
little in common other than the name. The first is designed to 
measure the forces acting on a model of an aeroplane or a com- 
ponent such as a wing or a tail empennage, and the pattern of air 
flow is of minor interest except as to the speed and density and 
almost complete freedom from turbulence. The second is de- 
signed to measure or otherwise determine the effect on the air- 
flow pattern—with large emphasis on turbulence—of buildings 
or other structures or terrain features and no attention is given 
to forces on these structures. 

In order that the measurements and observations in the wind 
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tunnel may be translated into data applicable to the prototype, 
the various scale factors must be determined and adjusted so as 
to form consistent sets. This sometimes takes considerable study 
if the best possible selection is to be made. 

The second part of the paper describes an ingenious measure- 
ment technique which provides numerical data in a form usable 
by design engineers. The success in this case should encourage 
other investigators to seek solutions in other cases. 

This paper demonstrates, if demonstration be needed, how 
complex air-flow patterns can be, especially in the lower levels of 
the atmosphere which are of most importance in air pollution. 
It also brings to attention how few verifications have been made 
of wind tunnel data by actual measurements on the prototype. 
Turbulence is almost certainly the factor of major importance, 
for it is turbulence, and not molecular diffusion, that is respon- 
sible for the mixing and dilution of the waste gases. Yet, we do 
not have a direct means for measuring turbulence. Today, care- 
fully planned wind-tunnel tests seem to be our best means for 
gaining insight into this phenomenon. The writer confesses to 
having idled away hours watching the changing patterns of a 
simulated stack effluent. Just about the time when he has de- 
veloped a feeling of confidence in his ability to predict how the 
plume will be changed by a slight alteration in the power station 
or some other large structure, something happens which promptly 
deflates that self-assurance. It still seems wise to sav: ‘‘When 
in doubt, try a wind tunnel.” 


F. J. Leonnarp.’ The wind tunnel is of great value as a guide 
in the correction of problems of down-wagh and, in the case of 
plants not yet built, it is a helpful tool for the avoidance of such 
problems. 

As mentioned in the paper, there are at our disposal a number of 
corrective measures which may be applied to power plants. But 
until an actual test is made, there is no sure way of knowing 
whether a certain corrective measure will help a particular plant 
let alone whether it will solve completely the problem at hand. 
Prior to the testing of Avon Plant in the wind tunnel, we had 
quite a few ideas for corrective measures. I had solicited ideas 
among other employees of the Cleveland Electric Illuminating 
Company and the response was good. It was then quite simple 
in the exploratory runs early in the series to weed out the ideas 
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which were ineffective for Avon Plant, thereby permitting con- 
centration on those which have merit. This weeding-out proc- 
ess was very important. 

The next step was the evaluation of the effectiveness of the 
various corrective measures which had been demonstrated to be 
beneficial. It was possible in this series of tests to evaluate not 
only individual corrective measures such as higher stacks, noz- 
zles, and so on, but also to evaluate the application of these to 
varying degrees. In any plant there is a limit, for example, to 
the degree to which stack extension can be carried without ex- 
ceeding allowable stress in the structure. Also, the beneficial 
increase in stack-exit velocity by the use of stack-tip nozzles is 
limited by the degree to which draft loss can be increased without 
a reduction in boiler rating and plant-generating capacity. The 
wind tunnel is sufficiently sensitive to detect the effect of moderate 
practical degrees of application of corrective measures. 

Due to the practical limitations to the degree to which individ- 
ual corrective measures may be applied to a plant, it may turn 
out that the solution of the problem is a combination of two or 
more corrective measures. Here the wind tunnel is of especial 
usefulness, as it permits the trial of a large number of combina- 
tions in a relatively short time and the careful choice of the best 
combination. 

In summary, the wind tunnel told us first what we should not 
do and finally what we should do, and through systematic pro- 
cedure and careful analysis the latter answer is, we firmly believe, 
as simple and economically feasible as possible. 
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This paper concerns a solution to a critical pipe-line 
bridge-vibration problem. The answer to the problem re- 
sulted from the application of scientific research methods. 
As the first step toward a solution, careful measurements 
were made which laid bare the fundamental cause of the 
trouble. Following this, several possible solutions were 
conceived, and the most practical appearing one was 
selected for testing. Dynamic tests on models were made 
to verify the choice and to aid in full-scale design. Finally, 
a full-scale aerodynamic vibration damper was applied 
to the suspension bridge and the results checked by 
scientific measurements. The resulting solution for 
preventing vibration of suspension bridges is thought to 
be completely new, and the subject pipe-line bridge, the 
first of its kind to which it has been applied. 


INTRODUCTION 


ARLY in 1948, the El Paso Natural Gas Company, The 
4 Southern Counties Gas Company, and the Southern 
California Gas Company put into operation the pipe-line 
suspension bridge spanning the Colorado River near Blythe, 
Calif. This bridge is a key link in the pipe-line system transmit- 
ting West Texas gas to Southern California. The appearance of 
the bridge from the California side of the river is shown in Fig. 1. 
Table 1 lists its most important physical parameters. 

Prior to going on-stream, high-amplitude oscillations of the 
span were observed, Fig. 2(a), which caused much alarm in view 
of the belief that such a “vibration” could produce excessive pipe 
stresses. It was thought that after many cycles of such flexing, 
fatigue failure of the pipe might result. Oscillations with ampli- 
tudes as much as 5 to 6 ft were reported having a frequency later 
measured to be 19.3 cycles per min (cpm). After the bridge was 
put on-stream, oscillations were still observed, appearing with 
almost daily regularity. Stiffening of the suspender cable 
structure was attempted by tying cables between the pylons and 
the suspenders at the quarter-way points from either side. This 
seemed at first to prevent the formation of extremely large ampli- 
tude oscillations, but it was definitely not the correct answer. 

In what is to follow, the terms vibration and oscillation will be 
used interchangeably. Although the bridge motion is vibrational 
the frequency is so low that it seems at times more descriptive to 
refer to it as oscillational. 


Tueories BripGe OscILLATION 


Since during times of oscillation very little or no wind was 
noted, it was naturally assumed that the basis for the oscillation 
was not aerodynamic and other theories were advanced to ex- 
plain the phenomenon. (It also was observed that the bridge 
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TABLE | PHYSICAL PARAMETERS OF PIPE-LINE 


SUSPENSION BRIDGE 


Length of span (between pylons), ft................ 1020 
Separation of suspender cradles, ft.................. 30 
Length of span backstay (east side), ft.............. 425 
Length of span backstay (west side), ft-in............ 408-6 
Height of pylons above pipe axis (approx.), ft........ 85 
Extension of wind-cable arms from pipe axis, ft-in.. . . 73-6 
Main cables (2): 
Gross metallic cross section, sq. in................ 3.58 
12.74 
Wind cables (2): 
Gross metallic cross section, sq. im................ 1.47 
Weight per foot, Ib... ... 5.24 
Modulus of elasticity................. 20 x 108 
Dead weight of pipe - high-pressure 
Nores: (a) A 250-lb weight depresses center of span 0.05-0.06 ft 


(displacement does not follow Hooke’s law). 


(6) Oscillation decay curves obtained during calm-wind 
conditions by artificial stimulation give the following 
approximate values: 

Mode of Logarithmic 
oscillation decrement® Remarks 
(see Fig. 2) 
0.5 7.0 xX 1078 No els 
0.5 7.5 xX 10-3 With panels 
1.0 5.7 X 10-3 No panels 


* “Vibration Analysis,’’ by N. O, Myklestad, McGraw- 
Hill Book Company, first edition, 1944, p. 98. 
It was directly measured that a total! oscillation ampli- 
tude of 14 in. sepveneass 1800 + ft-lb of potential energy 
oscillation mode). 


(e) 
(0.5 wave-lengt 


Fia. 1 


Pipe-Line SusPENSION BRIDGE 


was “quiet’”’ during windy periods.) Chief among these theories 
were the following: 


1 The oscillation was due to the spasmodic release of potential 
energy stored in the main suspension cables resulting from the 
sun’s heating. 

2 The oscillation was due to the release of potential energy 
stored by the pipe in climbing up the sides of the suspender cradles 
caused by the sun’s heating of the pipe walls during the daytime. 


Both of these theories were later shown to be false, when actual 
measurements proved that low-velocity wind was the true cause. 


798 


Gas PULSATION 


It was suggested that gas surges in the main span might be 
present because of the 90-deg bends at the ends with resulting 
velocity-head losses by the gas at these points (1).2 Although 
this effect would not explain the oscillations which were observed 
prior to putting the line into service, it was believed that the 
possibility of the occurrence of gas surges should be investigated 
since the presence of surges might aggravate oscillational tend- 
encies. 


Fic. 2. Mopes 
oF OSCILLATION 


tb. 1.0 WAVELENGTH MODE (16.7 cpm) 


¢ 1.5 WAVELENGTH MODE (27.3 cpm) 


WIND 
The reported evidence seemed to show that wind was not a 
factor in causing oscillations. Still, with no experimental evidence 
to the contrary, it was believed that wind measurement and cor- 
relation should be made. This was particularly important in the 
mind of the author because of meteorological experience and 
knowledge regarding the disastrous effects relatively low-velocity 


2? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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wind can produce on large structures, to say nothing of the history 
of wind-produced failures of other types of bridges (2). Further- 
more, calculation showed that wind velocities which might pro- 
duce oscillations of about 19 cpm would be so small as to be 
hardly observable. 

It will be noticed in Fig. 1 that the design of the bridge includes 
lateral wind cables, one on either side of the pipe line, for the 
purpose of protecting the structure against transverse high- 
velocity wind flows. The static character of the lateral forces 
which may be caused in this way can be quite satisfactorily 
counteracted by cables such as these. On the other hand, as 
described later, the oscillation-stimulation forces which result 
from the presence of wind eddies are of an entirely different na- 
ture, being primarily of the dynamic type, vertically polarized, 
and therefore cannot be counteracted by cables of this kind. It 
is even probable that the use of an ‘“‘upside-down’’ suspender 
cable similar to one of the wind cables, arranged to resist upward 
vertical displacement of the span, would probably serve only to 
shift the natural frequency of the suspension to a higher value. 
This would leave the structure still aerodynamically sensitive to 
stimulation by relatively low-velocity wind. 


INSTRUMENTATION 


In order to gain a thorough understanding of the problem, in- 
struments of various types were mounted on the bridge, as il- 
lustrated in Fig. 3. Wind-measuring equipment was installed at 
three points on the main span and floodlighted to make possible 
nighttime observation, Fig. 4. At the mid-point, high and 
low-velocity anemometers together with a wind vane were 
located. 

A low-velocity anemometer of the type used in micrometeorolog- 
ical work was placed at each quarter-point. A louvered instru- 
ment shelter was suspended near the center of the span and con- 
tained a thermograph, a microbarograph, and maximum and 
minimum thermometers. All of these instruments were mounted 
in such a way that vertical motion of the span would be impeded 
as little as possible while, at the same time, insuring that their 
accuracy would not be influenced by vibration of the structure. 
This was accomplished by sinking three anchors in the river bed 
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from whence, except for the mid-point anchor, small-diameter 
flexible steel cables ran vertically to pulleys fastened to the sus- 
pender cables. Because of the small amount of clearance between 
the suspenders and the pipe at the mid-point, the pulley here had 
to be mounted on a boom. Lengths of rubber-shock cord were 
fastened to the ends of these cables, the other ends of the cords 
being secured to the bridge as illustrated in Fig. 3(a). Large 
metal “‘targets’’ were mounted on the pipe at the quarter-way 
points with their indicating targs fastened to the anchored 
cables, Fig. 4. It was hoped that these targets would furnish a 
satisfactory means for determining the magnitudes and relative 
phasing of three points of the span during oscillation. The phas- 
ing was of interest because it was reported that, at times, when 
large-amplitude oscillations were occurring, it appeared as if a 


Fig. 4 InsTRUMENTATION AT QUARTER-Way Point 


full-wave flexure, Fig. 2(b) was present. It was desirable to 
know at what amplitude the change-over from half-wave to full- 
wave oscillation took place. It was originally planned to record 
the target indications photographically by means of movie and 
still cameras equipped with telephoto lenses. The US-60 high- 
way bridge which crosses the river about a quarter of a mile north 
of the pipe-line bridge was to be used for the camera location. 
However, the photographic procedure later proved to be unneces- 
sary. 

A potentiometer was tied to the pipe at the mid-point and so 
arranged through a sprocket wheel and chain coupling to the 
anchor cable that a voltage would be generated proportional to 
the vertical displacement of the span. The voltage was then re- 
corded by means of an oscillograph. Accurate visual measure- 
ments of the amplitude of oscillation were made by observing a 
surveyor’s level rod suspended from the pipe line so as to hang 
vertically, using the horizontal cross hair of a transit as the fixed 
reference. This method yielded accuracies of better than 0.01 
ft. 

Wind-velocity and direction measurements were made from a 
location on the riverbank by observing the indicating dials of the 
anemometers through telescopes. The light-wind anemometer at 
the mid-point of the span operated a totalizing counter on the 
bank. 

For measuring the pulsative flow conditions which might be 
present, especially during oscillation of the span, the instrumenta- 
tion facilities of the original Fluor mobile research laboratory 
were employed (3). 


CORRELATION OF OscILLATIONS WitH WIND 


For some time prior to the testing described, El Paso Natural 
Gas Company and Southern California Gas Company personnel 
had been trying to correlate oscillation with air temperature by 
means of a thermograph and a “displacement” meter located as 
shown in Fig. 3(A), point E. The meter was a modified flowmeter 
arranged so that a small-diameter cable, fastened to the pipe 
directly overhead, would, through gears, move a pen across the 
circular chart an amount proportional to the vertical-oscillation 
displacements of the span. A considerable amount of data was 
accumulated in this way which, although carefully studied, re- 
vealed nothing conclusive. After observing that during periods 
of oscillation the wind velocity was the same at the three test 
points and that its direction was either upstream or downstream, 
perpendicular to the span, it was decided to attempt correlation 
between wind velocity and oscillation at the center of the span. 

Two of the resulting correlations are presented graphically in 
Fig. 5. The solid lines represent wind velocity and the dashed 
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Fic. 5 AMPLITUDE Versus VELocITY 


lines, total vertical amplitude. The example, Fig. 5(A), illustrates 
the oscillation build-up caused by a steadily increasing wind 
starting with zero velocity. As long as the velocity remains 4 to 6 
mph, the amplitude continues to increase. When the wind in- 
creases above 6 mph (approximately), the amplitude drops to 
zero, thus showing the critical wind velocity for aerodynamic 
stimulation to be 4 to 6 mph. 

Fig. 5(B), on the other hand, illustrates a case where, from an 
initial condition of “high’”’ wind, the reduction of velocity to 4 to 6 
mph causes an increase in amplitude. Following this, a small in- 
crease to over 6 mph, coupled with nonsteadiness, reduces the 
amplitude nearly to zero. Even in this latter case, however, a 
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reduction in the average nonsteady value to less than 6 mph tends 
to increase the small amplitude remaining. By these and other 
similar correlations it was proven beyond question that wind was 
the basic cause of the trouble. 


ENERGY oF OSCILLATION 


At a time when the span was oscillating, an attempt was made 
to reduce the amplitude by out-of-phase tugging on the slacked 
anchor cable from a position in a boat located directly below the 
center of the span. A short series of tugs was all that was neces- 
sary to reduce a 22-in. amplitude swing to zero. Conversely, 
pulling in-phase built up the amplitude from nearly zero to the 
same amplitude as before. This illustrates clearly the minute- 
ness of the force required to start and maintain oscillation. 


How Winp Causes VIBRATION 


The way in which a pipe-line suspension bridge may be caused 
to oscillate by wind action is much easier to visualize than in the 
case of a suspension bridge designed to transport vehicular 
traffic. This is because the cross section of the former is aero- 
dynamically much simpler and, disregarding the relatively 
negligible drag effects caused by suspender cables, is essentially 
circular. The section of a vehicular bridge is more or less com- 
plicated, depending upon the number of lanes of traffic for which 
it is designed together with the relatively larger amount of truss- 
ing used in forming the roadbed. 

E. A. Richardson (4) discusses the aerodynamic interaction of 
wind with regard to the von Karman theory of eddy formation 
for the vehicular suspension bridge. However, the concept of 
circulation, in visualizing ‘the same effect for the “simple” 
pipe-line bridge, is thought unnecessary to a clear understanding 
of the way in which the formation of downwind eddies from a 
cylinder produces forces transverse to the general wind-flow 
direction which tend to cause lateral oscillation of the cylinder. 
The production of a lateral alternating force by the aerodynamic 
reaction between a steady wind and an obstacle in its path falls 
to some extent in the category of mechanical self-excitation, of 
which there are many examples in nature (5, 6). 

Forced vibration of the obstacle can occur if its natural fre- 
quency in a transverse plane perpendicular to wind-flow direction 
is close to that of the aerodynamically induced exciting force. 
Once vibration has commenced the tight coupling between wind 
and obstacle causes the wind velocity to lose its criticalness to 
such an extent that stimulating force will be present over a range 
of velocity (9). 


ForRMATION OF WIND EppIEs 


Fig. 6(A) illustrates a typical instantaneous wind-flow pattern 
in a plane perpendicular to the axis of a long cylinder. With the 
eddy swirling in the direction shown, there is instantaneously a 
velocity differential between the top and the bottom of the 
cylinder, In accordance with Bernoulli’s principle, this produces 
a differential static pressure component resulting in a lateral 
force (—F) pushing the cylinder in the direction shown. Fig. 
6(B) illustrates the instantaneous flow pattern a short interval of 
time later with the succeeding eddy forming with the opposite 
sense of rotation. This gives rise to a lateral force (+) acting 
in the opposite direction as before. Thus, with the formation of 
wind eddies of alternating vorticities, there is present an alternat- 
ing transverse force having a frequency equal to the eddy-forma- 
tion rate which tends to oscillate the cylinder in a plane perpendic- 
ular to the direction of wind flow and parallel to the axis of the 
cylinder, 

In an effort to “see’’ the vortices downwind of the pipe, a 
lightweight vane was constructed of balsa wood and tissue 
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(A) STREAMLINE PATTERN 


+F 


(8) STREAMLINE PATTERN ONE VORTEX CYCLE AFTER (A) 


Fie. 6 Formation or Winp Eppres—von KarMan TRAIL 


paper, yoke-mounted at the end of a rod, and placed downwind 
of the pipe (Z of Figs. 6A and 6B). With this simple device, it 
was possible to correlate vortex-formation rate with wind velocity 
simply by counting the number of vane “flips” per unit time. 


Eppy-ForRMATION FREQUENCY 


The rate at which the eddies form is proportional to the wind 
velocity and inversely so to the diameter of the cylinder (in the 


direction of the incident wind). This relationship is expressed by 
the following equation 

where 


f = frequency 
v = wind velocity 
d = cylinder diameter 


The constant of proportionality k is given by Humphreys (5) 
as 0.185 (cgs units). For the 30-in-diam pipe, this constant in- 
dicates that a 3-mph wind would cause oscillations at a fre- 
quency of about 19.3 cpm. (Note: Two eddies are required for 
each complete oscillation.) A wind having this velocity would be 
searcely observable by a person standing on the bank of a river, 
particularly, if bushes or trees were present to impede the wind 
flow along the shores. The shores in the vicinity of the Blythe 
Bridge do have a considerable amount of bush and tree cover. 
Furthermere, to the average person, wind velocities of 4 to 5 
mph are usually considered as calm, especially if he happens to 
live in a normally windy region. For these reasons, it is easy to 
explain why the first reports of the Blythe Bridge oscillation in- 
dicated that wind could not be causing the oscillation. 


Necessary WIND CHARACTERISTICS 


In order to achieve an oscillating condition, it is necessary that 
(a) the wind velocity be proper to cause an eddy-formation rate 
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close to the natural frequency of the bridge; and (b) the wind 
having the proper velocity remains relatively constant for a suf- 
ficient length of time to allow an oscillation to build up. If the 
velocity exceeds the optimum value, Equation [1], the eddy- 
formation rate will become too high for maintaining a properly 
phased relationship between it and the natural frequency of the 
structure. Therefore it would be expected that for a particu- 
lar structure there exists a critical wind velocity below and above 
which there is no aerodynamic stimulation (except that another 
critical wind speed may be found which can excite the structure 
in a different mode of oscillation). 

On the other hand, even though the average velocity be equal 
to the critical value, oscillation tendencies may be so severely 
inhibited that oscillation cannot begin if the wind is turbulent. 


METEOROLOGY 


In at least one major respect it is believed that wind-produced 
oscillation of the Blythe Bridge is not necessarily typical because 
of unique meteorological conditions caused by local terrain 
features. These conditions act with great frequency to produce 
the “steady” wind-velocity requisite to oscillation. 

It was observed that the bridge oscillated early in the morning 
and again in the evening but rarely during the day or night. 
This resulted from the fact that normally at nighttime the air 
near the surface of the ground becomes more stable because of 
radiational cooling (5,6). This cooling is facilitated in the Blythe 
area because of the low-humidity desert air normally present. 
The evaporation process coupled with relative coolness of the 
Colorado River surface, however, causes the trend toward sta- 
bility to begin first above the river. The thickness of the stable 
layer increases as cooling progresses and, since stable air resists 
overturning and mixing with air lying above, wind at higher 
levels in the atmosphere has less and less effect in producing 
wind near the ground. 

This is illustrated in Fig. 7 by the progressive increase of the 
height of the stable layer from C to Bto A. Notice how the vege- 
tation along the river and the sloping riverbanks form a channel- 
like bed for the relatively dense, stable air. 
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Fie. 7 Variation in Toickness or Stasie Arr Layer 


The production of the stable air near the earth’s surface pro- 
vides a simple explanation for the fact that calm-wind conditions 
normally are experienced during the night unless very strong 
horizontal atmospheric pressure gradients are present, such as 
may accompany thunderstorm or active weather-front conditions. 

The dashed line A, in Fig. 7, represents the boundary between 
the “stable” air and the relatively unstable and “windy” air aloft 
early in the morning before the sun’s rays have begun their heat- 
ing of the ground which later results in the lowering of the bound- 
ary zone to B, As the rising sun continues to heat the ground at 
an increasing rate, the stable channel of air over the river becomes 
relatively more stable than air over the ground surface at the same 
elevation. Finally, when the condition indicated by C is reached, 
there is left a “ribbon”’ of stable air along the river which, regard- 
less of the direction of the winds aloft, resists lateral displacement 
over the banks of the river. Instead, this ribbon of stable air is 
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induced to flow either upstream or downstream of the river by 
interaction in zone C with the upper winds. 

Thus we have, as Fig. 8 illustrates, a mechanism whereby a 
low-velocity surface wind at any angle to the river course can 
induce a low-velocity steady flow of air parallel to the river. A 
similar result occurs toward evening when the surface wind ap- 
proaches a condition of calm. 


Fie. 8 Winv-Drrec- 
—— — @ TION CONVERSION IN 
Surrace Air Firow 

Over River 


The net result, in so far as oscillation of the Blythe Bridge is 
concerned, is that a steady wind is produced at certain times of 
the day uniform in velocity across the entire span and perpendicu- 
lar thereto. This flow is necessary for the proper phasing wind 
eddies to produce dynamic forces sufficiently strong to start os- 
cillation of the span. After oscillations commence the tight 
aerodynamic coupling between the pipe and the air stream forces 
eddies into the properly phased relationship to such an extent 
that the “‘criticalness”’ of wind velocity loses its initial importance 
and stimulation can continue throughout a range of wind ve- 
locity. 


SoLuTions To PROBLEM 


There are three general solutions to the problem. The first, 
and most direct, is simply to anchor securely the point of maxi- 
mum displacement. It was demonstrated that the force require- 
ment to accomplish this is exceedingly small. The second 
method is illustrated in Figs. 9(A, B, and C). The third, Fig. 
9(D), is an aerodynamic solution, the most fundamental of all, 
which operates to eliminate the wind-induced oscillation forces at 
their source. 


Direct Tre-Down 


For some time, oscillation of the bridge was prevented by the 
restraining effect of a cable tied to the center of the span, the 
other end of which originally was fastened to an anchor in the river 
bed, Fig. 3(A). At the completion of the tests, the lower end of 
this cable was tied to an empty oil drum floating in the river. 
From the oil drum, another cable ran to the anchor in the river 
bed. Enough slack was left to account for variation in the level 
of the river surface plus daily changes in pipe elevation resulting 
from the sun’s heating. However, for practical reasons, this 
stopgap solution was undesirable from the long term standpoint. 
Other and more engineerlike antidotes were therefore considered. 


MeEcHANICAL Damper (7) 


The Frahm-type mechanical damper consists of a mass- 
compliance combination having a natural frequency equal to that 
of the structure to which it is attached, Vibrational energy is 
dissipated by motion of the damper mass. There is an excellent 
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analogy between this kind of damper and the ‘“‘wave-trap”’ of the 
radio engineer as shown by Hartog (7). 

A dynamic model of the damper design of Fig. 9(A) was tested 
on a 1/100th scale model of the subject bridge with satisfying 
results. However, this approach to solving the suspension-bridge 
problem was abandoned in favor of the aerodynamic largely for 
two reasons: (a) Moving parts are required which would neces- 
sitate continuing maintenance; and (b) the mechanical damper 
does not attack the fundamental cause of the problem, as does 
the aerodynamic damper. 


AERODYNAMIC DAMPER (8) 


The aerodynamic solution, Fig. 9(D), was considered to be the 
most logical for the problem at hand, both because of its me- 
chanical simplicity and the fact that the forces causing oscillation 
are eliminated at the source. The method employs a simple form 
of saw-tooth paneling, which makes impossible the in-phase pro- 
duction of wind-eddy forces. It is a direct outgrowth of the 
relationship between eddy frequency and obstacle size as ex- 
pressed in Equation [1], and it acts to distribute the frequencies 
of the eddy forces throughout a range depending upon the varia- 
tion in effective width of the span in the direction of the incident 
wind. Theoretically, the maximum width of the “teeth” need 
be quite small relative to the pipe diameter, but the tight aero- 
dynamic coupling between the pipe and the wind with resultant 
forcing effect on eddy-formation frequency makes it necessary 
to increase this dimension somewhat. The panels can be at- 
tached quite simply to a suspension-bridge structure by using the 
pipe itself and some of the existing rigging for tip support. 


Winpb-TunneEt Tests (9) 


To verify the usefulness of the aerodynamic paneling a small 
wind tunnel was constructed, as shown in Fig. 10. The tunnel 
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LONGITUDINAL SPRING COMPLIANCE 


Fic. 10 Winp TunNEL 


was installed at the atmospheric suction side of apparatus em- 
ploying a high-capacity centrifugal blower. In Fig. 11 may be 
seen the end-supported vibrating tube with saw-tooth panels 
which simulated the pipe-line suspension bridge for the purpose of 
experiment. Strain gages were mounted near the fixed end of the 
tube so as to form a completely active bridge circuit. 

The resultant sensitivity was sufficient to produce a 1-in. oscillo- 
graph pen displacement, with a “bridge” tip deflection of only 
0.028 in. By this means, a continuous oscillographic record of 
vibration could be obtained. A vane-type anemometer placed 
within the tunnel provided a semicontinuous indication of wind 
velocity. 

The results left nothing to be desired. Whereas with no 
panels the model bridge could be made easily to oscillate with 
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BAIRD—WIND-INDUCED VIBRATION OF PIPE-LINE SUSPENSION BRIDGE, AND ITS CURE 


Fig. 11 Dynamic Mopet or Prpe-Line Bripce 


large amplitudes, the presence of “‘fins’’ made oscillation by wind 
impossible. 


REcHECK OF OSCILLATION TENDENCIES 


Because of the time elapsing after the original tests, there was 
some question as to whether or not the structure still possessed its 
original sensitivity to wind action. Therefore, prior to the in- 
stallation of full-scale paneling, two field trips were made to ob- 
tain corroborating data. Instrumentation was based upon the 
use of the now rather substantial island present under the mid- 
point of the span. Fig. 12 shows the anemometer, thermograph, 
and barograph installation at the center of the bridge itself. 
The two tests showed that the bridge was still susceptible to 
being oscillated by wind and that wind conditions necessary to 
do this occurred frequently. 


PLACEMENT OF PANELS 


In originally estimating the amount of paneling required to 
render the bridge aerodynamically insensitive, it was assumed 
that oscillation would always begin in the half-wave mode Fig. 


2(a). During many previous tests, the author had not observed 
oscillation in any other modes whatsoever. Although witnesses 
had made remarks which tended to show that such modes could 
exist, it was believed that they had resulted, if at all, only after 
large-amplitude half-wave oscillations had developed. It was 
felt that if generation of the half-wave mode could be prevented, 
any higher modes would take care of themselves. Thus it was 
estimated that 14 panels, Fig. 13(a), “bunched” at the central 
portion of the span, as shown in Fig. 13(b), would be sufficient 
to do the job. 

However, one of the corroborating tests disclosed that wind 
could excite the 1.5-wave mode, Fig. 2(c), without the funda- 
mental mode, Fig. 2(a), being present. Experimentation soon 
showed that it was easy to hand-stimulate the full-wave mode, 
Fig. 2(b). Since the frequency of the latter was not far-removed 
from those of the other two modes, it was thought that wind 
could excite this mode also, given the proper velocity. 

Therefore the 14 panels were redistributed as shown in 
Fig. 13(c) so as to gain a measure of insurance against all three 
modes. Fig. 14 shows the resulting installation as it appears 
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Fie. 13 Panet Desian AnD INSTALLATION 


from the Arizona side of the river. The complete cost of this 
damper system for the 1020-ft suspension, including expense for 
fabrication, installation, inspection, and management, amounted 
to $8270. 


NONHARMONIC RELATIONSHIP 


It will be noticed in Fig. 2 that the frequencies of the harmoni- 
cally related oscillation patterns do not themselves bear a mul- 
tiple relationship to each other. This result is not surprising in 
view of the fact that a suspension bridge is an extremely re- 
dundant structure from the standpoint of vibration. As a mat- 
ter of fact observation showed that the nodal points for the 1.5- 
wave-length mode, Fig. 2(c), were not located at the third-way 
points of the span as would be the case if it were oscillating like 
a stretched string. 
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Fig. 14 Frevp oF AERODYNAMIC Damper System 


Discrepancy Wirx Hooxe’s Law 


It was found that the static vertical displacement of the center 
of the span due to the addition of weight at that point did not 
follow Hooke’s law wherein displacement would be proportional 
to the applied force for the elastic materials of which the bridge 
is composed. Further, it was demonstrated that Hooke’s law 
did not hold under dynamic conditions because the motion of 
the span was observed by means of direct-recording instruments 
to be nonsinusoidal. The effect of the nonlinear compliance was 
to flatten off the peaks and troughs of the otherwise sinusoidal 
displacement wave corresponding to the vertical motion of the 
center of the span. 

It is believed that much of the existing theory dealing with 
the vibration of suspension bridges needs to be modified accord- 
ingly since Hooke’s law has usually been assumed to apply, an 
assumption not in line with the experimental facts. Particularly 
in the case of pipe-line suspensions, the fact that axial deflection 
of large diameter pipe under high internal gas pressure cannot be 
expected to follow Hooke’s law should cast doubt on the accu- 
racy of such an assumption. Thestress characteristics of the sus- 
pension itself preclude the applicability of Hooke’s law except 
for exceedingly small amplitudes. 


Finau Resvuut 


A test was made immediately following the installation of the 
oscillation damping panels on the bridge. As note (6) of Table 1 
shows the aerodynamic damper had no appreciable effect on vis- 
cous damping of the structure. No indication whatsoever was 
found of aerodynamic sensitivity during a three-day period. 
During this time, wind velocities were recorded over long inter- 
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vals which previously had induced oscillation. Since the time 
of the test no oscillations have been observed. Thus it appears 
that the theory and experimental research which finally culmi- 
nated in the unique vibration damper now installed on the Blythe 
Bridge have been well vindicated. The application of this device 
to other vibrating bridges, therefore, can be made with assurance 
that it will eliminate any wind-induced oscillational tendencies 
which they may possess. 

Further, it is believed that the basic technique can be applied 
to other instability problems akin to bridge vibration with a 
good chance of success. Such problems might be vibration of 
submarine schnorkel-periscope tubes, smokestack and chemical- 
column oscillation and, quite conceivably, noise generated by 
high-velocity fluid flow. 

At the time of this publication the damper system has been 
successfully applied to another pipe-line suspension bridge and 
additional installations are being planned. The Blythe Bridge 
installation has easily withstood extremely high winds without 
damage to the damper panels or apparent danger to the bridge. 
This indicates that, as anticipated, the panels have caused little 
change in wind-drag characteristics. 
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Stresses From Local Loadings in 
Cylindrical Pressure Vessels 


By P. P. BISLAARD,' ITHACA, N. Y. 


A short discussion is given of the possible methods for 
computing the stresses caused in cylindrical shells by local 
loadings. It is concluded that the method of developing 
the loads and displacements into double Fourier series 
leads to formulas which are best suited for numerical 
evaluation. With this method the pertinent expressions 
for the displacements caused by radial loads are found by 
reducing the three partial differential equations of the 
shell theory to an eighth-order differential equation in the 
radial displacements, which is similar to, but not identical 
with, those derived by Donnell and Yuan. Insertion of the 
Fourier series for the radial displacements and the external 
loading in this equation leads directly to a double series 
expression of the radial displacement w in terms of the load 
factors Z,,, of the radial load. This results in the pertinent 
expressions for the other displacements and for the bend- 
ing moments and membrane forces. The cases of radial 
loading considered here and those which can be reduced to 
it are (a) a load uniformly distributed within a rectangle, 
(6) a point load, (c) a moment in the longitudinal direc- 
tion, uniformly distributed over a short distance in the 
circumferential direction, (d) a moment in the circum- 
ferential direction, uniformly distributed over a short 
distance in the longitudinal direction. For all these load- 
ings the load factors Z,,,, which have to be used in the 
pertinent formulas for the displacements, bending mo- 
ments, and membrane forces, are computed. For the case 
of tangential loading an eighth-order differential equa- 
tion is derived in terms of the radial displacement and the 
tangential load. Using this equation, formulas for the dis- 
placements, bending moments, and membrane forces for 
tangential loading within a rectangle are found. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= radius of cylindrical shell 
= coefficients of Fourier series in circumferential direc- 
tion 
= co-ordinate z of center of loading surface 
coefficients of Fourier series in longitudinal direction 
half-length of loading surface in circumferential 
direction 
half-length of loading surface in longitudinal direction 
length of shell 
Ta 
1/2 
m,n integer numbers 
P equally distributed load 


1 Professor of Structural Engineering, Cornell University. 

Contributed by the Petroleum Division and presented at the 
Petroleum-Mechanical Engineering Conference, Los Angeles, Calif., 
September 26-29, 1954, of Tue American Socrery or MecHANICAL 
ENGINEERS. 

Norte: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors, and not those 
of the Society. Manuscript received at ASME Headquarters, 
February 10, 1954. Paper No. 54—PET-7. 


maximum normal load in case of loadings by longi- 
tudinal or circumferential moments (Figs. 6 and 7) 

internal pressure 

number of radial loads P 


ad 

wall thickness of shell 

displacements in the X, Y, and Z-directions 

co-ordinates 

Et*/12(1 — v*) 

modulus of elasticity 

27a 

bending moments in shell wall in longitudinal and 
circumferential directions, respectively 

membrane forces in shell wall in longitudinal and 
circumferential directions, respectively 

concentrated radial load or total distributed radial 
load 

co-ordinate axes 

tangential load per unit surface 

radial load per unit surface 

l/a 

a/2 

a 

a/t 

cylindrical co-ordinate 

expression given by Equation [17] 

expression given by Equation [83] 

nta/l 

2X 

Poisson’s ratio 

increases of curvature of shell wall 


Xz» Xe 


INTRODUCTION 


It seems to be sufficiently accurate to consider the cylindrical 
part of the pressure vessel to be simply supported at the ends. 
This means that the radial and tangential displacements as well 
as the longitudinal moments and membrane forces in the cylindri- 
cal shell are zero at the ends. For this case the effect of external 
loadings on the shell can be investigated by several methods. 

1 The displacements and loadings may be represented by 
double Fourier series. These series are inserted into the three 
simultaneous differential equations of the shell, which then re- 
duce to a set of three linear equations in the three displacements 
for each of the load factors Z,,, or Y,,,, for radial or tangential 
directions, respectively. From these displacements all other 
effects are found, all expressed in double Fourier series (1).* 

2 For radial and tangential loadings as well as for a moment 
with respect to a generatrix, that is, acting in the circumferential 
direction, one may first consider the effect of a line loading along 
part of a generatrix, say, at @ = 0(Fig. 1). Then the entire shell, 
except for the infinitesimally small area of the line load, is un- 
loaded so that the differential equations become homogeneous. 
These homogeneous equations may be solved by expressing the 


2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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displacements by simple Fourier series in the X-direction, Fig. 1. 
Using A. Aas Jakobsen’s iteration method (2), developed for the 
design of reinforced-concrete shell roofs, this leads to an eighth- 
order ordinary differential equation in the radial displacements w 
with respect to ¢, Fig. 1, of which the general solution can be ob- 
tained. After developing also the line load at @ = 0 into a Fourier 
series in the X-direction the constants in this general solution can 
be found from the boundary conditions at @ = 0. Hence the 
displacement w for a load within a rectangular area is found by 
integration over this area. Since all other displacements, bending 
moments and membrane forces can be expressed in terms of w, all 
effects can be calculated, all magnitudes being expressed in simple 
Fourier series in the X-direction. 

3 For local loading by radial forces or by forces in the direc- 
tion of a generatrix and also for external moments in the longitu- 
dinal direction, the effect of a line load along part of a circular cross 
section can be investigated first. In this case, too, the differential 
equations become homogeneous. They can be solved by develop- 
ing the displacements into simple Fourier series in the circum- 
ferential direction. This leads to an eighth-order ordinary 
equation in w with respect to the axial ordinate z, Fig. 1. The 
constants in the general solution of this equation can be deter- 
mined from the boundary conditions at the circular cross section 
where the line load acts, after developing this line load into a 
Fourier series in the circumferential ¢-direction. 


Fra. 1 


Fie. 2 


In analogy with plate problems, it would appear as if the solu- 
tions by simple Fourier series would be simpler to evaluate. In 
the present case, however, a solution by double Fourier series 
proved to be the least laborious. Therefore this method was 
chosen for all cases. 

The derivation of the required formulas could be simplified 
greatly by using, instead of the three simultaneous partial dif- 
ferential equations as mentioned under (1), an eighth-order par- 
tial differential equation in the radial displacements w. This 
equation is similar to, but somewhat more accurate than, that 
derived by Yuan in reference (3) for determining the effect of ex- 
ternal radial loads on infinitely long shells, using Fourier integrals 
in the longitudinal direction and Fourier series in the circumferen- 
tial direction. 

Since the methods described under (2) and (3) were found to 
lead to more intricate formulas, which were not used in this in- 
vestigation, these methods will not be dealt with here, further. 


DERIVATION OF FORMULAS FOR DEFLECTIONS, 
BENDING MOMENTS, AND UNIT MEMBRANE FORCES 


Loap 


(a) Derivation of Expressions for Any Load Distribution. The 
three partial differential equations of the thin-shell theory, in 
case of radial loading Z per unit surface, are* 


3 Reference (1),.p. 440. 
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Here u, v, and w are the displacements in the X, Y (@), and Z-direc- 
tions, respectively, Fig. 2. Further, a and / are the radius and 
thickness of the shell, v is Poisson’s ratio, while V4 denotes the 
operation 

2 

* 
In the second Equation [1] the last term obviously may be 
neglected with respect to the second and third terms, since, con- 
sidering ratios t/a smaller than 0.1, the factor t?/12a? is smaller 
than 0.001. Equations [1] so modified may be reduced to a 
single eighth-order differential equation in the radial deflections 
w alone by applying to them the same operations as applied in 
references (3) and (4) to somewhat more simplified equations. 
The operations 0*/(dz*) and 0?/(a*0@?) are applied to the first 
Equation [1], after which the resulting equations are solved for 
and respectively. These ex- 


pressions are inserted into the second Equation [1], after apply- 
ing the operation 0*/(adrdq@) to the latter. This leads to the 


equation 
l+y ( ow Fw (2) 
1 — v 12a? 


Further the operation 0?/(0zr?) and 0*/(a?0@?) are applied to the 
second Equation [1] and the resulting expressions for (d*u)/- 
(adxz*d) and (d*u)/(a*dxd¢@?) are inserted into the first Equation 
[1] after applying the operation 0°/(adzd@) to the latter. This 
yields 


Finally applying 0/dz to Equation [2] and 3/(ad@) to Equation 
[3] and inserting the result into the third Equation [1], after ap- 
plying the operation VY‘ to the latter, one obtains, omitting terms 
containing (t?/12a*)? 


12(1 — v*) 1 Ow 
Viw + al + 
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where D is the flexural rigidity of the shell wal! 


Ee 
D= [5] 
and Viw = V'V‘w 


The third term of Equation [4] does not appear in Donnell’s 
Equation (4). In reference (3) another term appears in its place, 
which is less than half of the present term and which subsequently 
is neglected. From the evaluation of the deflections, bending 
moments, and membrane forces for practical cases, as will be re- 
ported, it follows that neglect of the present thirdterm in Equation 
[4] would lead to results that, in some cases, are up to 25 per cent 
too small. The larger discrepancies occur for shells with larger 
length-to-radius ratios and larger thickness-to-radius ratios. 

The differential Equations [1] neglect the products of the re- 
sultant forces and moments with the derivatives of u, v, and w. 
Hence they neglect the load-carrying capacity of the membrane 
forces due to the change of curvature. Taking account of this in- 
fluence would make the equations nonlinear and difficult to 
solve. However, it is possible to take account of the more im- 
portant membrane forces which are caused by the internal pres- 
sure g in the vessel, namely 

Ns = 9: 


a*(m? + A?)*Znn 
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solved by developing the deflection w as well as the external load 
Z in double Fourier series 


w = cos m@ sin {11] 
a 
Z = T2Z,,, CoS sin — z....... [12] 


Insertion of Equations [11] and [12] into Equation [10] yields 
4 ) 
=> (2 + m?)4 + 12(1 — ) ( 


a*t? a 


1 6 
a a a a’ 
A \2 1] 1 
—(7 +n() - (A? + 


[14] 
qa 2 2m?\ 1 4 
+3 a + m*)*w,,, 


cos m@ sin — z = 0 
a 


Since Equation [14] has to be satisfied for all values of x and ¢, 
the expression within the outer square brackets has to be zero for 
all values of \ and m, from which 


since the extra external load Z, they exert as a consequence of 
the changes of curvature x, and x¢ is 


Z, = NX. + wae [7] 


D{(m? + + 12(1 — — m? [2m* + (6 + — + (7 + + (ms —1+ 3) (m? + 


Without taking account of the influence of internal pressure 
Equation [15] may be written as 


xX, and x» are given approximately by Equations [254] of Wmn = PmnZ mn [16] 
reference (1), but for the present purpose it is necessary to ex- 
press in terms of w equations (page 389 of 
mn + + 12(1 — v*)nrtaty? — mtat[2m‘at + (6 + — + (7 + [17] 
reference 5) will be used, from which a =I/a... [18] 
X= ar? Xe = a? wt [8] [19] 
These equations reduce to the fourth and fifth of Equations [254] : 
of reference (1) if €g is assumed to be zero, as was done there. 80 that from Equation [11] 
Insertion of Equations [6] and [8] into Equation [7] yields the i 
extra (negative) radial load, caused by the internal pressure as mn COS Sin — . [20] 
a 


a consequence of the change of curvature 


Hence Equation [4] becomes 
vie 


This equation, which contains only even derivatives of w, can be 


The other displacements, u and v, may be expressed in terms of 
Wmn by letting 


u = LLu,,,, cos m@ cos 
a 


v = Ldv,,,, sin m@ sin i, . . [22] 


and by inserting these expressions into Equations [2] and [3]. 
Insertion of Equations [11] and [21] into Equation [2] yields 


Unn = [ — vA? + = + + m | Wan 
[23] 


Inserting of Equations [11] and [22] into Equation [3] gives 
m 


2 
4 

In Equations {23] and [24] the terms with the factor (?/12a* are 
of importance only for very thick shells and for higher values of 
\ and m, of which the contribution to the total values of u and v 
for not too long shells is small. They will be neglected here, so 
that from Equations [21] and [22] 


E + v)A* + m?* 


2m? + Wan: --- [24] 


A(m*? — vd?) 

+ v)A* + m?] 

v= — (\? + mi)? Wma Sin mo sin —~ x... [26] 


From Equations [207] of reference (1) the bending moments are 


Wn = = 
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N, = — ma 
mn? 


Neo —br{1 mn 
The displacements u, v, and w also could have been obtained by 
inserting Equations [11], [12], [21], and [22] directly into the 
three differential Equations [1] of the shell, as was originally 
proposed by H. Reissner (6). This leads to three linear equations 
IN ANd By solving these equations for u,,,, 
and w,,,, explicit expressions can be obtained for u, v, and w. 
After this investigation had been completed, it was found that 
this had been done in reference (7), starting from differential equa- 
tions which differ somewhat from Equations [1]. This requires 
a great deal of derivations and therefore the formulas as derived 
here directly from the eighth-order Equation [4] can be checked 
much more easily. The present formulas are simpler, but the 
main terms are in good agreement with those of reference (7). 
For example, from reference (7), with the present notations, for 
radial load 


am? + + + — v)m*d? + 3A4] 


Ms = —D(x¢ + YX2) 


Inserting xz and x4 from Equation [8] 


M, = E + r(w + [27] 


Ox? 
D O*w 


Further, from Equations [207] and [254] of reference (1) the unit 
membrane forces are 


Et ou ov w 
Et ov w ou 


Insertion of Equations [20], [25], and [26] into Equations [27] 
to [30] yields 


+ v(m? — 1)] cos m@ sin [31] 


[32] 


+ (vn%r/a?)] cos m@ sin . 


.. [A] 


while in the present paper w,,, for the same case is given by 
Equation [15], if in it g is equated to zero. The second term in 
the numerator of Equation [A] is always relatively small, since 
t?/12a* is very small with respect to unity. In the denominators 
the third terms within the braces in Equations [15] and [A] differ, 
but they are practically equal. This term in Equation [15] cor- 
responds to the third term of Equation [4], which was left out of 
account in references (3) and (4). The three last terms within 
the braces in the denominator of Equation [A] are missing in 
Equation [15], but since these terms are of a smaller degree in m 
than the other terms in the denominator and will slightly decrease 
Wmn, their influence is very small and their neglect will yield 
slightly conservative results. 

It may be noted here that even the number of terms in the 
present equations is somewhat too large to obtain results for de- 
flections, bending moments, and membrane forces at a reasonable 
expense. For example, in evaluating these formulas by IBM 
machines, the last term in the denominator of Equation [17] was 
omitted; subsequently, the results were corrected by desk calcula- 
tion machines for the omitted term, which correction is only im- 
portant for small values of m and n. 

(b) Derivation of Expressions for Load Factor Z mn: 

1 Radial Load p Uniformly Distributed Over a Rectangular 
Area. Let the load p per unit surface be distributed within a 
rectangle, bounded by the lines @ = +8, andz = b + c2 (Figs. 3 
a and b). A line load p along a circle at z = b and between 
@ = +8, ors = +c, (Fig. 3c) may be developed as an even func- 
tion of s into a Fourier series with a period L = 2za (Fig. 3c), so 
that (8) 


= a» + 


m=1, 2,3 L 


‘ As shown in reference (1), equation [C], p. 444. 


~ 
cos sin — z.... [33] 
+ n*r*)? a : 
~ 
4 
. 
[35] 
3 
¥ 
| 
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® 
@ ¢ 7 


Introducing the line load p into the two latter equations and 
inserting the result into Equation [35] yields 


2p 
From Figs. 3(6 and c), = ma, c: = B,a, and s = ga so that 


ws) = 


2 = > 
= p+ — sin mB; cos m@. . (39) 

In order to obtain a load within a rectangle between @ = +8; 
and x = b + ¢», the line load p(@), along the circle at z = b, has 
to be equally distributed over the area between z = b — c; and 


Fic. 4 


xz =b+c2(Fig.4). From Fig. 4, developing p(z, ¢) into an odd 
function of zx, with a period 2/, one obtains 


A(z, >) = 


Inserting Equation [39] into Equation [42] and observing that 
p(x, @) is equal to Z, which is given by Equation [12], one ob- 
tains the following expression for Zm,» in Equation [12] 


ain 


. 


Z nb ) 
nig 


sin m= 1,2,3,... 
For the special case when the center of the loaded area is at z = 
1/2, @ = 0, these load factors become 


sin sin 3, ( 
a 


m=i123,... 
16,8... } 


where from Equation [18] a = l/a and 8B: = e:/a. For even 


values of n, Z,,, = 0. 
2 Concentrated Radial Load, For a point load P at z = 1/2, 
o=0 


Pp = = 4a°8,82p 


so that Equations [44] reduce to 
n—1 
Znn = (—1) * (m= 0,n = 1,3,5,...) 
. . [46] 


(—1) wal 


oP 


The contribution of the terms Z,,,, for m = 0 in Equations [44] 
and [46] can be determined more easily from direct expressions, 
since these terms refer to a load qo equally distributed along the 
circumference of the shell over a length 2c: in the X-direction, 
Fig. 5. Further, since from Equations [35] and [36] the constant 
term in the Fourier development is the average load along the 
circumference, Fig. 3(b) 


| 
5 sin mB, sin = 
Fie. 3 
Zn2(—1) 
ron 
where 
L 
2 +5 sin = 0,n = 1,3,5,...) 
L 2 Zinn = (—1) 
p(s) cos ds.......-.. [87] 
0 
| 
| 
6 
b, sin —.......... 
0 
b, = sin de 
b-a l [41] 
nT l l F 
4p?) > 1 nme. | | 
Fie. 5 
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In order to calculate the contribution of this circular load, for Hence comparison with Equations [11], [12], [44], and [46] 
the dimensions considered (//a > 3, a/t > 15) it is sufficiently shows that if, from computations for one load, one has a table of 
accurate to consider the shell as infinitely long. In that case the the terms of w, M,, Mg, etc., for m = 0, 1, 2,3,...,.n = 1,3,5..., 
contributions to w, M,, and Ng may be calculated easily fromthe one can calculate directly these values for several loads by re- 


results for a circular line load in the way indicated for the de- taining only the terms for m = 0, r, 2r, 3r,...,m = 1,3, 5,... 
flection in reference (1).5 One finds that contributions to the and, after adding them, multiplying the result by r. 

deflection, moment M,, and membrane force Ng at z = 1/2, @ = 0, 3 Moment in the Longitudinal Direction, Uniformly Distributed 
are Along a Short Distance in the Circumferential Direction. The 


distribution of the load between @ = +8, (Fig. 6) is given by 


(Aw)m=0 = — e~ cos pcz)........ [48] 


2rap* 


(AM,)m=0 = sin pez......... [49] 


(AN ¢)m=0 = — = p(1 — cos pez)... ... 


Fie. 6 


eae ? aoe ‘ Equation [39], when it is assumed that the external moment is 
to N, sero. In sorted by radial loads which are proportional to their algebraic 
the Case OF & point on a ial distance from z = l’ = 1/2. Hence the magnitude of these loads 
is (Fig. 6) 


1(a) 2(a) Several Radial Loads. If r radial loads are present at 
the same cross section and at equal distances in the circumferen- 
tial direction, one obtains, instead of Equation [44], for equally 


where z’ = z —/’. Inserting this into Equation [39] one ob- 


distributed loads in rectangles with sides 2c, and 2c:, with their *#! 

centers at a circle where z = |/2, formulas for Z,,,, which may be Am 2p» , 

written in the form po) = z’+—2’ sin m8; cos m@ 
2 m 


. [54] 


In the X’-direction the radial load may be represented as an odd 
function of x’, with a period |! = 21’, yielding 


n—1 Pz, = te by sin [55] 


n=1,2,3,... 


where 
n= 


sin (rm)8; sin 
Qa 


p>) sin —— ca .. [56] 


where, instead of Equations [11] and [12] 


a Inserting Equation [54] into Equation [56] and of the expression 
Z = qq cos (rm) sin [11a] for b,, so obtained, into Equation [55], yields p(x, @) = Z. Ob- 
serving that 


For r concentrated loads P equally distributed along a circle at 
x = 1/2 one obtains, instead of Equation [46] 


Zmn = (—1) (m = 0,n = 1,3, 5,...) 
tral 
. [46a] where 
= (— — ‘ 2 


® Reference (1), pp. 397-398. 


Wak 
: 
| 
at 7 
‘ 
x 
bebe 
(Q0)m=0 = 
1) r 48, P 
ron 
sin 
n 
ma = (—1) 
(rm)n 
[12a] 
‘ 
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As may easily be seen from the differential Equations [2], [3], 
and [4], with Z from Equation [58], they are satisfied by dis- 
placements which follow from Equations [11], [21], and [22] by 
replacing A by A’ = 2X. This leads to expressions for w, u, and v 
which follow from Equations [16], [17], [20], [25], and [26] by 
replacing A, a, and by \’, a’, andl’. Finally the Expressions 
[31] to [34] apply if in them q@ and / are replaced by a’ and I’. 
For this case Z,,,,, is given by Equations [60]. 

4 Moment in the Circumferential Direction, Uniformly Dis- 
tributed in the Longitudinal Direction. The distribution in the 
X-direction, Fig. 7(a), where the radial loading, by which the 


4 “a 
+ 


Fie. 7 


moment is assumed to be exerted, does not vary with z, is given 
by Equation [42], where p(@) has to be developed as an odd fune- 
tion of @, with a period L = 27a, Fig. 7(c), so that 


b,, sin —— 
SID L 


L L L 


so that, with L = 2a, c/a = Bi, and s/a = 


Peo 


. 
B, mB, —- mB; cos sin md 


Pd) 


Inserting this into Equation [42] and assuming b = 1/2, one ob- 
tains 


Z = p(x, = sin sin x 


where, with c:/a = Be 


(sin mB, — m8, cos m,) sin By (" ). (64) 
a n = 1,3,5,... 


From the three differential Equations [2], [3], and [4], it follows 
that to satisfy them, in connection with Equation [63], the dis- 
placements should be expressed as 


w = LZ w,,, sin m@ sin — x 
u = LZ u,,, sin md cos — zx 


v = EE md sin 


In Equation [4] all derivatives are even, so the fact that now in 
the expressions for Z and w, according to Equations [63] and [65], 
sin m@ appears, instead of cos m@ in Equations [11] and [12], will 
not change any signs in the resulting Equations [16], [17], and 
[20]. Hence one obtains 


w PinZ mn Sin mod si 
mn m 
2D sin 


where @,,,, is given by Equation [17] and Z,,,, is given by Equation 
[64]. 

Equations [27] and [28] for M, and Mg, contain only even 
derivatives of w, so that here too the replacement of cos m@ by 
sin m@ in the expression of w does not change any sign. Hence 
M, and Mg are found from Equations [31] and [32] by changing 
cos m@ to sin md, so that 


M, = AEE 


+ v(m? — 1)]sin m@ sin 


atl? BE [m? — 1 
+ /a?)|sin m@ sin 


Here ¢,,, and Z,,, follow from Equations [17] and [64], respec- 
tively. 

Equations [29] and [30] for NV, and Ng contain w, du/dz, and 
dv/d¢d. The displacement u is obtained by using Equation [2], 
after dropping the last term as before. In the left side of this 
equation no change of sign occurs by changing cos m@ to sin m@ 
in the expression for u. The right side contains only even deriva- 
tives with respect to @. Hence a change from cos m@ to sin md 
does not result in any change of sign there. Therefore u is found 
from Equation [25] by changing cos m@ to sin m@, so that 


mn Sin md cos — =z 
a 


Since Equation [69] does not differ from Equation [25] in terms 
of x, 0u/dz will differ from that obtained from Equation [25] only 
in a change from cos m@ to sin md. The displacement v is ob- 
tained from Equation [3]. To the left no change in sign occurs, 
but since the right side contains only odd derivatives with re- 


8il 
2 
Qa Qa a’ n= 1,2,3,... 
(sin 8, —" 8, 00s ™ | 
TB, mn? a’ 
m = 1, 2,3,... 
where 
= 
26 
@ © 
? — 
© 
po) = 
where | 
4 L 2 
= >> "| 
| 
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spect to ¢, a change in sign occurs there, so that, instead of by 

Equation [26], v is given as 

m[(2 + v)A* + m*] 
+ m?) 

However, obtaining dv/d¢ from Equation [70], again a change in 

sign occurs so that dv/d¢ will differ from that obtained from 

Equation [26] only by a change from cos m@ to sin m@. 

Hence insertion of w, du/dz, and dv/d¢ into Equations [29] and 
[30] results in expressions for N, and Ny which are found from 
Equations [33] and [34] by changing cos m@ to sin md, so that 
N, = — mn 

m*n? 
(ma? 
Ne = — mn 
n* 
(mia? + 


Wan cos md sin x z..[70] 
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where in Equation [78] derivatives of Y with a factor ¢?/12a? were 
omitted. Equation [78] is satisfied by assuming 


. - [78] 


Y= BEV cos mg sin 


since after inserting these expressions into Equation [78] all 
terms contain the factors sin m@, sin (A/a)z, which consequently 
cancel out. The result is 


a‘m[m? + (2 + v)A?] 


where ¢,,,, and Z,,,, are given by Equations [17] and [64], respec- 
tively. 
TANGENTIAL Loap UNirorRMLY DisTRIBUTED OVER A 
RECTANGULAR AREA 
In the case of a tangential load Y per unit surface the three 


D{(m? + + 12(1 — — m*[2m* + (6 + — + (7 + 


where the denominator is the same as that in Equation [17]. 
The deflection w may be written as 


Y i si » 


where 


2ma?[mia? + (2 + 


Van = 


differential Equations [1] become (see reference 5, where in this 
case X = Z = 0), neglecting the last term in the second Equation 
[1] 
1—v 
dct 
2a 2 oz? 


12a? + 


. [75] 


12 a 

With the same operations as were applied to Equations [1] these 
equations are transformed to 


_0%w 


1 — pv 12a? 

Fw )+ 

Et 

(2 + v) 

12a? \l— 1—vadzrDd? 

Al+vja oY (1—~v)? 


aVtu =v = 
Ow 
(say 


= 


(mia? + + 12(1 — — mia‘[2mtat + (6 + — + (7 + 


Assuming tangential loads p per unit surface, uniformly dis- 
tributed within an area situated symmetrically with respect to 
the point z = 1/2, ¢ = 0 (Fig. 8) and extending distances 2c, = 


—.| 
Fic. 8 


28.a and 2c, = 2@2a in the @ and z-directions, respectively, the 
load factor Y,,,,, is identical to that of Equations [43], so that from 
Equation [44] 

1 


8 = 
Yas = (—1) sin sin ™ 8, (™ 
mn a 


For m = 0 from Equation [80] the deflection w is identically zero. 
The bending moments M, and M, are obtained by insertion of 
Equation [82] into Equations [27] and [28], yielding 


M, = nn + — 
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a’ | atd¢* 
(79) 
w = sin mp sin z........... [80] 
of 
1—v? 
ou + ov a V‘w 
dx adh a 12 - 
) 
[84] 
4 
[77] sin m@ sin [85] 
Et Eta a 
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In order to find N, and Ny first the displacements u and v have 
to be determined by using Equations [76] and [77]. Equation 
[76] is satisfied by assuming 


u = sin mp coe 2 


The expression for u is obtained by insertion of Equations [79], 
[80], and [87] into Equation [76]. As was done in Equations [25] 
and [26] terms containing the factor ¢?/12a* were neglected as far 
as they contain products of m and A to a joint power that is two 
higher than that of the other terms. In the present case, however, 
these terms with the factor (?/12a? also contain products of m and 
\ to a joint power that is four higher than that of the other terms. 
These terms were retained. This yields 


2 
— + (6 + + (7 + 


Assuming 


v = cos me sin a 


insertion of Equations [79], [80], and [90] into Equation [77] 
yields” 


2 
v = [ ms + 2&1 + v)A2+ 


12a? 


Inserting Equations [80], [81], [88], and [91] into Equations [29] 
and [30] one obtains 


(1 — + (t?/12a*)(m*a? + — 
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; OLY + mp sin 2... [93] 


EVALUATION OF THE DERIVED FoxMULAS 


For given ratios y = a/t and a = I/a, Table 1 gives the de- 
flections w from Equation [20] at z = 1/2, @ = 0 (Fig. 3) fora 
radial point load at z = 1/2, @ = 0 and for a distributed load p = 
P/(4c*) within a square with sides 2c and with its center at x = 
1/2, @ = 0. Further, it presents the bending moments M, and 
M, and the membrane forces Ng and N, at x = 1/2, ¢@ = 0 from 
Equations [31] and [34] for the same distributed load p. All these 
data were computed for a ratio 6; = 8; = c/a = 1/8. 


In Table 1, the nomenclature used is as follows: 


radius of shell 

thickness of shell 

length of shell 

modulus of elasticity 

deflection at center of load 

moment in circumferential direction at center of load 

moment in longitudinal direction at center of load 

membrane force in circumferential direction at center of 
load 

membrane force in longitudinal direction at center of 
load 


All moments and membrane forces are those per unit width of 
shell wall. Since tensile forces are considered as positive, the 
minus signs before Nyg,, and N,,, mean that all these membrane 
forces are compressive. 

All data in Table 1 were computed on IBM machines at the 
Cornell Aeronautical Laboratory in Buffalo, N. Y., and subse- 
quently were corrected for the omitted term, as stated previously. 
The IBM computations were done for values m < 41 and odd 
values n < 61, except for long and thin shells, where they had to 
be extended further. That is, for y = 50, a = 20, y = 100, a 
= 30, and y = 300, a = 20 and 40, the computations were ex- 
tended up to n = 161, 241, 161, and 321, respectively. The com- 
putations for n > 61 were done on desk calculators by computing 
terms for values of n at intervals of 20 or 40 and drawing curves 
through the points so obtained to determine the values of the 
terms for intermediate values of n. The latter work was done by 
Mr. Mohammed Y. Lalee, graduate student. 

The present and additional results will be discussed further in 
another paper which will be published by the Welding Research 
Council (9). 
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= 6y? Y 
N, 6y mn mn mia? + (2 + v)n*r? 


sin m@ sin [92] 


TABLE 1 = = 1/8 


Point load 


y¥=a't a=l/a 
15 


50 


100 


SS 


Distributed load 


a? 
sin m@ sin z......[86] 
a 
i= 
l= 
E = 
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Mom = 
m N = 
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Discussion 


C. E. Freese. The investigation of stresses from local load- 
ings in pressure vessels involves a practical problem which has 
caused considerable controversy for a number of years. 

Time does not permit a comparison of the methods outlined by 
the author with some of the approximations used in the past. 
Whereas there is no doubt regarding the scientific qualities of 
the calculation methods presented, it appears that it will be neces- 
sary to simplify the formulas to make them more readily 
usable by the practical vessel designer. It is realized that this 
report is preliminary and not intended as final. 

We would like to know if this work was accompanied by tests 
or if it is intended to conduct experiments to substantiate the 
theory. Arriving at final methods without conducting experi- 
ments is apt to result in theoretical values not consistent with past 
practice and experience. 

One method for estimating the effect of bending moments in the 
longitudinal direction on nozzles and lug attachments is by 
analogy and consists of treating the problem as a beam on an 
elastic foundation. It is recognized that this is “stretching” the 
theory somewhat, because the loading is not continuous about the 
circumference as encountered in flanges, but it gives fairly con- 
sistent results for this condition. 

Sometimes we are confronted by cases wherein the radial load 
imposed at a nozzle appears very great, but when converted into 
pounds force per inch of nozzle circumference, the problem be- 
comes one of minor consideration. It appears to be practical to 
encourage some of the simple checks of this type because of the 
tendency to waste time on lengthy calculations. 

The preliminary information contained in this paper is most 
welcome and certainly will assist in arriving at a decision for 
difficult problems, and we are looking forward to the final results 
of these investigations. 


* Mechanical Consultant, The Fluor Corporation Ltd., Los Angeles, 
Calif. 
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N. A. Wer,? A. Laura,’ anp J. J. Murpuy.’ Shells and 
cylindrical vessels in particular are becoming more and more 
utilized in the current design of chemical, refinery, electrical, and 
process plants. In general, the knowledge in the field of cylindri- 
cal-shell analysis is reasonably adequate. The stresses gen- 
erated by pressure effects, end-fixity conditions, head closures, and 
variable temperature effects are satisfactorily determined. 
However, the stress and displacement conditions due to loads 
transmitted by local attachments (nozzles, pipe connections, 
support clips, and various structural attachments) were not 
sufficiently explored. While specialized aspects of local loadings 
did receive attention in the past, as indicated in part by the 
references of this paper, no over-all treatment of this problem 
was available in the technical literature. Therefore, the author is 
to be congratulated for having supplied the general treatment of 
this topic in a concise and readily understandable paper. 

In regard to the mathematical treatment of the problem, the 
double Fourier series approach adopted by the author is a prefer- 
ential choice over the repeated use of single Fourier series expan- 
sions, since the latter only complicates the mathematics without 
decreasing the time and labor involved in numerical calculations. 
However, one may consider using other functions for the expan- 
sion of w,,,, and Z,,,, in place of the double Fourier series shown 
in Equations [11] and [12]. While this would have undoubtedly 
added to the complexity of mathematical derivation, fortuitous 
choice of one of these functions could possibly have resulted in a 
significant curtailment of numerical work. 

It is also of interest to mention that it is possible to obtain an 
exact form, within the limitations of assumptions used by 
Timoshenko (1), for the eighth-order differential equation 
governing the deflection of cylindrical shells. Using this differ- 
ential equation in place of Equation [4], and retaining Equations 
[11] and [12] for the deflection and load expansion, the deflection 
coefficients are obtained as 


Num a‘Z,,, 


where 
Num = (A? + m?)? + 
3— 2v + pv? 
(2: + + m') [95] 
Denom = (A? + m?*)* + = 
—[(6 + v — + (7 + + m? | 
. [96] 


+ [2(1 — v*)A4 + (3 + v)m2A? + 


| 
+ [2A* + (3 — v)m*A? + (1 — | 


The greatest contribution of the last terms in both Num and 
Denom is ¢?/6a? times the first term, this case occurring when m = 
0. However, observing the generally accepted conditions of the 
“thin-shell theory,” notably that t/a < 0.1, it becomes clear that 
the contribution of the last terms to Num and Denom is in all 
cases less than 0.17 percent. Hence they may safely be neglected. 
The solution obtained in reference (7) of the paper and pre- 
sented in the text as Equation [A], not only contains terms dif- 
ferent from those of Equations [95] and [96], herewith, but re- 
tains a term similar to the last term of Equation [95] while 


7 Development Engineers, The M. W. Kellogg Company, New 
York, 

§ Development Section Head and Consultant on Pressure Equip- 
ment, The M. W. Kellogg Company, New York, N. ¥. Mem. ASME, 
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omitting the last term of Equation [96]. This procedure does not 
seem to be justified. 

If the last terms of Equations [95] and [96] are neglected, the 
resulting expressions are 


Num = (A? + m?)?....... 
121 — vat 
2 


.. [97] 


t 
— [(6 + — + (7 + v)m2d?2 + 2m‘) m? 
+ [2(1 — v?)A* + (3 + + m‘] 


Further simplifications in the form of Equation [98] must be 
given a critical assessment. In its given form Equation [98] can 
be shown to have a positive value for all m and n, irrespective of 
the choice for the ratios of 1/a and a/t. However, if the last term 
of Equation [98] is neglected, which then makes Equations [97] 
and [98] equivalent to Equation [17] of the paper, this is no 
longer true. 

With the last term of Equation [98] omitted, the result is 


Denom = (A? + m?)* + 
. . [98] 


Denom = + m?)4 + 
— [(6 + + (7 + v)m*d? + 99] 
where 
nia 


As the paper shows, m can attain all positive integer values (as 
well as zero) while n can have only odd positive integer values. 
For m = O or for higher values of m and n, Equation [99] of this 
discussion will continue to be positive. The critical case occurs 
when m = 1. In this case Equation [99] becomes 


Denom = A® + + 


— (3 + p)AP—1............ 


However, for a given n and a/t ratio, it is always possible to ob- 
tain a zero value for Equation [100] by simply solving the follow- 
ing equation for the ratio l/a 


2 4 2 
(*) __ 0.00094 ({) 4. 0.03062 (+) 
t n‘ a n* a 


2 q 
— 3.616n? (*) — ) [101] 


this equation being valid for y = 0.3. A vanishing value for 
Equation [100] then implies an infinite value for the deflection 
coefficient w, given by Equation [94]. This, in turn, implies 
that the deflection w, as given by Equation [11] of the paper, is 
infinite for a finite load, which is physically impossible. 

With m = 1 and n = 1, the combinations of a/t and 1/a ratios, 
for which Equation [99] of this discussion vanishes and w, be- 
comes infinitely large, can be given as follows: 


100 
57.0 


300 
98.8 


a/t 10 15 50 


Va 17.61 21.75 40.17 


Similarly, wi, becomes infinite at about n times the l/a ratios 
given in the foregoing tabulation. 

For a given a/t ratio, the current solution should not be used 
for l/a ratios approaching or exceeding those just tabulated. If 
solutions in these domains are desired, it is necessary to use the 
complete form as given by Equation [96] or to revert to the less 
accurate differential equation used by Yuan. 
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At //a ratios considerably less than those tabulated for given 
values of a/t, the adverse contribution of the last term in Equation 
[99] diminishes. Since the numerical results given in this paper 
are calculated for 1/a values up to about 50 per cent of their criti- 
cal magnitudes, the neglect of the last term in Equation [98} 
does not introduce a significant error. For small values of l/a the 
published values can be considered as the exact values for all prac- 
tical purposes. As the value of 1/a increases for any given a/t 
ratio, the calculated values deviate from the exact values. One 
numerical example calculated for y = 15 and a = 10 shows that 
the exact radial deflection of this cylinder under a point load at 
@ = Oand z = 1/2 is about 5 per cent smaller than that given by 
the author’s analysis. The value of 1/a in this case is about 57 
per cent of the corresponding critical value. 

It may be added that, in possession of the numerical results of 
current calculations, it should not be difficult to add in the effect of 
the last term of Equation [98], should the calculations be ex- 
tended to near the critical //a values in the future. 

The numerical values shown in Table 1 of the paper are proba- 
bly obtained using a value of vy = 0.3. The writers would ap- 
preciate it if the author confirmed this fact. 

The development of Fourier series expansions for the various 
loading conditions is given quite comprehensively in the paper. 
The numerical evaluation of these results, if extended to a suf- 
ficient range of variation in the parameters and a, and by in- 
cluding several cases dealing with the combined effects of local 
loads and internal pressures, will enable the designer more ade- 
quately to cope with the problem of local loadings on cylindrical 
vessels, 


AvuTHOR’s CLOSURE 


The author sincerely appreciates the interest given to his paper 
from industrial quarters, since it was for the need in industry 
that the present investigation was made. As to Mr. Freese’s 
remarks it is stated that the present paper mainly gives the 
derivation of the basic formulas. The numerical results are given 
in reference (9) and footnote 9 where they have been reduced to 
graphs from which the practical designer can read the required 
data immediately. Also, in these references, the results have 
been compared with available test results, from which it could be 
concluded that theory and experiment are in good agreement. 
Additional tests are sponsored by the Pressure Vessels Research 
Committee at Cornell University. 

Indeed the analogy with a beam on an elastic foundation 
applies only for axial-symmetrical loading. For local loading as 
considered in the paper a kind of analogy exists with a plate on an 
elastic foundation. For example, in a long shell under a point 
load the points of zero deflection of the loaded generatrix are of 
the order of a hundred times farther apart than under an axial- 
symmetrical line load. 

The discussion by Messrs. Weil, Laupa, and Murphy is very 
welcome. It also enables the author to add some information 
that was omitted in the paper. 

It is, of course, always possible that later other methods of cal- 
culations may be found that lead to simpler end results, but till 
now the present method seems to be the most economical one. 

The author thinks that his eighth-order differential Equation 
[4] and his Equation [15] for w,,,, contain just the right number of 
terms for obtaining reliable data in the region that had to be 
covered by this investigation. He knew that omission of the 
fourth-order terms in the differential Equation [4], which results 
from neglecting the last term in the second Equation [1], and 


* “Stresses From Radial Loads and External Circumferential and 
Longitudinal Moments in Cylindrical Pressure Vessels,” by P. P. 
Bijlaard, Report to Pressure Vessels Research Committee of the 
Welding Research Council, March, 1955. 
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leads to omission of the fourth-degree terms in the discussers’ 
Equation [98], causes a maximum difference of 5 per cent in his 
end results. At that time he checked this by calculating the in- 
fluence of the fourth-order terms in the denominator of w,,,, in 
Equation [A], following Equation [34]. He found that by 
adding such terms, for y = 15,a@ = 10 and for y = 100, a = 
30, the deflections would be found 4 per cent and 5 per cent 
smaller, respectively. As the discussers point out, these terms 
mainly influence the deformation for m = 1, that is, for bending 
as a beam, without distortion of the cross section. 

However, retaining of these fourth-degree terms would not 
make the solution exact or even more accurate and it would in- 
crease the computation costs. Above Equation [6] the author 
refers to the fact that Equations [1] neglect the load-carrying 
capacity of the membrane forces caused by the external load, due 
to the change of curvature. Since the membrane forces (for 
zero internal pressure) are compressive, this load-carrying capac- 
ity is mainly negative, that is, the membrane forces exert addi- 
tional external loadings that are not accounted for in Equations 
{1}. Taking them into account would make the differential 


equation nonlinear. However, from the numerical results for 
combined radial loading and internal pressure® it could be 
derived that actually the membrane forces from local external 
radial loading, alone, may increase the deflections and moments 
an amount of the order of 5 per cent. This makes it more correct 
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to omit the fourth-degree terms discussed above (which decrease 
the deflection by a maximum of 5 per cent) than to take them into 
account. 

For longer shells than considered in this and subsequent papers, 
reference (9) and footnote 9, the foregoing fourth-order terms 
would become important. Physically this follows from the fact 
that here the beam deflection (m = 1) becomes larger. However, 
the data for longer shells can be derived sufficiently accurate from 
the known data for shorter shells. In this investigation the 
upper limit a@,, for @ was chosen such that the distortion of the 
cross sections was practically the same as that for a very long 
shell. Hence the excess deformations for shells with @ larger 
than a@,, are those from bending as a beam (m = 1) only. Hence 
the data for larger a values can be found by adding to those for 
a,, the amount caused by the difference in beam deflection for a 
and a@,,. For example, for y = 100, the maximum a@ con- 
sidered is a,, = 30. Hence the deflection w for a larger than 
a,, is found by adding to the deflection w,, for a,, this difference 
in beam deflection. Fora load at = = this gives 


a? — On? 
w B + 0.65 (a a.) 
Data for determining the reduction of deflections and bending 
moments from additional internal pressure are given in footnote 
9. Poisson’s ratio was assumed as 0.3 in all numerical work. 
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Resistance of Tubular Materials to Sulphide- 
Corrosion Cracking 


By J. P. FRASER! anv R. S. TRESEDER,' EMERYVILLE, CALIF. 


A typical sulphide-corrosion cracking failure of tubing 
in a sour gas-condensate well is described in detail. A 
laboratory test procedure is described which allows alloys 
to be rated as to their resistance to sulphide-corrosion 
cracking. Using this rating, based on the critical stress to 
cause cracking in a standard laboratory test, a study has 
been made of the relative susceptibility to cracking of a 
large number of heats of commercial tubular alloys (e.g., 
N-80, J-55, 5 per cent nickel steel, and 9 per cent nickel 
steel). It has been shown that significant improvement in 
the resistance to cracking of commercial N-80 tubing can 
be effected by means of a simple tempering heat-treat- 
ment. 


INTRODUCTION 


ROM early times the oil industry has been troubled by a 
spectacular type of metal failure associated with high- 
strength steel equipment items handling sour gas or crude 

oil. This metal failure consisted of spontaneous cracking occur- 
ring in relatively short periods of time. The effect was termed 
“hydrogen embrittlement,”’ and was thought to result from the 
influence of occluded hydrogen in the metal; source of the hydro- 
gen was the corrosive attack by hydrogen sulphide. In the early 
days the problem was not considered to be of great economic 
importance as failures generally were experienced with small 
equipment items such as Bourdon tubes, valve stems, and springs, 
and the problem could be solved satisfactorily by substitution 
with a resistant alloy, e.g., monel. 

In recent years, however, drilling of deeper wells and particu- 
larly the discovery of sour gas-condensate reservoirs has resulted 
in failure by spontaneous cracking of tubular goods (1)? in addi- 
tion to the previously mentioned small parts. Failures have 
been experienced with API grade N-80 steel tubing and casing 
and with 9 per cent nickel steel tubing. Although the number of 
failures reported has been relatively small, the potential severity 
of the hazards associated with such failures in deep, high-pressure 
wells has alerted the industry to the need for a better under- 
standing of the nature of this type of metal failure and for de- 
velopment of reliable preventive measures. This paper will dis- 
cuss some of the progress that has been made so far, and will 
attempt to point out where further information is needed. Em- 
phasis will be on tubular alloys since our principal effort has been 
in that direction. It should be emphasized that a few failures 
have occurred with wellhead equipment items, but to date this 
problem has not been considered as severe as that with tubing and 
casing. With the very high-pressure sour wells that may be pro- 
duced in the future, selection of materials for wellhead equipment 
may pose new problems. 


1 Shell Development Company. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Production Committee of the Petroleum 
Division and presented at the Petroleum-Mechanical Engineering 
Conference, Los Angeles, Calif., September 26-29, 1954, of Tue 
AMERICAN Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
August 25, 1954. Paper No. 54—PET-20. 


The laboratory investigations that were prompted by the early 
tubing failures (2) raised considerable doubt as to whether the 
term hydrogen embrittlement was a proper term to use to 
describe this type of cracking failure. It was also uncertain 
whether this could be considered a form of stress-corrosion crack- 
ing. Hence a new term, “sulphide-corrosion cracking” was 
coined to cover our ignorance until such time as we obtained a 
better understanding of the precise mechanism involved in such 
failures. 


Case History or a Typicat CRACKING 
FAILURE 


Well No. 7 in the Jumping Pound Field, Alberta, Canada, was 
completed in November, 1951, and API grade N-80 tubing was 
set to a total depth of 9973 ft. After initially acidizing the well 
and conducting routine flow-potential tests, the well was shut 
in pending completion of surface facilities. There was no in- 
hibition of the well during this initial period. Total production 
during the potential tests was ca. 26 million cubic feet of gas con- 
taining ca. 3.5 per cent hydrogen sulphide and 6.0 per cent carbon 
dioxide. Bottom hole temperature was 198 F and wellhead tem- 
perature (flowing) was 104 F. Shut-in wellhead pressure was 
2867 psi. Two weeks after being shut in, casing-head pressure 
had built up to ca. 400 psi, and subsequent workover revealed 
that the tubing had parted at a depth of 1429 ft, about 1 ft below 
the upper end of the joint, Fig. 1. The known stresses applied 
to the failed tubing joint included: (a) ca. 45,500 lb in longitu- 
dinal tension due to the weight of the tubing; (6) ca. 3000 psi 
internal gas pressure; and (c) ca. 560 psi external fluid pressure 
(the casing-tubing annulus was filled with diesel oil). No 
tool marks from make-up of the joint or evidence of manufacturing 
defects were noted in the vicinity of the failure. 

Close examination, Fig. 2, indicated that possibly three dif- 
ferent modes of failure were operative. Section 1 was clearly a 
shear failure, with distinct thinning of the tubing wall and bending 
in the vicinity of point A and parting along a surface inclined 
at 45 deg to the axis of the tubing. The three sections marked 
2 in Fig. 2 failed at right angles to the tubing wall and, in this 
respect, were brittle in appearance. A small lip indicated that 
the outside wall was the last part to fail in these sections and was 
taken to indicate that failure initiated at the inside tubing wall. 
Section 3 cannot be characterized clearly as being either ductile 
or brittle, but has some of the appearance of both. The surface 
of the sharp discontinuity at point B in Fig. 2 has the appearance 
of a shear failure. 

Detailed examination of the whole length of tubing, including 
amagnetic particle examination of the inside surface of 
the tube, indicated only one! major crack in addition to the 
main failure. This crack is faintly visible in Fig. 1, and it was 
found to extend across at least one slip mark. It does not coin- 
cide with the parting line of the slips, which suggests that it was 
already present in the tubing before the main failure occurred, 
and the force of the overshot served only to open up an already- 
formed crack. 

The mechanical properties of this piece of tubing are sum- 
marized in Table 1. The yield strength and ultimate strength 
are representative of N-80 steels. The hardness of Rockwell 
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~ Secondary Crack 


Fie. 1 Fariep Jornt or N-80 Tusine 


23C is higher than average but not excessive. The steel had 
excellent ductility. No marked variation in mechanical prop- 
erties was observed along the length of the piece of tubing or 
around its circumference. 

Chemical analysis of this piece of tubing is given in Table 2. 
With the exception of carbon and molybdenum, the amounts of 
the various alloying elements were representative of current prac- 
tice in the manufacture of N-80 tubing. The carbon content 
(0.49 per cent) was on the high side of the usual range observed 
(0.30 to 0.50 per cent). The molybdenum content (0.42 per 
cent) was appreciably higher than usual (ca. 0.25 per cent). 

Analysis of the internal stresses in the body of the tubing in- 
dicated that they were less than 10,000 psi. The known applied 
stresses were ca. 25,000 psi longitudinal tension and ca. 15,000 
psi in hoop tension. 

Metallographic examination of the main fracture indicated 
that no plastic deformation had taken place near point C in 
Fig. 2, whereas severe plastic deformation occurred near point A. 
No evidence of plastic deformation was found in the regions 
marked 2 in Fig. 2. Severe local plastic deformation was found 
on examining the vertical face of the discontinuity at point B. 
No marked segregation of impurities or other manufacturing de- 
feet was observed, and the steel appeared to be relatively clean. 

Metallcgraphic examination of the secondary crack under the 
overshot slips showed extensive branching in one area; such 
branching is typical of stress-corrosion cracking. Metallographic 


examination also revealed the presence of two other cracks parallel 
to the visible crack and ca. 0.1 in. from it. 
also were branched. 


These other cracks 
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TABLE 1 MECHANICAL PROPERTIES OF FAILED TUBING 
Yield strength, psi......... 84000 
Ultimate tensile strength, psi............... 125000 
Reduction of area, per cent................ 56 


Hardness, Rockwell C scale................ 


Nore: Mechanical properties shown are average of three tests made on 
1/8q in. X 0.632 in. long tensile test bars in a Hounsfield tensometer. 


TABLE 2 CHEMICAL ANALYSIS OF FAILED TUBING 
Component Composition, per cent (weight) 


Results believed accurate 


@ As determined by spectroscopic analysis. 
within a factor of 2. 


Fic. 2. AnorHeR View or Fattep Tusina From Jumpine Pounp 


The foregoing study of the failed tubing from Jumping Pound 
Well No. 7 suggested that three separate sulphide-corrosion 
cracks initiated in the sections marked 2 in Fig. 2, each progress- 
ing independently to a length of about '/; to 1 in. Then the 
section marked 3 failed rather rapidly in a manner not clearly 
understood. By this time the stress on section 1 exceeded the 
fracture strength of the metal and the rest of the tubing failed by 
simple shear. Simultaneously with the failure of section 1 or 
very shortly preceding it, failure by shear along a vertical plane 
at point B took place. 

The foregoing description of a failure in one piece of tubing has 
been presented in detail because it exhibits certain character- 
istics typical of sulphide-corrosion cracking failures: 


1 Failure occurred in a high-strength, low-alloy steel. No 
evidence of manufacturing defects or mechanical abuse was found. 

2 Known stresses, both internal and applied, were far lower 
than the yield strength. 

3 The well fluids contained hydrogen sulphide. 

4 Exposure time of the tubing to the well fluids before failure 
was only a few weeks. 

5 Failure occurred by sudden, transverse parting. 
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Test Meruops 


A laboratory test procedure was devised to allow evaluation 
to be made of the various environmental, metallurgical, and 
mechanical factors involved in sulphide-corrosion cracking. This 
procedure involves use of a special holder made of Type 316 stain- 
less steel, Fig. 3, where a strip specimen, 0. 06 X 0.19 X 3.0 in., 
is loaded as a simple beam. Beam supports and load contact are 
made of glass to eliminate galvanic effects between the specimen 
and holder. Deflection of the center of the specimen is followed 
by a dial gage, and the outer fiber stress is estimated from the 
simple beam formula. 

In general, specimens are tested with ground surface (No. 180 
grit emery cloth), care being taken to remove the stressed layer 
left from the rough machining operations. Specimens are 
degreased just prior to test. Stress raisers in the form of two 
No. 70 drilled holes 0.06 in. apart on the transverse center line 


Glass Bead ! 


Loading Screw 
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are introduced to lower the load at which failure occurs and to in- 
crease the reproducibility of the test. 

After loading, the specimen is immersed vertically in the test 
solution (200 ml of 0.5 per cent acetic acid per specimen) con- 
tained in a 1-liter rubber-stoppered glass cylinder fitted with a 
gas dispersion tube. The test solution is initially freed of en- 
trained and dissolved gas by purging thoroughly with nitrogen. 
After immersion of the test holder, the solution is saturated with 
cylinder hydrogen sulphide. Periodically the solution is re- 
saturated by bubbling the test gas through for several minutes. 
There is no other agitation of the solution during the test period. 
Tests are conducted at room temperature (20 to 25 C), although 
either higher or lower temperatures could be used. Several 
related tests usually are made in the same cylinder and additional 
solution is used so as to maintain a constant ratio of solution vol- 
ume to metal surface. Tests are terminated after three weeks, since 
with few exceptions failures occur within a few days. Time to 
failure is not considered pertinent because the test is one in which 
a particular material either passes or fails. The reproducibility 
of the test is very good, and relatively small differences between 
similar alloys can be determined with good accuracy. 

The laboratory-test procedure can be adapted readily for 
use in the field, using the same specimen and the same type of 
loading. A typical field assembly designed to fit inside a 4-in- 
ID line is shown in Fig. 4. 


1 " 3 " 
3" Specimen 


Glass Tubing 


Fic. 3 Lasoratory-Test 


(Top, Phantom view of assembled holder and specimen) 
(Bottom, View of holder from bottom.) 


Fic. 4 AssemsBiy ror Use in Fie_p Tests 


(Each specimen is held in a separate unit holder and is insulated from it by 
small glass rods. Specimen is insulated from loading screw by a small glass 
Each unit holder is separated from its neighbors by wire screen.) 


EvaALuation or Test Data 


A stress-corrosion test such as described is a “go’’ or “no-go”’ 
test and does not lend itself readily to direct comparison of the 
relative resistance to cracking of various materials. However, it 
can be made more quantitative by making a series of tests with 
a specific material in one environment over a range of stress values, 
the minimum stress required to cause failure being a measure of 
the resistance to cracking. 

Early experience indicated that there was a restricted range of 
stresses for a given alloy in which both successes and failures 
might be observed under a particular set of test conditions. By 
inspection of over 300 data, this range was found to be ca. 40,000 
psi wide. Below this range, no failures would be found, whereas 
all specimens would fail if tested at stresses higher than this range. 
A numerical method has been developed for estimating the center 
point of this range, i.e., the stress at which half of the specimens 
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would be expected to survive and half to fail in test. This stress, 
known as the “critical stress’’, S,, is estimated by use of the follow- 
ing empirical formula 


2(S + RT) 
8S, = 


where 


= critical stress, psi X 10~¢ 
= nominal maximum outer fiber stress, psi X 10‘ 
= empirical constant = 1.0 
= test result (7 = +1 for surviving specimen and T = —1 
for specimen that fails in test) 
total number of specimens tested within the range of +20,- 
000 psi from S, 


This formula assumes, as a first approximation, that the proba- 
bility of failure is a linear function of the stress within the 40,- 
000-psi range. On this assumption, an estimate was made of the 
best value for the empirical constant, R. Although the best value 
was found to be 0.7, the errors involved in using R = 1.0 were 
found to be negligibly small, and the latter value has been adopted 
for convenience. Using R = 1.0, the standard deviation of a 
value of S, based on eight test specimens is 1.0. It should be 
noted that a low value of S, indicates high susceptibility to crack- 
ing whereas a high value of S, indicates resistance to cracking. 

In laboratory tests with materials of high S, values, the nominal 
value of S, may be somewhat higher than the actual critical stress 
for the material. This results from the manner of testing since 
the stress is estimated from deflection of the specimen, using the 
simple beam formula and assuming elastic behavior. Therefore 
specimens of low yield strength could be subjected to a small 
amount of cold working and the resultant stresses would be in- 
determinate. The presence of drilled holes in the specimen 
further complicates the stress pattern and leads to indeterminate 
stresses. It should be emphasized that S, values are relative, 
not absolute values, and that the indicated critical stress for fail- 
ure of a given alloy in a specific laboratory or field test will bear 
no direct relation to the safe minimum stress to which that mate- 
rial in tubing form could be subjected in a well. 

The concept of S, is useful, not only because it allows different 
alloys to be compared for resistance to cracking in a given en- 
vironment, but because it allows different environments to be 
compared as to their severity in promoting cracking. The latter 
is based on changes effected by the environment on the S, of a 
given alloy or group of alloys. 


MECHANISM OF SULPHIDE-CORROSION CRACKING 


Three possible mechanisms of sulphide-corrosion cracking have 
been proposed: (a) Internal hydrogen stressing; (b) stress- 
corrosion cracking; and (c) a combination of these two. Crack- 
ing due to internal hydrogen stressing would involve first, 
occlusion of a part of the hydrogen generated by the corrosion re- 
action as atomic hydrogen or protons, and secondly, precipitation 
within the metal of molecular hydrogen at lattice dislocations and 
inclusions. Very considerable gas pressures and resultant stresses 
can be developed at such sites (3). These stresses when added to 
existing internal and applied stresses conceivably could cause 
failure by sudden cracking. A stress-corrosion mechanism postu- 
lates that the corrosion attack will proceed along certain more 
or less continuous paths and at right angles to the applied ten- 
sile stresses until failure occurs. At least one function of the 
tensile stresses is to keep the already formed crack open, although 
the stresses also will cause the root of the crack to be anodic to the 
main surface area of the metal. A combination theory would 
postulate initiation of the crack by stress corrosion, followed by 
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acceleration of the rate of propagation of the crack due to hydro- 
gen released in the vicinity of the root of the crack. 

The principal characteristic of sulphide-corrosion cracking 
failures that distinguishes them from failures by hydrogen em- 
brittlement is that materials having appreciable residual ductility 
may crack on exposure to the corrosive fluids under applied 
stresses near or below the yield point. For example, a steel 
having an original reduction of area in the tension test of 66 per 
cent still had enough ductility after exposure to aqueous hydrogen- 
sulphide solutions for one day to give a reduction of 17 per cent. 
This same steel has been found to fail fairly consistently in sul- 
phide-corrosion cracking tests when loaded to only 70 per cent of 
the yield stress. In addition, there does not appear to be any 
correlation between the susceptibility of a given material to 
embrittlement and to cracking, which argues against the hydro- 
gen-embrittlement mechanism for sulphide-corrosion cracking. 

Stronger evidence against the internal hydrogen-stressing 
mechanism is the data obtained with beam-type specimens 
partially covered with an organic coating (4). In one series of 
tests, stressed specimens of s susceptible alloy coated only on a 
narrow section opposite the point of loading were exposed in a 
typical environment. At high loads, the specimen cracked just 
outside the coated area; at lower loads, which were still high 
enough to produce failures in uncoated specimens, no failure 
occurred. From previous experience it was known that such a 
specimen would be almost as embrittled as one without any coat- 
ing; if embrittlement were the sole factor involved, failure would 
have been expected. In the reverse test, wherein the stressed 
specimen was completely coated except for a narrow holiday 
opposite the point of loading, failure occurred as quickly as with 
an uncoated specimen. This result also argues against the 
internal hydrogen-stressing mechanism and favors the stress- 
corrosion mechanism. 

Additional evidence in favor of stress-corrosion cracking in- 
cludes the following (5): 


1 It has been possible to prevent cracking of a susceptible 
alloy in laboratory environments simulating sour gas-condensate 
well conditions by means of cathodic protection. Conversely, it 
has been impossible except under very severe loading conditions 
with a very susceptible alloy to produce cracking by means of 
cathodic charging in alkaline media, wherein acidic corrosion is 
not possible (it should be noted that most o° the data which 
favor hydrogen-embrittlement cracking have heen obtained on 
U-bend specimens cathodically charged in dilute sulphuric-acid 
solutions). 

2 In our test there has been no apparent correlation between 
susceptibility to hydrogen embrittlement and susceptibility to 
sulphide-corrosion cracking. 

3 Microscopic examination always reveals small cracks start- 
ing from the bottom of small pits on the tension side of specimens 
whether or not there was macroscopic cracking. The cracking is 
predominantly transgranular. No internal cracks or fissures have 
been observed. 


PREVENTIVE MEASURES 


At the present time control of the sulphide-corrosion cracking 
of tubular goods is being obtained in one sour gas-condensate field 
by a program which involves: (a) Protecting the casing by pack- 
ing off the casing and filling the annulus with a noncorrosive fluid, 
e.g., diesel oil or drilling mud; (b) use of tubing (API grade J-55) 
which has relatively low susceptibility to cracking; (c) setting a 
portion of the weight of the tubing on the packer so as to minimize 
tensile stresses in the tubing, and (d) periodic treatment with a 
commercial oil-well inhibitor in stick form. The importance of 
item (6) was demonstrated by the failure of API grade N-80 
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tubing described earlier in this paper. This N-80 tubing had 
only moderate resistance to cracking (S, = 9.6 in standard lab- 
oratory test) and failed in service during a period in which no 
protection was possible with the inhibitor treatment. Selection 
of tubing materials of minimum susceptibility to sulphide- 
corrosion cracking is a major aspect of any preventive program. 
However, since it is not possible to get complete resistance to 
cracking with commercially available materials that are economi- 
cally feasible, it is desirable to include the secondary measures 
noted in the foregoing. 

There has been some hesistancy to employ protective coatings 
to prevent cracking in view of (a) the difficulty of obtaining com- 
plete coverage of the metal surface, and (b) laboratory experience 
wherein cracking has been observed at relatively small holidays. 


ComparRaTive SuscepTipitiry or TUBULAR MATERIALS TO 
CRACKING 


Experience has indicated the higher-strength low-alloy steels 
are more susceptible to cracking failures of this type than low- 
strength materials. However, extensive laboratory and field 
testing (4) has shown that it is not possible to make any simple 
correlation between mechanical properties (yield strength, ulti- 
mate strength, or hardness) and susceptibility to sulphide- 
corrosion cracking. It is hoped that fundamental research now 
in progress may determine the critical factors controlling resist- 
ance to sulphide-corrosion cracking and thus allow a more rational 
basis for selection of materials than the present method of 
empirical testing. 

Evaluation of a number of commercially available tubing 
materials has been made using the laboratory-test method de- 
scribed. A wide range of susceptibility to cracking has been 
observed with these materials, Table 3. Of particular interest 
is the wide range of results obtained with materials of nominally 
similar mechanical and chemical properties and presumably 
with similar metallurgical histories. This was particularly noticea- 
ble with N-80 tubing steels, wherein S, values ranging from 6 to 
12 have been observed with carbon-manganese-molybdenum steels 
meeting API specifications for this grade of steel. The consist- 
ently better performance (S, = 11 to 13) of J-55 steels in these 
tests is in agreement with field experience; i.e., no failures of J-55 
tubing or casing have been reported whereas there have been a 
number of failures of N-80. The relatively high susceptibility to 
attack of 9 per cent nickel steels shown by these tests also has 


TABLE 3 RESISTANCE TO SULPHIDE-CORROSION CRACK- 
ING OF OIL-WELL TUBULAR GOODS 


Number of Range of S- 
Material Form heats tested values 
API grade J-55.............. asing 5 11.1-12.9 
API grade N-80, Mo-bearing.. Tubing 18 6.5-12.5 
‘asing 5 6.7-10.8 
API grade N-80 without Mo*.. Casing 15 8.9-14.3 
5 per cent nickel steel........ Tubing 2 2.5-3.4 
9 per cent nickel steel........ bing 5 0.8-2.8 


* Includes samples produced by quenching and tempering, by warm 
working, and by cold drawing. 
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been confirmed by field experience. Another point of interest 
is the indication that N-80 steels produced by methods such as 
mechanical working or quench and temper heat-treatment of 
nonmolybdenum steels appeared slightly more resistant to crack- 
ing than molybdenum-bearing N-80 steels with the customary 
normalizing heat-treatment. 


IMPROVING THE SULPHIDE-CoRROSION CRACKING RESISTANCE OF 
N-80 TuBING 


There is an obvious need for a tubing material meeting N-80 
specifications which would be more nearly equive'’ nt to J-55 
steels in resistance to sulphide-corrosion cracking. In view of 
the wide range of susceptibilities observed with commercial N-80 
steels, consideration has been given to the possible influence of 
known variations in composition and mechanical properties on 
the susceptibility to cracking. The hope was that some correla- 
tion might be established which would allow selection of specific 
heats of N-80 tubing to be used in those relatively few wells where 
danger of sulphide-corrosion cracking exists. Data obtained so 
far have not enabled any such correlation to be established. 

The next approach has been to consider what changes in heat- 
treatment or composition of N-80 steels would improve resistance 
to cracking without affecting adversely other properties and with- 
out adding appreciably to the cost. The most promising results 
so far have been obtained with a simple tempering heat-treatment 
following the usual normalizing heat-treatment. Conditions 
that have worked well in laboratory tests are tempering for 
approximately 30 min at 1100 F. As shown by the data in Table 
4, this treatment has resulted in substantial improvement in 
resistance to sulphide-corrosion cracking of a number of N-80 
steels without having any pronounced adverse effect on mechani- 
cal properties. Insufficient tests have been made as yet to be 
sure that substantially all tubing steels meeting current N-80 
specifications would respond equally well to the tempering treat- 
ment as did those tested so far. 

This use of a tempering heat-treatment could be accomplished 
with minimum effort and cost. It is attractive, at least as an 
interim measure, for providing a tubular material with N-80 
mechanical properties and relatively low susceptibility to sulphide- 
corrosion cracking. It is hoped that the investigations of this 
problem in progress in various laboratories will lead eventually to 
materials with much greater resistance to sulphide-corrosion 
cracking without sacrificing the high mechanical properties that 
are needed in deep wells now and will be absolutely essential in 
the deeper wells to be produced in the future. The observations 
made so far regarding the marked influence on susceptibility to 
sulphide-corrosion cracking, of heat-treatment, and composition 
variables give encouragement that such materials can be de- 
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-—Cracking test og 
° 


a Mechanical properties*— 

Alloy ref. Temperi Time at : Elong, RA, Rockwell specimens 
no. temp, deg temp, hr YS, psi UTS, psi percent percent hardness tested 
A As received 84000 126000 23 56 23C 9.5 32 
A 050 2 86000 113000 26 59 58A 11 12 
A 1100 2 82000 107000 25 59 58A 12 1l 
A 1150 2 107000 27 61 57A ll 12 
A 1200 2 79000 103000 28 64 554A 13 10 
A 1100 i 0 85000 111000 27 62 59A 12 12 
B As received 104000 130000 21 51 22C 7 16 
B 1100 tee 86000 114000 23 57 58A 9.5 12 
S As received 94000 120000 19 57 23C 7 28 


6 Standard laboratory-test procedure. 


® Tests made on Hounsfield tensometer using '/« sq in. X 0.632-in. long tensile bars. Results shown are average of three tests. 
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Discussion 


M. D. Hotmsera.* It is most encouraging to see that the 
authors are continuing their studies of sulphide-corrosion cracking. 
Their work already has contributed much toward a better 
understanding of these brittle failures. While they make some 
important observations and distinctions between “hydrogen 
embrittlement’’ and stress-corrosion cracking, it is evident that 
the exact mechanism of sulphide-stress cracking is still not 
understood. 

Brittle failures have occurred in deep, high-pressure wells where 
hydrogen sulphide has not been present. These failures have 
originated at seams, score marks, tong marks, and other surface 
defects. Even though it is possible with present inspection 
methods to detect and eliminate such defects before putting high- 
strength tubing and casing into service, it is almost certain that, 
in running the pipe, the surface will be scratched or cut. To 
minimize the effects of such damage, tough, notch-resistance 
steels are required. 

Tests made some years ago indicated that most of the N-80 
tubing and casing furnished is not brittle, but that it is extremely 
notch-sensitive. It was found that the ability to retain its 
ductility and toughness, when notched, could be greatly improved 
by heat-treatment (Table 5). In some cases the Charpy V- 
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L. E. Trisuman.‘ The authors are to be complimented for an 
excellent paper on a very difficult problem. The multiplicity of 
conditions which are found in the study of the usual corrosion 
problems become magnified and more complex when added to 
them are the conditions of internal stress and external stress as 
are found in stress-corrosion problems. The spontaneous crack- 
ing of metals has been observed for a long time and has been 
described under various terms as season cracking, caustic em- 
brittlement, stress corrosion, and now sulphide-corrosion crack- 
ing. A review of these reveals that the conditions which are 
necessary for failure are common to all. 

The failure of tubing, drill pipe, or casing down the hole usually 
presents a difficult problem to the metallurgist who is attempting 
todetermine the cause of the failure in the laboratory. Many times 
the samples for examination are so battered by fishing tools that 
the evidence which would indicate the cause of failure has been 
destroyed completely. The authors have been very fortunate 
in obtaining a tubing sample which was not too badly mutilated 
by the overshot tool to permit careful examination. It is noted, 
however, that by laying a straightedge along the sides of the 
fractured ends on the photograph, Fig. 1 of the paper, it appears 
that some necking down of the tubing had taken place before 
fracture. Undoubtedly, most of the necking down of the bottom 
end was caused by the application of the overshot, but the 
necked condition remaining in the upper end could have been 
produced before failure. Another significant condition is that the 
fracture took place in a zone where either tongs or slips are usually 
applied to the tubing. Could it be possible that something 
caused the reduction in diameter at some previous time? Such 
are conditions which the examining metallurgist does not get 
the opportunity to learn. Unquestionably the calculated load 
on the tubing is far below anything which would cause permanent 
deformation in the well. Then it is logical, as the authors con- 
clude, that failure was due to stress corrosion with its attendant 
embrittlement. If embrittlement was present throughout the 
tube and not localized at the zone of fracture, a full-size tension 
test, of, say, a 6 ft length, taken just below the fracture would 
show very low ductility values. A full-size test is suggested 
because it would include all the internal stress conditions and 
other variables present in the tubing, ‘‘as used,’’ which would not 


TABLE 5 EFFECT OF HEAT-TREATMENTS IN MECHANICAL PROPERTIES OF N-80 CASING 


Ult, psi 
113700 


Heat-treatment 


2 hr at 900 F and air cooled..... 
2 hr at 1050 F and air cooled... . 
2 hr at 1150 F and air cooled.... 
2 hr at 1250 F and air cooled.... 


95900 
Double normalized at 1650 F 120800 


notch impact values could be changed from the order of 13.0 ft- 
lb, to 23.0 ft-lb without adversely affecting the strength. This 
improvement also was confirmed by notched-bend and tensile- 
type samples tested at slow speeds. 

It is very interesting to see that the resistance to sulphide- 
corrosion cracking also can be improved by heat-treatment. 
The heat-treatments that resulted in an improvement in re- 
sistance to sulphide-corrosion cracking are similar to those that 
improved notch resistance. This is important, as it will give 
added incentive for both producers and users to pay more atten- 
tion to the heat-treatment of high-strength tubing and casing. 
In their future work on the effects of heat-treatments, it is hoped 
that the authors also will include tests to check the effects on 
notch resistance. 


3 Metallurgical Consultant, Houston, Texas. 


Elong % in 2 in. 


-—Charpy impact with V-notch,— 
Rockwell hardness ft-lb 


21.5 B-100 12.0, 12.5, 13.5 
14.0, 14.0, 14.5 
16.0, 17.0, 18.0 
11.0, 13.0, 21.0 
24.5 B-95.5 22.0, 28.5, 33.0 
21.0 B-101.5 23.0, 23.0, 23.0 


be obtained in smaller tensile bars cut from the wall of the tubing. 

The tensile values presented in Tables 1 and 4 of the paper 
are surprisingly good for tests made on such small-size test bars. 
(Roughly 0.18 in. X °/s in. gage length.) Apparently the ma- 
chinists making these tests must have been very meticulous to 
obtain bars free from machining scratches and within the necessary 
tolerance to obtain reproducibility, especially on such hetero- 
geneous material as steel. One wonders why the standard 
ASTM-API approved test bars, which are much easier to make, 
were not applicable here. 

The authors have noted the greater susceptibility of N-80 
grade steel to stress-corrosion cracking. As wells become deeper, 
higher-strength steels become necessary. Even now it is al- 
most impossible to obtain the tensile properties required by alloy 


‘Chief Research Engineer, Spang-Chalfant Division, National 
Supply Company, Ambridge, Pa. 
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additions alone, so it is necessary to resort to quench and drawn 
steels. P-110 grade casing is now produced by heat-treatment 
and even now inquiries have been received for a steel of 130,000 
psi minimum yield strength. As the tensile values are increased, 
the ductility becomes less and the notch sensitivity of the metal 
becomes greater. With increased notch sensitivity, it is logical 
to believe that susceptibility to stress-corrosion cracking also will 
become greater, since stress-corrosion cracking is a notch type of 
failure. The possibility of obtaining high-strength steels with low 
susceptibility seems very doubtful. 

The problem of obtaining corrosion resistance and strength at 
the same time is a difficult one. Outside of a few metals, which 
are not made in large tonnage lots, there is nothing economically 
available to solve the problem completely. It appears that the 
only practical solution to the problem is to prevent the corrosive 
environment from coming into contact with the high-strength 
basis metal. This has been accomplished with varying degrees of 
success by several methods. Inhibitors, which cover the metal 
with a chemical barrier, have had some degree of success in some 
applications. Organic coatings of the various plastic materials 
have been tried and have been successful to a certain degree. 
These are subject to mechanical damage and, at the damaged 
areas, corrosion may be accelerated. Possibly heavy cledding by 
a corrosion-resistant metal which is more resistant to mechanical 
damage than the usual coatings may be the answer. All of these 
methods add somewhat to the cost and like all preventives are 
not fully satisfactory. 


L. W. Votitmer,® C. N. Bowers,’ anp W. J. McGuire’ The 
authors have made a thought-provoking contribution to the grow- 
ing fund of information on the sulphide-corrosion cracking prob- 
lem. 

The case history given is a classic example of the failure process 
which is of great concern in the production of sour-condensate 
wells, and for which practicable preventive measures must be 
found. It is noted that the Jumping Pound Well was acidized 
just prior to the potential production tests and failure of the 
tubing. Had the tubing any type of internal protective coating 
and what, if any, inhibitor was used in the acid? The fact that 
most of the similar tubing failures experienced to date have 
occurred in wells that had been acidized, suggests the possibility 
that this operation may be importantly involved in the failure 
process. In common with hydrogen sulphide, certain arsenic 
compounds, such as the arsenic trioxide frequently used as an 
inhibitor for hydrochloric acid, promote absorption of nascent 
hydrogen into steel under corrosive circumstances. Since 
perfect inhibition is not obtained during acidization of a well, it 
seems possible that tubing may be conditioned thereby for rapid 
failure when regular production of sour gas begins, or actually may 
he cracked by the effects of acidization in combination with 
service stresses. In addition to this, acidization will remove any 
protective iron-sulphide film that may have formed on the tubing 
during prior exposure to sour fluids, and thus facilitate the 
sulphide-corrosion cracking process. The use of plastic-coated 
tubing is considered advisable if for no other reason than to pre- 
vent damage during acidizing treatment. 

The use of acetic acid in the authors’ test solution raises a ques- 
tion as to whether or not this acid distorts the true susceptibility 
of steels in actual sour-condensate operating conditions where the 
organic-acid content is usually negligible. It was pointed out that 
the test method is simply a “‘go’’ or “‘no-go’’ test. No doubt, the 
acetic acid accelerates this test and is of value from a standpoint 
of time saving. But if a testing environment does not have a 
definite relation to actual operating conditions, application of the 
test data developed is not practicable or even possible. 


’ Gulf Research & Development Company, Pittsburgh, Pa. 
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For the same reason, the significance of the critical stress S, 

(which is defined as the center point of a range of stress at which 
half the specimens would be expected to survive and half to fail) 
is open to question. The empirical formula for S, was developed 
from short-time tests in hydrogen-sulphide solutions containing 
acetic acid, at stress levels that were in many instances well 
above the elastic limit and were complicated by the presence of 
drilled holes. Beam tests* have shown that failures will occur long 
after test intervals of three weeks, especially if protective corro- 
sion products are removed periodically. While these tests showed 
some variation in the “threshold’’ stress above which failures 
occur, when stressed elastically none of the materials tested 
exhibited both successes and failures over as wide a range as 40,000 
psi. 

The authors show in Table 3 that the S, of 5 per cent nickel 
steel ranges from 2.5 to 3.4 which, being low, would indicate that 
this material is highly susceptible to sulphide-stress cracking. 
What were the heat-treatment, mechanical properties, and struc- 
ture of this steel? In the beam tests mentioned under both 
laboratory conditions and in the flow stream of a sour-condensate 
well containing approximately 10 per cent hydrogen sulphide and 
6 per cent carbon dioxide, no cracking of 5 per cent nickel steel, 
normalized to develop API Grade J-55 mechanical properties, was 
experienced when the applied stress was 80 per cent of the yield 
strength. 

The authors point out that three mechanisms of sulphide- 
stress corrosion cracking have been proposed: (1) internal hydro- 
gen stressing; (2) stress-corrosion cracking; and (3) a combina- 
tion of these two. They present considerable evidence in favor of, 
and express a preference for, stress-corrosion cracking. It is our 
current belief that the failure process is a combination of the two 
factors stress-corrosion cracking and the effects of the hydrogen 
absorbed by the steel. The degrée to which each factor influences 
failure, as well as the time to failure, appears to be a function of 
the total tensile stress in susceptible metal, which is always at or 
above the critical or threshold level characteristic of the given 
metal. If the total stress is high, only a small amount of stress- 
corrosion cracking is necessary to induce a complete fracture in 
the hydrogen-embrittled steel, and the time to failure is very 
short. When the total stress is relatively low (but still above a 
critical amount) stress-corrosion cracking predominates and the 
time to failure is long. Evidence in support of these views has 
been reported previously.?’ The effects of absorbed hydrogen 
other than embrittlement (loss of ductility) should not be neg- 
lected. This subject is currently being investigated by us to 
establish, among other things, whether hydrogen absorption by 
steel under static stress may develop additional stress within 
the steel. 

We agree with the authors that although preventive measures 
can be employed to decrease failures in tubing and casing in sour 
gas-condensate wells it is far more desirable to improve the re- 
sistance of steels to cracking by heat-treatment and/or composi- 
tion. The authors show that the steel commonly used for APT 
grade N-80 pipe can be improved considerably by tempering after 
the usual normalizing treatment. We note from Table 4 that all 
of the mechanical properties of alloys B and C were altered appre- 
ciably by tempering at 1100 F. What structural changes were 
observed? Also, the yield strength of alloy A seems to be the 
only mechanical property not appreciably affected by tempering. 
Was this the steel from the grade N-80 Jumping Pound failure 


* “Stress Corrosion Cracking of Steel Under Sulfide Conditions,” 
by C. N. Bowers, W. J. McGuire, and A. E. Wiehe, Corrosion, vol. 8, 
October, 1952, pp. 333-341. 

7“*Hydrogen Sulfide Corrosion Cracking of Steel,’’ by L. W. 
Vollmer, Corrosion, vol. 8, October, 1952, pp. 326-332. Reprinted 
from Canadian Mining and Metallurgical Bulletin, February, 1952. 
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that contained an abnormally high amount of molybdenum? 
If not, what was the chemical composition of the steel? 


A. B. Witper.' The authors have presented an interesting 
summary of their results in a study of sulphide-corrosion crack- 
ing. The total aluminum content, 0.08 per cent, of the steel in 
Table 2 of the paper appears to be high for this grade of material. 
The test specimen illustrated in Fig. 3 represents a carefully pre- 
pared surface free of decarburization and comments on the sig- 
nificance of these factors will be of interest. 

The influence of tempering on the cracking resistance of N-80 
steels, as shown in Table 4, indicates a trend which is apparently 
associated with a reduction in the ultimate strength of the ma- 
terial, and in alloys B and C the yield strength also was reduced. 
These changes are sufficient in magnitude to reduce the tend- 
ency for corrosion cracking in N-80 material. 

The steel producer should be able to meet regular API require- 
ments for grade N-80 tubing in the normalized and tempered 
condition. It may be necessary, as indicated in Table 4, to change 
the chemical composition for the particular grade of steel tested in 
order to provide a higher level of tensile properties in the normal- 
ized and tempered condition. Tensile properties determined in 
accordance with the procedure in API STD 5A would be desirable 
information in providing a direct comparison with production 
material and the tensile-test results of the authors. 

It would be of interest to evaluate the corrosion-cracking sus- 
ceptibility of material in which the tensile properties after normal- 
izing and tempering were essentially similar to properties in the 
normalized condition. We hope the authors will continue their 
investigation of tubular materials so that ultimately we may be 
able to manufacture a product which will better meet the require- 
ments desired. Research work on corrosion cracking of tubing 
is being conducted by the writer’s company and will be re- 
ported at a later date. 


Avutuors’ CLOSURE 


Mr. Holmberg’s observation that heat-treatment has similar 
effects on notch resistance and resistance to sulphide-corrosion 
cracking are most interesting. Such a result is not unexpected, 
since sulphide-corrosion cracking failures occur through propaga- 
tion of what is essentially a very sharp notch under conditions of 
practically static tensile stress. Unfortunately, we do not have 
direct data to show the possible correlation of notch sensitivity 
and susceptibility to sulphide-corrosion cracking. It should be 
noted, however, that the correlation probably would not hold 
good outside of a particular type or analysis of steel, since the 9 
per cent nickel steels are very susceptible to cracking and yet have 
generally excellent impact resistance in the presence of notches. 

Dr. Trishman has correctly noted a small amount of deforma- 
tion in the upper end of the failed tubing joints as shown in Fig. 1. 
What he failed to notice, however, is that this deformation took 
place on one side only, corresponding to section 1 in Fig. 2. Our 
detailed examination failed to reveal any plastic deformation out- 
side of section 1 in Fig. 2, so that we are reasonably well con- 
vinced that the deformation in this region followed failure in 
sections 2 and 3 rather than preceding it. 

We do not believe that a tension test made on a full-sized sec- 
tion of tubing taken just below the fracture would have indicated 
low ductility, as suggested by Dr. Trishman. Any embrittlement 
(i.e., due to occluded hydrogen) would have been gone before we 
could have tested the tubing in the laboratory, as it is well known 
that recovery from hydrogen embrittlement takes place readily at 
room temperature in a matter of a few weeks. Further, no evi- 
dence of localized low ductility was observed in subsequent ten- 


* Chief Metallurgist, National Tube Division, U. 8. Steel Corpora- 
tion. Pittsburgh, Pa. 
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sile tests made at four intervals along the failed tubing, and the 
tubing itself showed considerable ductility in being able to neck 
down under the overshots. 

The machine work on our small tensile test bars is admittedly 
good but is not superlative. The finish on these bars is developed 
with No. 600 polishing paper (crocus cloth), and the tolerance on 
the diameter is +0.0004 in. Good reproducibility has been ob- 
served between duplicate specimens machined from the same 
stock. Our reason for using the small-sized, non-ASTM standard 
test bars has been threefold: (1) We can compare different sam- 
ples of steel readily, even though the size and grade of the part 
may vary markedly; (2) the small bars enable us to examine 
small, isolated sections to the exclusion of the rest of the pipe; 
(3) our experience indicates that the small-sized test bars are no 
more difficult to machine than the larger standard ASTM-API 
approved test bars. 

Although increased notch sensitivity generally tends to parallel 
increased strength, large deviations from the general trend may be 
developed by changes in composition and changes in heat-treat- 
ment. For this reason we have considerable hope of developing 
simultaneous high strength and low susceptibility to cracking. 
It should be noted that low susceptibility to cracking may not in- 
variably parallel low notch sensitivity, however, since the 9 per 
cent nickel steels which are quite notch insensitive are very sus- 
ceptible to sulphide-corrosion cracking. 

We agree with Dr. Trishman that preventing the corrosive 
solutions from contacting the tubing is a difficult thing to ac- 
complish with 100 per cent efficiency, and we share his objection 
to organic coatings. Although we have very little experience with 
metal cladding, this approach seems to have appreciable merit. 

In common with Messrs. Vollmer, Bowers, and McGuire we 
have worried about the possible effects produced by the acidizing 
solutions. However, our studies have indicated that these solu- 
tions are relatively mild in their ability to cause sulphide-corro- 
sion cracking, especially after having reacted with the formation. 
It might be mentioned at this time that an arsenic inhibitor was 
used in the acid used to treat the formation at Jumping Pound 
Well No. 7; this would certainly have been almost completely 
precipitated in contact with hydrogen sulphide from the forma- 
tion. Although a trace of arsenic may exist in the effluent spent 
acid and there is a high concentration in the acid pumped into the 
tubing, this arsenic has not been shown to have any significant 
effect on the cracking process. 

The use of organic coatings in sour gas-condensate wells is, we 
believe, of somewhat illusory advantage, since it has been shown 
that very small defects or holidays in the coatings can permit 
susceptible materials to fail (see reference 2 of paper). Although 
we, too, are concerned about possible damage to the tubing by 
acid, we do not believe that organic coatings are a satisfactory 
solution. 

The use of organic acids in our standard test solution was 
prompted by the fact that a small amount of organic acids is ob- 
served in most gas-condensate and sour gas-condensate fluids. 
Although the amount used is arbitrarily rather high, the labora- 
tory environment appears to be related fairly closely to field en- 
vironments because the relative order of susceptibility to cracking 
is generally preserved. 

In common with Messrs. Vollmer, Bowers, and McGuire, we 
were surprised at the relatively low critical stress for cracking of 
the two samples of 5 per cent nickel steel tested. Before develop- 
ment of our present test specimen and test techniques, it had ap- 
peared to us that this composition was moderately resistant to 
cracking. It seems probable that the stress-raiser holes used in 
our present test specimen were responsible for lowering the critical 
stress for cracking, possibly by introducing excessive plastic con- 
straint, even though the two samples of 5 per cent nickel steel 
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tested were very ductile in the tension test. The two samples were 
both tested in the as-received condition (presumably normalized), 
having mechanical properties equivalent to API grade J-55. 

We have not studied in detail the structural changes brought 
about in N-80 steels by tempering at 1100 F. Presumably the 
major effects are lowered residual stresses, a very small amount of 
spheroidization and, possibly, reduction in the amount of retained 
austenite, if any. It may be significant that a distinct yield point 
is observed in N-80 steels after tempering '/2 hr at 1100 F, whereas 
the distinct yield is often absent before tempering. These changes 
are difficult to observe at best, and we were only able to detect the 
small amount of spheroidization microscopically by comparing the 
tempered and untempered steels side-by-side under the micro- 
scope at 1500 X. 

In reply to the question about composition of alloy A in Table 
4, this was indeed the N-80 steel from the failed Jumping Pound 
tubing, as surmised by Vollmer, Bowers, and McGuire. Its com- 
position was given in Table 2. 

We would be interested in learning more of the results obtained 
by these discussers on the effects of absorbed hydrogen on the 
total stress within the steel. Also, we would be most interested to 
learn if these studies shed more light on the mechanism of sulphide- 
corrosion cracking. 

In reply to Mr. A. B. Wilder, we have not studied the effects of 
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either decarburization or aluminum content on sulphide-corrosion 
cracking and so have no information to offer at this time. 

It is quite difficult to disentangle the effects of tempering from 
the influence of mechanical properties as they may affect sulphide- 
corrosion cracking. If a given API grade N-80 steel is tempered, 
there is a significant improvement in the resistance to sulphide- 
corrosion cracking, but this effect may reflect only the decrease in 
yield and ultimate strengths and increase in ductility, all of which 
also appear to be related to cracking susceptibility. In contrast 
to Mr. Wilder, however, we would prefer to use normalized and 
tempered N-80 steel which has good resistance to sulphide-corro- 
sion cracking even though it was slightly less strong than allowed 
in API standard 5A, rather than a normalized and tempered steel 
which would meet N-80 specifications but which would have 
higher susceptibility to cracking. Thus our object in studying 
the tempering heat-treatment was to find a means of improving 
the resistance to cracking of all types of existing N-80 tubing even 
though accompanied by some slight decrease in strength. We 
have not as yet found a steel which has essentially the same prop- 
erties as normalized and in the normalized and tempered condi- 
tion. 

Although we have used a very small, nonstandard tensile test 
bar, the results are similar to those obtained on larger bars, and 
the mechanical properties reported are approximately those 
which would be obtained under API specification 5A. 
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This paper is a condensation of part of the vast amount 
of published engineering information which applies to the 
design of offshore drilling and production structures. 
Owing to the rapid development within this field, the 
correlation between the theoretical and actual conditions 
has not been established firmly; however, additional ex- 
perimental and operating information which will become 
available in the next few years should aid this problem 
considerably. The wind and wave forces which act on 
offshore structures are described in detail together with 
the soil reactions which hold the structures in place. The 
internal effects such as deflections, stresses, and natural 
frequencies also are discussed for a number of special 
cases. In addition, methods for calculating the floating 
stability of mobile units are presented. A general classifi- 
cation of offshore structures is given to illustrate the rela- 
tive advantages of certain general types of structures. 


INTRODUCTION 


r NHE world-wide expansion of offshore drilling and produc- 
tion operations during recent years has generated considera- 
ble interest in the engineering design of offshore struc- 

tures. These structures are designed for a wide variety of condi- 
tions ranging from the 6 to 8-ft maximum waves in Lake Mara- 
caibo to the 42-ft waves and 125-mph winds associated with 
maximum Gulf Coast hurricanes. At the present time there are 
numerous relatively indeterminant factors in offshore design such 
as the wave ferces and the soil reactions; however, there is a 
large amount of engineering information which can be used to 
good advantage until more theoretical, experimental, and operat- 
ing information becomes available. The primary objective of this 
paper will be to condense the available information into a single 
reference, and hence the original references must be consulted 
when specific details are desired. 

The design of structures for a given set of conditions is only part 
of the over-all engineering problem. An equally difficult problem 
is the determination of the probability of occurrence of the condi- 
tions. This problem may be approached either by analyzing the 
records of oceanographic conditions which have occurred at a 
certain location over a period of years or by analyzing the 
meteorological records and estimating what oceanographic condi- 
tions they might cause at thelocation. Unfortunately, information 
on the oceanographic conditions (wind, waves, storm tides, 
ete.) at a majority of offshore locations is insufficient for direct 
statistical predictions, but there is a much greater amount of 
meteorological information which can be utilized in probability 
studies. During recent years a considerable amount of work 
has been done on comparing the predicted with the measured 
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oceanographic conditions, and oceanographers are now able to 
estimate with a fair degree of accuracy what wave conditions will 
be caused by a given storm. Eventually, there will be enough 
oceanographic data at selected offshore locations to determine the 
probabilities directly, but in the meantime it is necessary to rely 
upon past meteorologic data for statistical predictions. This 
paper will be limited to a discussion of the design of offshore struc- 
tures capable of withstanding a given set of conditions. The 
probability of the occurrence of these conditions and a discussion 
of the meteorological phenomena causing them will be excluded. 
The basic approach utilized in this paper is to divide all external 
forces which act on a structure into actions and reactions, with 
the actions being defined as forces which tend to move the struc- 
ture, and reactions as forces which resist the actions. According 
to Newton’s third law, which states that “for every action there is 
an equal and opposite reaction,” the sum of the actions and 
reactions must be equal tozero. Although the structure must be 
in equilibrium under the action of the external forces, there are 
internal effects such as stresses and deflections which are also 
very important and must be considered. In addition to con- 
sidering the actions, reactions, and effects, a general classification 
of offshore structures is presented to illustrate the relative ad- 
vantages and disadvantages of different types of structures. 


Tue AcTIoNs 


All forces tending to move the structure are defined as the 
actions and they include the stztic forces and dynamic forces. 
The static forces are well defined since they are essentially equal 
to the sum of the weights of the various components; however, the 
magnitude of the dynamic forces has not yet been defined with 
any degree of accuracy. Both the static and dynamic forces will 
be discussed in detail in this section. 


Static Forces 


The static forces acting on a structure include the fixed equip- 
ment weights, movable equipment weights, operating loads, and 
the weight of the structure itself. As a general rule, these forces 
are not critical from a stress standpoint since they generally repre- 
sent a small percentage of the total stress; however, they often 
become critical from a soil-loading standpoint. The amount of 
equipment located on the structure depends upon whether it is a 
self-contained or tender-type structure. Since the total weight of 
« structure can range from 700 to 4000 tons, depending upon the 
type of structure and its application, no representative weights 
will be quoted; however, some typical components will be listed. 

The fixed equipment may include the derrick, drawworks, 
traveling block, crown block, hook, swivel, rotary, substructure, 
engines, generators, mud pumps, compound, mixing pumps, 
blowout preventers, pipe racks, air compressors, shale shaker, 
coring reel, logging unit, cementing unit, piping, wiring, tanks, 
cranes and booms, tool house, mud house, quarters house, etc. 
The movable items may include drill pipe, casing, active or re- 
serve mud, dry mud, dry cement, rig water, potable water, fuel 
oil, lube oil, ballast water, ete. The maximum operating loads or 
hook loads usually are determined by the longest string of casing 
being set. The structural loads may include the weight of the 
deck section, piling, template, or hull depending on the type of 
structure. 
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Dynamic Forces 

Wind Forces. The theoretical pressure imposed upon flat and 
curved surfaces by air moving at a given velocity is a function of 
the kinetic energy of the air 


1 w 
om 
V 


where 


P = unit pressure, psf 

w = specific weight of the air, pcf 

g = 32.2 ft/sec* 

V = velocity of air, fps 
The total foree may be obtained by multiplying the kinetic 
energy by a dimensionless drag coefficient and the projected area 
1 


Fe= 
2 


Cp — 
g 
where Cp = dimensionless drag coefficient 
A = projected area in square feet 
Substituting a value of 0.0765 pef for the density of air and con- 
verting the velocity to miles per hour 


1 0.0765 | 88 |? 
= — 
F Cp 32.9 [ ] V""A 
F = 0.00255 CpV"A 


where V’ = velocity of the air, miles per hour 

The well-known Weather Bureau formula for calculating air 
pressures on flat surfaces can be developed by substituting Cp = 
1.5 into the foregoing equation 


F = 1.5 X 0.00255V"*A = 0.00385V"*A 


F = 0.004V'""A 


The Weather Bureau formula applies only to air moving at a 
given velocity impinging upon a flat surface. It is reasonable to 
believe that, during a hurricane, there is a good possibility that a 
certain amount of water could be entrained in the air. This 
water could originate from spray being carried along by the air 
or from rain, with the spray probably being the more important 
factor. Owing to the fact that the kinetic energy, and hence the 
total force, is a direct function of the density of the moving 
medium, a large increase in the density would cause a correspond- 
ingly large increase in the total force. In the case of water en- 
trained in the air this is quite easily accomplished, since water is 
approximately 800 times more dense than air, and therefore even 
a very minute percentage of water by volume will cause a signifi- 
cant increase in the density of the mixture. 

It is interesting to note that water vapor in the air would 
actually decrease its specific weight because the molecular weight 
of water is 18 and the molecular weight of air is approximately 29. 
It is quite possible that there would be a vertical variation in not 
only the amount of water being entrained in the air but also in the 
wind velocity itself. The entrained water content would prob- 
ably be greater near the surface of the water with the wind 
velocity being less near the surface of the water owing to the tur- 
bulence. Both the amount and distribution of the water en- 
trained in air, together with the vertical variation of wind ve- 
locity, are problems which require further study. To illustrate 
the potential importance of entrained water, the ordinary wind 
forces would be multiplied by a factor of 5 if the air and 0.5 per 
cent of entrained water by volume are moving at a velocity of 90 
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mph. Although the possibility of obtaining entrained water dur- 
ing hurricanes has not been investigated, it is possible that this 
would be one way to explain the excessively destructive forces 
which occur during hurricanes and which cannot be attributed 
directly to the air forces alone. 

Although the forces caused by entrained water cannot be 
evaluated accurately at this time, the forces caused by the air 
alone are a very important factor in offshore design, particularly 
for deep-water structures where the overturning moments caused 
by the wind create a serious problem. For example, according to 
the Weather Bureau formula, a 125-mph wind would create a 
force of 62,500 lb on a derrick with 1000 sq ft,of wind area. If 
this derrick were on a platform standing in 50 ft of water with a 
50-ft deck clearance, the moment at the mud line would be about 
11,000,000 ft-lb, assuming that the center of area of the derrick 
was 75 ft above the platform. This wind moment is approxi- 
mately equal to the moment which would be exerted on four 3-ft- 
diam piles, extending from the mud line to a point above the sur- 
face, by a solitary breaker in the same depth of water. 

Wave Forces: (a) General Wave-Force Theory. One of the most 
difficult problems facing the offshore designer today is estimating, 
with a fair degree of accuracy, the wave forces imposed upon a 
structure by a given set of wave conditions. There has probably 
been more information published on the behavior of waves than 
any other phase of offshore design, with the possible exception of 
soil mechanics; however there is very little information available 
today on the correlation of the published theoretical and experi- 
mental information with the actual forces on offshore structures. 
There are numerous full-scale field research projects currently in 
progress which should aid this situation considerably; but, in the 
meantime, the engineer is faced with designing offshore structures 
using the information which is currently available. 

Perhaps the most valuable engineering reference presented to 
date on this subject was prepared by Robert O. Reid and Charles 
L. Bretschneider of the A & M College of Texas. This paper 
titled ‘Surface Waves and Offshore Structures: The Design 
Wave in Deep or Shallow Water, Storm Tide, and Forces on Verti- 
cal Piles and Large Submerged Objects,” presents, among other 
things, a very useful summary of the major wave-force theories 
together with their engineering applications. In this paper, the 
following four major waves theories are summarized from an engi- 
neering design standpoint: 


1 Air Theory. Covers small waves in all depth ranges except 
very shallow water. 

2 Solitary-Wave Theory. May be applied to periodic waves 
at or near the breaking point in shallow water. 

3 Stokes Theory. Applies to a limited range of waves of 
medium height in deep and intermediate water depths. 

4 Michell Theory. Applies to maximum waves in deep water. 


Reid and Bretschneider used these four theories as limiting 
cases and extrapolated the various parameters to cover inter- 
mediate conditions. When more information becomes available, 
these approximations can be modified and perhaps a new semi- 
empirical method can be developed to cover these intermediate 
conditions more accurately. 

Owing to the detail involved in adequately presenting these 
theories, the present paper will only outline some of the more 
general aspects of wave forces and leave it to the reader to refer 
to the Reid and Bretschneider paper and other references when 
more detailed information and developments are desired. Since 
there is a great deal of interest in the solitary-wave theory because 
it applies reasonably well to many Gulf Coast conditions, this 
theory will be described in some detail at the end of this section. 

In general, the forces acting on a body subject to the action of 
a moving fluid can be divided into five principal classes—drag 
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inertial, impact, differential pressure head, and momentum reflec- 
tion forces. Each of these forces will be discussed separately. In 
addition, a brief discussion of the design water level and maxi- 
mum wave height will be given. The wave symbols used in the 
following discussion are presented in Fig. 1. 


= Wave celerity - ft./sec 
Design still woter level- ft 
Trough elevation above bottom - ft 
Wave height ( trough to crest) - ft 
Wove length - ft 
Elevation of water surfoce above bottom - ft 
Horizontal particle velocity - ft/sec 
Horizontal coordinate - ft 
Vertical coordinate - ff 


Fie. 1 Wave SymMBois 


(b) Drag Forces. The drag forces on a submerged object are a 
function of the kinetic energy of the fluid and are directly analo- 
gous to the drag forces associated with conditions of steady flow as 
described in the section on wind forces. The drag force per foot 
on a vertical, cylindrical pile may be expressed as 


fo «TA 
where 
fp = horizontal drag force per unit length of pile, lb/ft 
T = kinetic energy per unit volume, ft-lb/ft* 
A = projected area per unit length, ft*/ft 
Multiplying this expression by the constant of proportionality 


Cp to obtain an equality, and substituting the pile diameter D 
for the area per unit length 


fo = CpTD 


fp = Cp u’D 


where 
Cp = dimensionless drag coefficient 
D = pile diameter, ft 
w = specific weight of fluid, pef 
g = 32.2 ft/sec? 
u = horizontal velocity of fluid, fps 
It should be noted that the velocity u is defined as the velocity 
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which would be present at the center line of the pile if the pile 
were absent. 


In order to determine the total drag force on a pile, the unit 
drag force must be integrated over the length of the pile. Un- 
fortunately, the horizontal particle velocity is not a constant, and 
therefore it must be left within the integral sign. The expression 
for the theoretical horizontal particle velocity at any point de- 
pends upon the wave theory being applied, and it is generally so 
complex that it cannot be integrated analytically. Therefore the 
integral must be determined numerically or graphically. Also, 
the drag coefficient is a function of Reynolds number which 
means that it is also not constant; however, it is usually assumed 
to have a constant or mean value ranging anywhere from 0.33 to 
2.0 for circular piles, with most designers using either 0.33 or 
0.50. The expression for the total drag force on a vertical, cylin- 


drical pile is 
w 
Fp = +Cp — D 
p= Df 


Ss 
utdz 


total horizontal drag force, lb 

elevation of water surface above bottom, ft 
elevation measured upwards from the bottom, ft 
increment of length in vertical direction, ft 


The maximum positive value of the drag force occurs as the crest 
of the wave passes the pile and the maximum negative value 
when the trough passes. 

(c) Inertial Forces. The inertial forces on a vertical pile are a 
function of the product of the mass of the displaced fluid and 
acceleration of the fluid particles. The unit horizontal inertial 
force is 


fi = ma 
where 


f; = horizontal inertial force per unit length of pile, lb/ft 

m = mass of displaced fluid per unit length, lb-sec*/ft/ft 

a = horizontal acceleration of fluid particles, ft/sec 
Introducing the proportionality constant, Cy 


= Cyma 


w 


fi = Cu 
g 


du 
dt 


dimensionless mass coefficient 
specific weight of fluid, pef 
32.2 ft/sec* 
pile diameter, ft 
du 
da 
The acceleration is defined as the horizontal particle acceleration 
which would be present at the center line of the pile if the pile 
were absent. 
The total inertial force on a pile extending from the mud line to 
the surface of the wave, assuming that the mass coefficient re- 
mains constant, may be expressed as 


Ss 
f 
g 4 0 


horizontal acceleration of fluid, ft/sec* 


z 
x | 
h s 
where 
H 
L 
s 
u 
or 
or 
du 
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Although the acceleration term can maintain a plus or minus sign 
by itself, a double sign is added to the expression to emphasize the 
point. The inertial force is zero at the crest and trough positions 
and it is a maximum somewhere between the crest and half the 
distance to the trough. 

As with Cp, the value of Cy is also not well defined. Labora- 
tory experiments have placed the value of the mass coefficient 
somewhere between 1.30 and 1.70 with a value of 1.5 commonly 
being used. 

(d) Impact Forces. Impact forces generally are associated with 
plunging or incipient breakers where the crest of the wave is fly- 
ing through the air and striking a structure, causing sudden shock 
loading. Many people feel that these forces are caused by air 
pockets which are trapped by the flying water and compressed, 
and then explode with a characteristic booming sound heard near 
breakwaters, sea walls, etc. Very little information is available 
on the magnitude of these forces, particularly for circular piles. 
For lack of better information, the impact forces are approxi- 
mated by some designers as a certain percentage of the total drag 
and inertial forces applied at the crest position. Minikin’s semi- 
empirical breakwater formula assumes that the impact forces are 
distributed in a triangular-shaped, reverse parabolic pattern ex- 
tending from the trough to the crest positions with a maximum 
at the halfway position. 

(e) Differential Pressure-Head Forces. In addition to the drag, 
inertial, and impact forces commonly associated with waves, 
there are also differential pressure-head forces which are very im- 
portant under certain conditions. These forces should be con- 
sidered when there is a submerged object, such as a barge, which 
has a length parallel to the direction of wave travel that is sig- 
nificant in relation to the wave length. In this discussion the 
height of the object is assumed to be small compared to the depth, 
so that the energy reflection forces may be neglected. 

For a barge with length L, parallel to the direction of wave 
travel, width Le, and height Ls, the force caused by a pressure- 
head differential is 


Fp = pr P2) 
where 


F, = differential pressure-head force, Ib 
~.: = gage pressure at leading edge of barge, psf 
Pp: = gage pressure at trailing edge of barge, psf 


Since the barge disturbs the pressure pattern, a dimensionless 
pressure coefficient, which is a function of the shape of the sub- 
merged object, must be added to obtain the true force 


Fp = Cpl2La(pi — po) 


where Cp = dimensionless pressure coefficient. 

In the case of a very small wave in shallow water, the pressure 
difference would be equal to the static head of water. For a barge 
which has a length equal to one half the wave length, the total 
force for a very small wave would be 


Fp = 


where w = density of water, pef; H = wave height (trough to 
crest), ft. 

For moderate to large waves in both shallow and deep water, 
the foregoing expression does not hold because there are vertical 
accelerations which tend to modify the pressure forces. Al- 
. though these forces are a function of the water depth and length of 
the submerged object, as well as the wave height, a good rule of 
thumb is that the differential-pressure force is equal to one half 
the static-pressure difference (approximately 0.25 psi per ft of 
wave height) times the projected area. 
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(f) Momentum Reflection Forces. When a nonbreaking wave 
strikes a breakwater or plane barrier, there is a reversal of 
momentum which frequently results in a standing wave which is 
larger than the undisturbed waves. This reflection of energy 
exerts a moderate force on the breakwater. The Sainflou break- 
water theory deals with forces of this type. Reflection forces 
should be taken into account when a large submerged object has 
a height which is a significant fraction of the water depth. 

(g) Design Still-Water Level. The design still-water level is the 
basic water depth upon which all wave calculations are based. 
It may be defined as 


d=d+A,+S8, 


design still-water level, ft 
mean low-water level, ft 
astronomical tide, ft 
storm tide, ft 


The mean low-water level is given by U.S. Navy navigation 
charts for any particular location or it can be determined directly 
by soundings which have been corrected for astronomical tide. 
The astronomical tide can either be measured directly or obtained 
from tables prepared by the U. 8. Coast and Geodetic Survey. 

Storm tides are considerably more difficult to predict. They 
are a result of three principal effects: 


1 Mass Transfer Effect. The water is piled up by the action 
of the wind. 

2 Manometer Effect. The water level rises owing to a reduc- 
tion in pressure at the storm center. 

3 Surge Effect. The general movement or a sudden intensifica- 
tion of a storm causes surges which raise the water level. 


The design still-water level at any particular location should 
be evaluated by a competent oceanographer if it is a critical factor 
in the design of a structure for that location. This evaluation in- 
volves determining the probability of a certain set of meteorologi- 
eal conditions occurring, and then applying various theories to 
find what storm tide will result. 

(h) Maximum Wave Height. The maximum height which a 
wave can attain in a given depth of water is limited by dynamic 
stability considerations. The maximum wave in shallow water is 
defined by the solitary-wave theory as 


= 0.78h 


where Hmax = maximum wave height (trough to crest), ft, and 
h = elevation of wave trough above bottom, ft. The maximum 
wave in deep water, as predicted by Michell, is 


1 
Humax = 


where L = wave length (crest to crest), ft. 

In general, waves break when the particle velocity at the sur- 
face of the wave exceeds the celerity or velocity of the wave itself. 
Waves breaking in shallow water, which have been generated in 
deep water, tend to break with a characteristic plunging action 
whereas those generated in shallow water usually break in a 
spilling manner. 

(t) Solitary-Wave Theory. The solitary-wave theory, which 
has been extended to cover periodic waves, applies reasonably 
well to maximum and near-maximum waves in shallow water. 
The present limit which is placed on its range of application is a 
d/T? (depth/period?) value of 0.08. This means that, for even a 
15-sec wave, the depth of application would be limited to 18 ft; 
however, many designers are applying this theory to maximum 
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waves in greater depths for lack of a better theory. The forces 
which can be approximated by use of this theory are the drag, 
inertial, and differential pressure-head forces. 

The equations for the drag and inertial forces, which were given 
previously, can be modified for use with the solitary theory. The 
original expressions were 


total horizontal drag force, lb 
total horizontal inertial force, lb 
dimensionless drag coefficient 
dimensionless mass coefficient 
= specific weight of water, pef 
32.2 ft/sec? 
= pile diameter, ft 
elevation of water surface above bottom, ft 
horizontal particle velocity, fps 
du 
dt 
z = elevation measured upwards from bottom, ft 


= horizontal particle acceleration, ft/sec? 


Since the solitary-wave theory assumes that the water particles 
are moving only in the direction of wave travel, the drag forces are 
always positive. On the other hand, these particles may ac- 
celerate or decelerate causing positive or negative inertial forces. 
The inertial forces are positive when the crest is approaching the 
pile and negative after it passes. The foregoing equations may be 
expressed in the following form for use with the solitary-wave 
theory 


F, = + Cyo Dd; 


wave celerity, fps 

trough elevation above bottom, ft 

elevation of lower end of pile, ft 

elevation of upper end of pile (cannot be greater than 
water surface elevation), ft 


The values for the relative velocity and acceleration are given 


{1 + (cos Mz/h)(cosh Mx/h)]}? 
[(cos Mz/h) + (cosh Mz/h)}* 


1 du 


H 
—-— = — |] inh 
[: h ] NM (sinh Mz/h) 


+ —N + cos Mz2/h [(cosh Mz/h) — (cos Mz/h)] 
[(cos Mz/h) + (cosh Mzx/h)]?* 
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M and N are defined by the following two equations which must 
be solved simultaneously by trial and error 


h 1 H 
M = N— 


N= aint ar (1 + ra) 


64 pef 
32.2 ft/sec? 


V g(h + H) where 


wave height (trough to crest), ft 
then the foregoing equations reduce to 
F, = 32C,Dh(h + HW p 
F, = + 50.26CyD*hJ; 


The total force exerted on a pile at any instant is the sum of the 
drag and inertial forces as follows 


Fry = 32CpDh(h + H)Jp 50.26C yD*hd ; 
Fy = + H)Jp + 50.26CyDJ,} 


It should be emphasized that, for small-diameter piles, the 
maximum force is all drag force. This is a result of the fact that 
the maximum sum of the drag and inertial forces occurs at the 
crest where the inertial force is zero. The limiting size of pile for 
which the total force occurs at the crest is given by Reid and 
Bretschneider as 


h ~ Cy 


If the relative pile diameter exceeds this value, the maximum 
value occurs ahead of the crest, and it slowly moves back toward 
the crest as the diameter increases, with the inertial force becom- 
ing the predominant factor. This behavior will be illustrated by 
an example later in this section. 

The maximum value of the solitary-wave forces occurs when 
the wave height reaches the maximum or limiting value of 


Hz = 0.78h 


where Hg = wave height (trough to crest) of maximum breaker, 
ft 
h = trough elevation above bottom, ft. 


Also 
Cz? = 2gHg = 1.56gh 


Making the foregoing substitutions, the general drag and inertial 
force equations reduce to 


F pp = 49.92C pDh?J ng 
Fiz = + 50.26C yD*hJ 


up |? 2 
too 
ai/h Ce h 

f [+ Pal 

LG dt 


{1 + (cos Mgz/h) (cosh Mpx/h))? 
 {(cos Mgz/h) + (cosh 


|| 
D ~D 29 
Since 
‘ wT S du w= 
— g 4 o at g = 
where 
( 
, 
where 
Jp = 
le C= 
2= 
; by Munk as where 
| 
= 
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1d 
= 1.56 (sinh Myz/h) 


{ 2 — Ng + (cos Mgz/h)[(cosh Mgxr/h) — (cos Mgz/h)] 


[(cos Mgz/h) + (cos 
Mz = 0.95 
Ng = 0.655 
At the crest (x/h = 0) 


—o007 +....] 


The total force for the breaking wave will be 
Fre Dh(49.92C phJ pp 50.26C DJ 


As explained previously, the maximum total force is composed 
entirely of drag force and is located at the crest until the D/h 
value exceeds a certain value where the inertial force plus the 
drag force at some position ahead of the crest becomes greater 
than the value of the drag force at the crest. 

The moments exerted on piling by a solitary wave are also of 
considerable importance for calculating stresses and stability re- 
quirements. These moments can be obtained by multiplying 
each force increment by its distance above bottom. The final ex- 
pressions for the total moment in the general case and the 
moment for the breaking wave are 


My = Dh*[32Cp(h + H)Kp + 50.26CyDK;,] 
= Dh?{49.92C phK pg + 50.26C 


G) 

(5 


In order to apply the solitary-wave theory conveniently, it is 
necessary to tabulate the Jp, J;, Kg, and K;, integrals for various 
values of the relative wave height (H/h) as a function of z/h and 
x/h. Tables were presented by Reid and Bretschneider for the 
values of (u/C)? and (1/g)(du/dt) for the breaking wave (H/h = 
0.78). Table 1 of this paper repeats the values given by Reid and 
Bretschneider and, in addition, it presents the cumulative force 
and moment integrals for the maximum breaker. One of the 
applications of the table is illustrated in Figs. 2 to 4, where the 
theoretical breaking wave forces on a 1, 3, and 8-ft pile extending 
from the mud line to a point above the maximum crest are 
plotted. Values of 0.5 for Cp and 1.5 for Cy are assumed. Five 
curves are given for each pile size for trough depths of 10, 20, 30, 
40, and 50 ft. As noted in the figure, the trough depths must be 
converted to design still-water depths which are a function of the 
wave period. This conversion is necessitated by the fact that all 


where 
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of the wave cannot be above the design still-water level. In the 
case of a 10-sec wave, the design still-water level is approximately 
20 per cent greater than the trough depth. It is interesting to 
note how the maximum combined forces jump ahead of the crest. 
when the D/h value exceeds 0.8 X 0.5/1.5 = 0.267, and how this 
maximum moves back toward the crest as the D/h becomes larger. 
Since all the force and moment integrals are cumulative, Table 1 
also can be used for determining the forces on circular piles of 
varying diameter. This application will be illustrated by an ex- 
ample calculation. 


Example Calculation 


Given: A composite circular pile standing in 28 ft mean low 
water, consisting of a 6-ft-diam lower section 18 ft long topped 
by a 3-ft-diam upper section extending above the maximum wave 
crest. 

Find: The maximum force and moment exerted on this pile by 
a 10-sec solitary breaker. 

Solution: 

1 Assuming a storm and astronomical tide of 8 ft, the design 
still-water level is 


d=28 + 8 = 36 ft 


2 Determine the trough depth for a 10-sec wave by the ap- 
proximate relationship that d = 1.2h 


h = 36/1.2 = 30 ft 


3 Assuming a Cp of 0.5 and a Cy of 1.5, check to see if the 
maximum will be at the crest by the following criteria 


D Cp 0.5 
h < 0.8 Cw 8 5 0.266 


Since D/h = 6/30 = 0.2, the maximum will be at the crest. If 
the value of D/h exceeded 0.266, the total force would have to be 
plotted as a function of distance from the crest in order to deter- 
mine the location of the maximum. 

4 Determine the 2/h values for the point where the pile 
changes cross section 


a/h = 18/30 = 0.6 


Therefore the 6-ft portion extends from a z/h of 0 to 0.6 and the 
3-ft section from 0.6 to 1.78. 

5 Obtain the values of the force and moment integrals from 
Table 1 at z/h = 0 


J = 0.070 

J ppo.s-.73 = 0.402 — 0.070 = 0.332 

Kppo~+.s = 0.021 

K ppo.s-1.723 = 0.478 — 0.021 = 0.457 

J = = Kigoos = = 0 


6 Calculate the forces and moments using the equations for a 
solitary breaker 


Frp = 6 X 30(49.92 X 0.5 X 30 X 0.070 + 0) 
+3 X 30(49.92 K 0.5 X 30 X 0.332 + 0) 


= 31,800 lb 


= 6 X 30% 49.92 0.5 X 30 X 0.021 + 0) 
+ 3 X 3049.92 X 0.5 X 30 X 0.457 + 0) 


= 1,009,000 ft-lb 


The differential pressure-head forces exerted on a large sub- 
merged object by a solitary wave are also of considerable im- 


Maly 

: 

* 

‘ 
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TABLE 1 VELOCITIES, ACCELERATIONS, AND CUMULATIVE FORCE AND MOMENT INTEGRALS FOR THE BREAKING 
SOLITARY WAV 
2 4 2 3 
z 1 4 z 1 z 
1.78 [1.000 | 0.402] 0.477] 0 0 
1.70 [0.593 | 0 338/0.366] 0 1.67 | 0.436 0.301 |0.310 | 0.247/0.136 [0.155 
1.60 0 1.60 Jo 0.273 /0.263 10.212 120 [0.128 1.56 | 0.281 | 0.235/ 0.216 | 0.348/0.208/0 212 
1.50 10336 0248/0.221| 0 1.50 | 0.302/0.239/0.211 [0173/0101 |0.098 1.50 | 0.255] 0.219/0.191 | 0.310 /0.188 0.182 
140 [0281 (0217 0176| | 0.26010 [0.170 0.144 [0 085 | 0.075 1.40 [0.226] 0.195 |0.156 | 0.259/ 0.160 | 0.140 
1.30 10.245 0.191 0 1.30 | 0.230| 0.186 10 137 |0.120 |0.072 | 0.058 1.30 |0.207| 0.173 |0.127 |0.218 | 0.136 |0.108 
120 Jo2i6 | 1.20 10.2071 0.164 |0.110 | (0.099) 0.062 | 0.044) 1.20 [0.185 | 0.153 [0.102 |0.185 |0.115 [0.083 
1.10 [0189 | 0.147 0.089) 0 0 110 | 0.185 0.145 .088/ 0085/0 051 | 0.033 1.10 |0.176 | 0.135 |0.081 | 0.159 | 0.098/0.063 
1.00 [0.172 [0129 (29 [0.070] _ 0 0 0 1.00 | 0.176 | 0.127 |0.069 0.025 1.00 |0.156 [0 119 10.064] 0.136] 0.083 0.048 
0.80 10148 | 0.097 o.o4 | 0 0.80 0.144 10.095 0.040/0.054/0.031 | 0.013 0.80 | 0.137 | 0.089/ 0.038 | 0.104 | 0.059/ 0.026 
10.60 [0130 |0.070j0021| 0 0 0.60 | 0.126 | 0.068 0.02! |0.043/0 021 | 0.007] 0.60 |0.119 | 0.064) 0.020] 0.083] 0.041 | 0.013 
10116 1004510009] 0 0.40 [0.116 [0.044 0.009 | 0.036 ]0 013 | 0.003 | 0.40 [0 109 | 0 041 |0.008| 0 070/ 0.025| 0.005 
0.20 [o1i2 [0022/0002] 0 0.20 | 0.109 | 0.022 |0.002| 0.032 |0.006 | 0.001 0.20 |0.102 | 0 020] 0.002] 0 062] 0.012 | 0.001 
o o | o | Oo |0106| oO 0 0 |0.096| |0060} 
x x 
70.6 20.8 1.0 
1.47 [0.194 | 0 18! |0.15040.375 10.243] 0.225 | 
1.40 [0.185 | 0.167 [0.131 [0.335 [0.218 [0.189 1.40 | 0.137 10.137 | 0.110 | 0.352 /0.252] 0.221 1.34 [0.090] 0.104] 0.073/ 0.321 | 0.251 |0.195 
1.30 |0168 0150 0.107 0.283 |0.187 [0.147 1.30 0.126 /0.123/0 092/ 0.310 |0.219 | 0.177 1.30 10.090] 0.101 | 0.068] 0.307 | 0.238 /0.179 
20 [0152 134 0 08710247 [0.160 120 [0.076 0.273/0.190 | 0.140 1-20 [0 090] 0.092] 0.057/ 0.277] 0.209] 0.142 | 
110 10.144 |0 119 10 070]0.215 10.137 | 0.087 1.10 | 0.112 To. 100 | 0.063] 0.240 100.164 | 0.110 1.10 |0. 084/ 0. 047! 0. 249 | 0.183 0.11 0.12 | 
1.00 [0.133 0.105 |0.056/0.184 [0.117 | 0.066 1.00 | 0.106 | 0.089 0.052) 0. 0.214 (0.142 |0.087 1.00 [0.081 | 0.075] 0.038) 0.225/ 0.159 | 0.087] 
080 [0116 | 0.080/0.033/0 144 |0.085 | 0.037 0.80 | 0.096] 0.068 | 0.033/ 0.17! 103 | 0.052 0.80 0.078] 0. 059] 0.024] 0.187 [0.118 [0.050] 
0.60 0.106 | 0.058/0.018 |0.117 [0.058 | 0.018 10.60 | 0.090] 0.050 | 0.020] 0.138 |0.072 | 0.030 0.60 [0.076 | 0.043/0.013 0.159 (0.083 0.026 
0.40 [0 096 | 0.038 /0.008/0.100 [0.037 | 0.008 '0.40 | 0.084/ 0032/0007) 0.124 046 | 0.009 0.40 |0.073 | 0,028|0.006/0.14i | 0.053/0.011 
020 [0094/0019 | 0 002/0.090 [0.018 | 0.002 20 | 0.08! 0.016 | 0.002/ 0.113 022] 0.002 0.20 |0.070/ 0.014 |0.001 |0.131 | 0.026/0.003 
o joosz} o | o joos7] o o | joo] o | o [0.070]; | 0 | 
| 1.29 [0.060 |0 079 /0.05! [0.282 |0.241 [0.175 1.28 [0.042 10.059 [0.036 [0.244 [0.227 [0.154 1.22 [0.029 [0.042 [0.025 [0.208 [0.209 [0.135 
1.20 [0.063 (0.073 0.045 /0.262 [0.216 10.144 1.20 |0,042 [0.057 |0.034 0.236 [0.215 |0.140 1.20 [0.029 |0.042 [0.024 [0.208 |0.204 |0.130 
[1.10 [0.063 (0 067 (0.037 |0.243 [0.191 [0.115 1.10 [0.044 [0.052 [0.029 0.223 [0.192 0.113 110 ]0.031 [0.040 /0.02! 0.199" 10.164 [0.106 
[0.063 0.060 0.031 /0.225 [0.168 [0.091 1.00 |0.046 [0.048 |0.024 |0.209/0.170 [0.090 00 [0.031 |0.036 0.018 [0.193 |0.164 [0.086 
[0.80 [0.063 0.0480 019 [0.193 [0.126 [0.053 0.80 /0. 048 |0.038 {0.015 {0.187 }0.131 [0.055 0.80 [0.032 |0.029/0.012 [0.178 |0.127 [0.052 
[0.060 10.035 (0.168 {0.090 |0.028 0.60 |0.048 |0.029 [0.009 [0.180 |0.094 |0.029 0.60 |0.036 | [0.023 0.007 (0.165 [0.093 | 0.028 
[0.40 (0.060 0.023 0.005 0.152 {0.058 |0 012 40 10.048 [0.019 |0.004 [0.158 [0.060 |0.012 0.40 [0.038 |0.015 |0.004/0.157 |0.061 |0.012 
[0.20 [0.058 0 012 |0.00i /0.143 [0.028 /0.003 0.20 “To.048 [0.010 0.001 [0.148 [0.030 |0.003 0.20 |0.038 [0.008 |0.001 [0.151 [0.030/0.003 
0 [0.048] o [0.147] 0 0 |0.038/ 0 [0148] 0 0 
2.2 
1.19 [0.020 [0.032 10.018 [0.175 [0.188 [0.116 1.14 [0.009]0.016 [0.008]/0.123 [0.148 |0.084 
_|0.02! 0.030 /0.016 [0.173 |0.173 |0.098 1.10 |0.009]0.016 |0.008 /0.124 |0.143 |0.078 1.09 [0.004 |0.008|0.004/0.067 /0.110 |0.058 
10.023 0 027 0.013 [0.171 [0.155 |9.080 1.00 |0.010 0.015 |0.007 |0.128 |0.130 |0.065 1.00 |0.005 |0.009/0.004/0.091 |0.102 |0.050, 
10.80 [0.026 (0.023 /0.009/0.164 |0.122 [0.050 0.80 [0.013 |0.013 |0.005/0.131 |0.105 |0.042 0.80 10.006 |0.007|0.003|0.097 | 0.083 [0.033 
[0.60 | 10.027 0 Oi? |0.005 |0.157 |0.090 |0 027 0.60 |0.014 [0.010 [0.003/0.131 |0.078 [0.024 0.60 [0.008 |0.005 |0.002 [0.101 [0.063 [0.019 | 
x 40 [0.029 (0.002 /0.151 [0.089 [0.012 0.40 |0.016 [0.007 |0.001 [0.131 |0.052 /0.010 0.40 10.009 |0.004/0.001|0.104 [0.043 0.009) 
[0.20 | [0.029 |0 006 [0.147 [0.029 [0.003 0.20 [0.017 [0.004 |0.000 /0.130 | 0.026 |0.003 0.20 0.000] 0.107 | 0.022 [0.002] 
0 |0029| 0 | O O oO o [0.130] |0.009] jo.109| oO 
/, 23.0 3.4 5.0 
| 1.06 |0.000/0.004/ 0.082 |0.042 1.04 [0.001 [0.002[0.001 |0.043/0.060 |0.031 1.01 [0.016 [0.008 
1.00 10.002 /0.004 0.002/0.067/0.078|0.038 1.00 [0.001 |0.002/0. 001 /0.049/0.057 |0.027 1.00 [0.000 /0.000/0.000/0.012 [0.015 |0.007 
10.80 [0.003 0.003/0 00! |0.073/0.064|0.025 0.80 [0.001 [0.002/0.001 |0.053/0.046/0.018 0.80 |[0.000/0.000] 0.000/0.014 0.013 /0.005 
0.60 10.004 0.002 |0.001 10.077 /0.049]0.015 0.60 [0.002 |0.001 |0.000/0.055|0.036 /0.01! 0.60 |0.000 0.000] 0.000] 0.015 | 0.010 |0.003 
0.40 [0004/0 002/0.000/0.082/0.033 [0 007 0.40 |0.002 [0.001 |0.000/0.059/0.024 |0.005 0.40 [0.000 [0.000] 0.000) 0.016 [0.007 [0.001 
0.20 |0.004 |0.00! |0.000/0.084|0.017 |0.002 0.20 [0.002 |0.000/0.000/0.060/0.012 |0.001 0.20 |0.000 |0.000/ 0.000] 0.017 | 0.003 |0.000 
[0.004] o | |0.084] 0 © |0.002/ 0 0 [0.062] 0 0 |0000] 0 
1 du 
WOTE:— THE VALUES OF AND qr «ARE FROM THE REID AND BRETSCHNEIDER PAPER 
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design trough depth is slightly less thon the design stili- 
woter depth and is o function of the wove period. For a iO- 
Second Wove: 


TROUGH DEPTH 


“DESIGN TROUGH DEPTH 
50 FEET 
40 FEET 
30 FEET 


TOTAL COMBINED DRAG AND INERTIAL FORCES — POUNDS 


20 FEET 
10 FEET 


80 60 40 


° 20 40 60 


DISTANCE FROM CREST OF WAVE-FEET 


Fic. 2 Comprnep Drag anp INERTIAL Forces on Crrcuuar 


portance in the design of many structures. As outlined previously 
in this section, these forces are a result of the pressure difference 
across submerged objects caused by the differential head of water 
associated with the waves. In dealing with these forces, it is con- 
venient to introduce a pressure anomaly parameter which is de- 
fined as 


Ap = p—wd 


pressure anomaly, psf 
actual gage pressure, psf 
specific weight of water, pcf 
design still-water depth, ft 


By taking the difference of the pressure anomalies at the leading 
and trailing edges of the submerged object, the wd-terms drop 
out giving the actual gage-pressure difference. Modifying the 
previously developed equation for the pressure head-differential 
force 


Fp = CpL,La Ap, — Ap2) 
where 


Fp = total differential pressure-head force, lb 
Cp = dimensionless pressure coefficient 


L, = width of submerged object, ft 

L; = height of submerged object, ft 
Ap, = pressure anomaly at leading edge of barge, psf 
Ap: = pressure anomaly at trailing edge of barge, psf 


or 


4p, _ Am 
Fp = Cplalawtt ( H ) 


where H = wave height (trough to crest), ft. 

Reid and Bretschneider presented a graph which gives the values 
of Ap/wHs,, for a breaking solitary wave, as a function of the 
relative distance from the crest (r/h). This graph is reproduced 
as Fig. 5. 

The location, relative to the crest, at which the maximum value 
of Fp occurs for a solitary breaker is a function of the length L, of 
the object parallel to the direction of wave travel. The two cases 
for the location of the maximum force are as follows: 

Case I: If L, < 3h, then the center of the barge is at the relative 
position z/h = 1.5(2,/h = 1.5 — 0.5L,/h and x2/h = 1.5 + 0.5 
L/h) 


B 


Case II: If L; > 3h, then the leading edge is at the crest posi- 
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The design trough depth is slightly ess than the design sti 
.water depth and is a function of the wove period. For a iO- 
Second Wove: 


*DESIGN TROUGH DEPTH 
50 FEET _. 
40 FEET 


30 FEET 
20 FEET 
1OFEET 


> 


TOTAL COMBINED DRAG AND INERTIAL FORCES - POUNDS 


| 
80 60 40 20 2 
DISTANCE FROM CREST OF WAVE- FEET 


Fic. 3 Comsrnep Drac INERTIAL Forces on a 3-Fr Crrcutar 


tion where z/h = 0 (2:/h = O and x2/h = L,/h). Since Ap for Case I: Since L,; < 3h, the maximum occurs when the crest is 
z/h = 0 is 0.55, then over the center of the barge. 
Case IT: Since L,; > 3h, the maximum occurs when the crest is 
) over the leading edge. 
4 Find the pressure anomalies from Fig. 5 


F pmax = Cpl.LwH, (055 


Example Calculation 
Given: A submerged barge measuring 50 ft by 150 ft by 10 ft = 15 X 


resting on bottom in 28 ft mean low water. a és - 9% 
Find: The maximum differential pressure-head force exerted on 
this barge by a 10-sec solitary breaker moving in a direction Ap 
parallel to either the 50-ft or 150-ft edge. (37) = 0.50 
wH B/ 2/h=0.67 
Solution: 


1 From the previous example calculation 
d = 36 ft 
h = 30 ft Case II: 2,/h = 0 


I2/h = 150/30 = 5.0 


Cp = 1.5 ( Ap ) 
= 0.55 
wH, 


Case I: = 50 ft, = 150 ft, Ls = 10 ft = 002 
WH g/ 


Case II: L, = 150 ft, L. = 50 ft, Ls = 10 ft 


3 Calculate the position where the maximum forces occur: 


| 

140 120 100 60 80 100 120 140 

| | 

2 Assume 


50 
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140,000 | 
The design trough depth is slightly less than the design still- | 
water depth and is a function of the wove period. For a |0- | | 
Second Wove: | 
120,000 TR PT TILL WAT 4 


50 FEET 


40 FEET 
30 FEET 
20 FEET 

| 10 FEET | 


TOTAL COMBINED DRAG AND INERTIAL FORCES - POUNDS 


140 120 100 80 60 40 


5 Assume values for Cp and w of 1.5 and 64, respectively, and 
substitute into the general equations: 


Case I: Fpmax = 1.5 X 150 X 10 X 64 X 0.78 X 30 
(0.50-0.22) 


F pmax = 944,000 lb 


Case II: pmax = 1.5 X 50 X 10 X 64 X 0.78 X 30 
(0.55-0.02) 


F pmax = 595,000 Ib 


Therefore the worst condition would occur when the direction 
of wave travel was parallel to the shortest or 50-ft side, because 
the greater projected area for this position more than offsets the 
smaller pressure difference. 

This completes the section on the solitary-wave theory. It 
cannot be overemphasized that this is an approximate method for 
calculating the forces and moments caused by large waves in 
shallow water, and it will have to be improved upon as more in- 
formation becomes available. 

Current Forces. The current forces on an offshore structure are 
steady flow drag forces caused by the moving water. The total 
force exerted on a circular pile is 


w Ss 
Fe = Cputdz 
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° 20 40 60 60 100 


where 


Fe total current force, Ib 

specific weight of water, pef 

32.2 ft/sec? 

pile diameter, ft 

elevation of water surface above bottom, ft 
dimensionless drag coefficient 

velocity of the current, fps 

increment of length in vertical direction, ft 


If the drag coefficient and current velocity can be expressed by 
a constant or mean value over the length of the pile, the following 
expression can be used 


>) 


u 


w 
Fe = DC 


The surface currents along the Gulf Coast can be as swift as 1 
mph. The force exerted on a 3-ft pile in 20 ft of water by a uni- 
form 1-mph current, assuming a Cp of 0.5, would be 


64 


32.2 


88 2 
x3 x05 x x1) X 20 = 64 lb 
Since the force exerted on the same pile by a maximum solitary 
wave would be approximately 12,000 lb, the current force alone 
would not be significant from an over-all design standpoint. 
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Fic. 5 Vartation or Pressure ANOMALY aT Botrom UNDER A 
Breakine Souitary Wave 


(Source: Reid and Bretschneider, reference 8.) 

Earthquake Forces. The earthquake conditions present on the 
Pacific Coast must be considered in the design of offshore struc- 
tures for that area. Although the forces exerted by an earthquake 
on an object standing in water have not been evaluated com- 
pletely, an approximate method used by some designers is to as- 
sume a lateral force equivalent to 0.1 to 0.2g applied to the mass 
of the structure. For a structure weighing 3000 tons, this would 
amount to a lateral load of 600 tons for a force of 0.2g. Since 
the probability of an earthquake occurring during maximum wind 
and wave conditions is remote, Pacific Coast structures are gen- 
erally designed for either earthquake or storm conditions but not 
for both conditions occurring simultaneously. 


Tue REACTIONS 


The reactions may be defined as all forces which oppose the 
actions, and they include the soil forces and buoyant forces. The 
soil reactions are perhaps the most critical factor in the over-all 
design of all types of offshore structures, but there is much to be 
learned about predicting the behavior of soils, particularly the 
lateral behavior. Owing to the author’s limited experience in the 
field of soil mechanics, only some of the more general principles 
will be outlined in this section. 

The buoyant forces are not too important a factor in the design 
of a structure in place; however, they can become a very critical 
factor during the moving or installation of structures, particularly 
mobile units. This section will present a summary of ordinary 
buoyancy, transverse stability, and longitudinal stability to- 
gether with some information on the trim and natural frequency 
of floating objects. 


Soil Forces 


As stated in the introduction to this section, the following dis- 
cussion of soil reactions will be kept very general owing to the 
broad nature of the subject and the author’s limited knowledge in 
this field. Four general methods can be used to determine the 
mechanical properties of soils: 


1 Dynamic pile-driving formulas 
2 Small test piling 

3 Full-size test piling 

4 Soil coring and analysis 


The dynamic pile-driving formulas predict the ultimate ca- 
pacity of a pile by the number of blows necessary to drive the pile 
a unit length. The well-known Engineering News formula is 


WH 


where 


Q = ultimate capacity, lb 

W = weight of hammer, lb 

S = penetration under last blow, in. 

C = empirical constant = 1.0 in. for drop hammers and 0.1 
in. for steam hammers 

H = fall of hammer, ft 


Most authorities agree that these dynamic pile formulas apply to 
only a very limited range of conditions, and that they are particu- 
larly useless for friction piles in soft silt or clay. These formulas 
cannot be used to predict penetrations until one pile has been 
driven and tested at the particular location. 

The use of small test piles is of limited value for predicting the 
performance of larger piles; however, the penetrations of small 
piles, which are often driven to support coring platforms, may be 
of use in correlating the results obtained from the laboratory 
analysis of the cores. The use of full-size test piles will give the 
vertical capacities of piles accurately with a minimum of equip- 
ment; however, the lateral behavior is more difficult to determine 
owing to the large amount of instrumentation involved. These 
full-scale tests, which are generally as expensive as coring, may 
also be used to evaluate the time effects on the pile capacity and 
pulling resistance. 

The use of soil-borings and laboratory analysis to aid in the 
over-all design of a piling installation is perhaps the best and most 
accurate method. These surveys are, of necessity, quite expen- 
sive; however, improved methods of moving the coring equipment 
on location, such as mobile coring units, could reduce the cost 
appreciably. The laboratory tests of cores can be used to predict 
not only the initial vertical and lateral capacities of soils but also 
the final capacities after the soils have reconsolidated. 

Soils may be divided into cohesionless soils such as sand, and 
cohesive soils such as clay. The resistance of clay soils is prima- 
rily a function of their cohesive shear strength while the strength of 
sand is a function of the angle of internal friction and the normal 
force. 

The vertical soil reactions may be divided into skin-friction 
forces and bearing forces. Piles are supported by skin friction 
and/or point bearing, while barges, etc., are supported vertically 
by bearing reactions alone. There are numerous problems asso- 
ciated with vertical reactions such as settlement and scour which 
are also of considerable importance. The bearing capacity and 
settlement of barges can be predicted with a fair degree of ac- 
curacy by means of well-established foundation formulas. The 
amount of scour which will be experienced by deep-water drilling 
units is a matter of conjecture and its effects also will have to be 
evaluated at some later date when more operating information is 
available. 

The lateral soil forces may be divided into compressional reac- 
tions and shear reactions. The compressional forces are the 
lateral forces exerted on piling below the mud line, and they are 
believed to be a function of the type of soil, size of pile, and 
amount of deflection. The shear forces are the lateral forces 
which hold barges and other objects resting on the ocean floor in 
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place by means of the shear capacity of the soil, which is a func- 
tion of the type of soil and normal force. 

Predicting the elastic forces exerted on piling by the soil is one 
of the most important factors in the design of a majority of off- 
shore structures. One approximate method which has been used 
is to assume an equivalent point of fixity at some distance below 
the mud line and to calculate the stresses and deflections by 
neglecting the soil resistance above the point of fixity. 

Another approach, which considers the pile as a beam whose 
loading is proportional to deflection, utilizes the concept of a soil 
modulus. In general, the soil modulus is a function of the type of 
soil, depth, pile diameter, and deflection. One analytical method 
assumes that the soil modulus is constant. This assumption 
makes it possible to obtain a general solution for the moments, 
shears, and deflections. Perhaps the best numerical method for 
predicting the lateral behavior of piling was summarized by Sol 
Gleser in a recent paper which is listed in the Reference section 
at the end of this paper. Gleser uses a difference-equation ap- 
proach which is perfectly general in that variable soil moduli and 
pile section moduli can be introduced easily. If the values of the 
soil modulus can be evaluated accurately for different soils and 
pile sizes by means of full-scale testing and soil sampling, the dif- 
ference-equation method will become very valuable to offshore 
designers. 


Buoyant Forces 


Ordinary Buoyancy. One of the important factors in the design 
of offshore structures, particularly the mobile, submersible-hull 
drilling units, is buoyancy. Archimedes’ principle states that ‘‘a 
body wholly or partially immersed in a fluid is buoyed up by force 
equal to the weight of the fluid displaced.’”’ This buoyant force is 
a direct result of the pressure difference acting across the im- 
mersed body, and therefore it is equal to this pressure difference 
multiplied by the projected area as well as the weight of fluid 
displaced. To illustrate this point, a pipe passing completely 
through a water-filled container displaces water; however, there is 
no buoyant force because there is not necessarily a pressure dif- 
ference across the pipe. 

A good average figure for the density of sea water is 64 pef as 
compared to 62.4 pef for fresh water. The following elementary 
formulas can be used for convenience when calculating the dis- 
placements and, hence, the buoyant forces for rectangular and 
cylindrical solids: 

For rectangular members 


64 LWH 


A = 0.032 LWH 


31.25 
LW 


or H = 


For circular members 


649 D°H 
A = —— = 0.025 D*H 
4 2000 


displacement, short tons 
length, ft 

width, ft 
draft, ft 

radius, ft 


A= 
Le= 
W= 
H= 
D= 
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For example, if a rectangular barge measuring 300 ft by 100 ft 
weighed 6000 short tons, it would have a draft of 31.25 x 6000/- 
300 X 100 = 6.25 ft. 

Transverse Floating Stability. Any freely floating body is in 
equilibrium under the action of two equal and opposite forces— 
the weight of the body acting downward through the center of 
gravity and the buoyant forces acting upward through the center 
of buoyancy. In general, the center of gravity of any given body 
has vertical, longitudinal, and transverse co-ordinates; however, 
in the case of offshore mobile units, the weight is usually dis- 
tributed symmetrically with respect to the longitudinal axis, thus 
eliminating consideration of the transverse center of gravity. In 
stability calculations, particularly for mobile units, the vertical 
center of gravity is the most important center of gravity since it 
is used to calculate the transverse stability. The longitudinal 
center of gravity is also important in that it is used for determin- 
ing the trim of the unit and the longitudinal stability. This sec- 
tion will deal with the transverse floating stability of an object 
which is a function of the vertical center of gravity, and the follow- 
ing section will deal with the longitudinal stability and trim of an 
object which is a function of its longitudinal center of gravity. 

A measure of the degree of stability of a floating object is its 
transverse metacentric height. If the metacentric height is posi- 
tive the object is stable and if it is negative it is unstable, as il- 
lustrated in Fig. 6. The metacentric height is a function of the 
vertical center of gravity, vertical center of buoyancy, moment 
of inertia of the water-plane area, and the volume of water dis- 
placed. Although the stability increases with the metacentric 
height, the natural period of roll decreases and gives poor riding 
characteristics. For this reason, the metacentric height of ocean- 


4 
POSITIVE METACENTRIC HEIGHT (STABLE) 


NEGATIVE METACENTRIC HEIGHT ( UNSTABLE) 


STABILITY 


be 
> 
838 
| 
$3 
| 
| 
¢ 
™ 
75 | 
6 
| x 8 
O00 
A | 
| 
H= — | 
K 
where 
| 
| | 
| 
| 
| 
| 
-—— 
Fia. 6 


HOWE—DESIGN OF OFFSHORE DRILLING STRUCTURES 


going passenger vessels is usually on the order of 2ft. Referring 
to Fig. 7, the metacentric height GM may be expressed as follows 


GM = KB + BM — KG 
where 


M = 
Be= 
K= 
G= 


metacenter 

center of buoyancy 
keel or bottom 
center of gravity 


= distance from keel or bottom to vertical center of 
buoyancy, ft 

= transverse metacentric radius, ft 

= distance from keel or bottom to vertical “center” of 
gravity, ft 

= metacentric height, ft 


It should be noted that KB and BM area function of the geometry 
of the vessel and KG is a function of the weight distribution 
within the vessel. 

The center of buoyancy is equal to one half the draft for rectan- 
gular vessels. For vessels of irregular shape it is equal to the sum 
of the products of each volume and its distance above the keel 
divided by the total volume 


KB 
where 


Vi, V2, ete. = volume of item 1, ete., cu ft 
hi, he, ete. = distance of center of item 1, etc., above bottom 
of the hull, ft 


The transverse metacentric radius is a function of the water- 
plane moment of inertia and the displacement volume 


I 
BM = — 
V 


where 


I = moment of inertia of water-plane area about longitudinal 
axis, ft* 
V = displacement volume, cu ft 


For a rectangular area symmetrical to the longitudinal axis 


w/2 1 
I= 2f = — LW* 
12 


where L = length along the longitudinal axis, ft; W = width, ft. 
For a rectangular area (pontoons) at a distance d, from the 
longitudinal axis 


1 
I = — 
12 + LWd 


where d = distance of center of area from longitudinal axis, ft. 
For a circular area (columns) at a distance d, from the longitu- 
dinal axis 


rt + 


where r = radius of circular area, ft; d = distance of center of 
area from longitudinal axis, ft. 

The vertical center of gravity may be obtained by dividing the 
sum of the products of each weight and its distance above the keel 
by the total weight 


KG 
where 


W,, W2, ete. = weight of item 1, etc., lb 
hi, he, etc. = distance of item 1 above bottom of hull, etc., 
ft 


Although the metacentric height is a measure of stability, a 
better indication of the stability is the righting moment. In 
general, the righting moment increases as the angle of heel 
increases until the water-plane area and, hence, the water-plane 
moment of inertia, begins to decrease, causing the metacentric 
height to decrease proportionately. Referring to Fig. 7, where 
the vessel has been displaced by an angle 6, it can be seen from 
the geometry that 


G 
om sin 6 


KB +BM~-KG 


GZ=GM sin © 


RM= OGZ = OGM sin® 


TRANSVERSE STABILITY 


Fig. 7 


It follows that the righting moment is equal to the displacement 
A times GZ since the gravity force acts downward through the 
point G and the buoyant force acts upward through point B, 


RM = AGZ = AGM sin 0 


righting moment, ft-tons 
displacement, tons 
righting arm, ft 
metacentric height, ft 
angle of heel, radians 
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KB 
BM 
KG 
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| 
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chore 
RM = 
A= 
: GZ = 
GM = : 
6 = 


If the vessel under consideration has ballast or liquid storage 
tanks which are partially filled, a free-surface correction must be 
made because the liquids in these tanks shift when the vessel is 
tipped. To avoid the problem of a free liquid shifting the tanks 
may be pressed full, and then no free-surface correction is neces- 
sary. Actually the free-surface correction amounts to decreasing 
the metacentric height by an amount equal to the moment of 
inertia of the free-surface area about a longitudinal axis through 


GM, KB +BM-KG- + 
Gm, = GM-+ 


GZ = GM, sin® 


RM = OGM, sin @ 


FREE SURFACE CORRECTION 


Fie. 8 


its center divided by the total displacement volume of the vessel, 
as'shown in Fig. 8. Expressed mathematically this is 


GM = 


metacentric height corrected for free surface, ft 
GM = metacentric height considering liquid volume as a 
solid, ft 
i = moment of inertia of liquid surface about a longi- 
tudinal axis through center of area of that surface, 
ft* 
V = total displacement volume, cu ft 


When the density of the fluid in the tanks does not equal the 
density of the water in which the vessel is floating, an additional 
minor correction should be made. This correction is 


d, i 
GM, = GM — — 
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where d, = density of fluid in tank, pef; and d, = density of 
water in which vessel is floating, pef. 

The natural frequency of floating objects is also important 
when the frequency of the waves is in the same range. Neglecting 
damping, the equation of motion for a ship is 


+ RM = 0 


where 


6 = angle of heel, radians 

I = mass moment of inertia of ship about a longitudinal 
axis through center of gravity, ft-tons-sec? 

RM = righting moment, ft-tons 


For small inclinations 


RM = AGM 6 


where A = displacement, tons; GM = transverse metacentric 
height, ft. 
Also 


g 


where g = 32.2 ft/sec?; k = radius of gyration of mass of ship 
about a longitudinal axis through the center of gravity, ft. 
Therefore 


GM 
+ 32.2 6=0 


This is the equation for simple harmonic motion where the fre- 
quency is equal to '/.7 times the square root of the coefficient of 0 


VGM 


k 


1 GM 
fa ™ 4322 09 


where f, = natural frequency of roll, cycles/sec (cps). 
Longitudinal Floating Stability and Trim. The longitudinal 
stability of a floating vessel, Fig. 9, which is usually not as 
critical in the design of offshore mobile units as the transverse 
floating stability, is an important factor in determining the sta- 
bility of submersible-hull mobile units when they are in the process 
of end-on sinking, and it may also be used for calculating the trim 
of all mobile drilling units and vessels which are floating. The 
longitudinal metacentric height is a measure of the longituAinal 
stability and it is a function of the center of buoyancy, the ‘ 
moment of inertia of the water-plane area about the transverse 
axis, the volume of water displaced, and the vertical center of 
gravity. The transverse metacentric height may be expressed as 
follows 


GM, = KB + BM, — KG 


where 
GM, = longitudinal metacentric height, ft 
KB = vertical center of buoyancy, ft 
BM, = longitudinal metacentric radius, ft 
KG = vertical center of gravity, ft 


The longitudinal metacentric radius is a function of the longi- 
tudinal water-plane moment of inertia and the displacement 
volume as follows 
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GM, = KB +8M, KG 


¥ 


GZ,=GM, sin ¥ 


LONGITUDINAL STABILITY 
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where 


I, = longitudinal moment of inertia of water-plane area about 
transverse axis through center of buoyancy, ft‘ 
V = displacement volume, cu ft. 


Since the longitudinal metacentric radius is generally large, 
being on the order of one to two times the length of the ship, com- 
pared to the vertical center of buoyancy and vertical center of 
gravity, an approximate expression for the longitudinal metacen- 
tric height may be given as follows 


GM, ~ BM, 


The righting moment in the longitudinal direction is developed 
in a similar manner to the righting moment in the transverse direc- 
tion. Itis equal to 


RM, = AGZ, = AGM, sin ¥ 


where ¥ = longitudinal inclination, radians. 

In order to calculate the longitudinal trim of a floating vessel, 
Fig. 10, it is necessary to determine the distance between the 
longitudinal center of buoyancy and the longitudinal center of 
gravity. It can be shown that the moment to trim the vessel 1 
in., that is, to decrease the bow freeboard by '/2 in. and increase 
the stern freeboard by '/: in. or vice versa, can be expressed as 
follows 


AGM, 
12L 


MT, = 


LONGITUDINAL TRIM 
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= moment to trim vessel 1 in., ft-tons 
A = displacement, tons 
GM, = longitudinal metacentric height, ft 
L = length of vessel, ft 


If the distance between the longitudinal center of buoyancy 
and the longitudinal center of gravity is designated by n, then 
the trim may be expressed as follows 
An 12 Ln 
MT; GM, 
where ( = trim, in.; n = distance between LCB and LCG, ft. 


Tue Errects 


As stated previously, the actions and reactions are external 
forces whose sum is zero; however the structure must be capable 
of withstanding the effects of these forces internally. These 
forces produce strains or deflections in the structure which in 
turn cause stresses which must be kept within the allowable limits 
by proper design. This section will present a brief discussion of 
the stresses associated with offshore structures together with the 
deflections for a few typical conditions. Also, the natural fre- 
quency of various types of structures will be outlined briefly. 
The examples given in this section are special cases which can be 
applied to determine the order of magnitude of the deflections, 
stresses, and natural frequencies for actual structures. 

Throughout this section, the concept of an equivalent point of 
fixity is used. The equivalent point of fixity may be defined as an 
imaginary location below the mud line where, if the pile were 
rigidly fixed at that point and standing in air, the maximum 
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moment would be the same as in the actual case where there is 
lateral soil resistance. 

As an illustration, consider a 100-ft pile driven to a penetration 
of 70 ft which has a lateral load of 100 lb on its upper end which 
is 30 ft above the mud line. If a calculation, which considers the 
distributed lateral resistance of the soil, shows that a maximum 
moment of 4000 ft-lb occurs 18 ft below the mud line, then the 
equivalent point of fixity would be 10 ft below the mud line. 

The primary advantage of using this method is that, in most 
cases, an experienced engineer can estimate the point of fixity 
within a few feet for a given soil and pile diameter, thus eliminat- 
ing the tedious lateral soil calculations. Using the equivalent 
point of fixity for deflection and natural-frequency calculations is 
more approximate than for moment calculations; however, the 
results are accurate enough for most applications. 

Deflections 

The deflections or lateral movements of offshore structures are 
of considerable importance. For example, it is necessary to be 
able to determine the movement of the drilling deck under 
medium wind and wave conditions during which operations would 
not be suspended, and the movement during maximum design 
conditions. Also, the deflections can be used indirectly to calcu- 
late the stresses and natural frequencies. 

An expression for the deflection of an unsupported cantilever 
pile can be obtained directly if it is assumed that the distributed 
wave forces may be represented approximately by a concentrated 
load P. This condition is shown in Fig. 11, and the expression for 
the deflection is 

Pd? 


t= 6EI (3L —d) 


where 


deflection, in. 

concentrated load, lb 

distance from point of fixity to P, in. 
modulus of elasticity of pile, psi 
moment of inertia of pile, in.* 

length of pile, in. 


Bava 
ua 


For a hollow, circular pile 
an 
I 54 


where dy = outside diameter, in.; d; = inside diameter, in. 

The deflection of a built-in pile, as shown in Fig. 11, can be 
found by determining the deflection of a cantilever pile under 
concentrated loads and subtracting from it the deflection caused 
by a pure moment of such magnitude to make the pile vertical at 
the upper end. This assumes that the platform or deck is infi- 
nitely rigid. The deflection caused by the load is expressed by 
the foregoing equation 


Pd? 
2, = 


where z, = cantilever deflection caused by load P, in. 
The expression for the deflection due to the moment is 

ML? 

2EI 


= 


where z,, = deflection caused by moment alone, in.; M = 
moment on upper end of pile, in-lb. 

It can be shown by the conjugate beam method or similar 
methods that the moment at the upper end of the pile is 
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CANTILEVER PILE 


** 


| Mud tine | 
| Equivoient point of fixity 


BUILT-IN PILE 


(4-4) 


of fixity 


| Assumption. 
Distributed wove forces con be oper y by 
| food 
DEFLECTIONS 
Fie, 11 
Pd? 
M = — 
2L 
Therefore 
PO 
2L 2EI 4EI 
Since 
then 
Pd? P@L Pa?| L d 
= — (3L — d) — — = —] — — — 


Deflections for the two cases shown in Fig. 12 can be deter- 
mined by extending the results for the built-in pile. In the first 
case, where a template is used to brace the piles between the mud 
line and the deck, a constant pile deflection occurs above the 
mud line. Assuming that it is possible to neglect the distributed 
lateral resistance of the soil by assuming an equivalent point of 
fixity for the pile, the approximate deflection may be found 
by setting d = L in the equation for the built-in pile 


ree 
It should be noted that the point of action of the wave force P 


does not affect the deflection in this case. 
For the case where the template extends only part way to the 
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FULL TEMPLATE 


PARTIAL TEMPLATE 


1 PLP Patt, 


Equivatent pomnt of fixity 


Assumption 
Distributed wave forces can be rep 090 
P. 


y by Concentrated 


DEFLECTIONS 
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deck, the total deck deflection is the sum of the lower and upper 
pile deflections 
EI 4 6 


(the symbols are defined in Fig. 12). 


1 PL, 


7" 12 EI 


Stresses 


The two primary types of stresses of interest to offshore de- 
signers are direct and bending stresses. The direct stresses, 
which are caused by axial loads, can be expressed as 


where 


Sp = direct stress, psi 
P = axial load, lb 
A = area, sq in. 


The sign is arbitrary and depends upon the convention chosen. 
This paper will consider compressive stresses as positive and ten- 
sile stresses negative. The axial stresses, in the case of vertical 
piles, are a result of static loads together with reactions necessary 
to withstand overturning moments. The bending stresses are ex- 
pressed by the following formula 


M 
Sp I Zz 


= bending stress, psi 

= moment, in-lb 

= distance from neutral axis to outermost fiber, in. 
= moment of inertia, in.‘ 

= section modulus, in.* 


For a hollow, circular pile or caisson 


= 
I= 


where d, = outside diameter, in.; d; = inside diameter, in. 
The total stress at any point in a pile is the sum of the direct and 
bending stresses 


P M 
= = + — 
T Sp Ss 


In general, for offshore structures, the compressional stresses 
are the limiting factor, since the direct stresses are usually com- 
pressional and the bending stress has equal tensile and compres- 
sional values for symmetrical cross sections. Although a 10-sec 
wave theoretically will cause 3,000,000 cycles per year, fatigue 
stresses do not appear to be critical, since the average stress is well 
below the minimum value on a typical S-N curve. 

In the case of a cantilever pile, shown in Fig. 13, the stresses 
are easily determined. The direct stresses are equal to the total 
structural weight divided by the cross-sectional area of the piles 
and the bending stresses are equal to the moment Pd divided by 
the section modulus 


maximum combined stress, psi 

weight of the platform and equipment per pile, lb 
weight of each column or pile, lb 

load on the pile, lb 

distance from point of fixity to P, in. 

section modulus, 


The determination of the maximum stress for the built-in pile 
structure, shown in Fig. 13, is more difficult. As stated in the 
discussion of deflections, the moment at the top of the built-in 
pile is Pd?/2L, which means that the moment at the bottom 
must be Pd(1 — d/2L). Taking moments about the bottom of 
the left-hand pile, it becomes apparent that there must be an ad- 
ditional axial compressional load in the right-hand pile and ten- 
sile load in the left-hand pile to resist the overturning moment. 
Taking the sum of the moments of all external forces about the 
base of the left-hand pile 


d 
+ Ra — 2Pd = 0 


where R; = additional axial load caused by external moments, lb. 


Solving for R; 
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STRESSES 


Fig, 13 


Therefore the maximum stress will be 


Wp + We Pd? Pd d 
<| 

where Wp = weight of platform and equipment per pile, lb; and 

a = distance between piles, in. 

The maximum stress for the case of the full-template structure, 
shown in Fig. 14, is an extension of the built-in pile case. The 
moment at the top and bottom of the unbraced pile section will be 
PL/2; and therefore the axial load to resist the overturning 
moment will be 2Pd/a — PL/a. Thus the maximum stress will 
be 

Wy + Wrt+ We PL. 1 PL 


Smax 


where W, = weight of template per pile, lb. 

In the case of a partial-template structure, the maximum stress 
could be located in the upper pile section or the lower pile section. 
For the upper pile section, the equations for the built-in pile can 

Pd, 
1 
A ¥ al,A Z 


be used 
d, 
Sou 
where the symbols are defined in Fig. 14. 
The expression for the stress in the lower pile section is an ex- 
tension of the full-template case 
+ 
A aA 


(the symbols are defined in Fig. 14). 
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It should be emphasized that these four examples are very 
special cases; however, they are useful for determining the order 
of magnitude of the stresses. 


Natural Frequencies 


The natural frequencies of offshore structures can be divided 
into two classes—vertical and lateral. Of the two, the vertical 
natural frequency is probably the least important since there are 
not any large vertical exciting forces acting on the structure; 
however, small vertical vibrations can be objectionable to per- 
sonnel. The lateral frequency, on the other hand, can be quite 
important since the fundamental lateral frequency of many deep- 
water structures is very close to the average frequency of the 
waves, and the fundamental frequency of shallow-water struc- 
tures can be excited by the higher harmonics present in the 
waves. The important point is that the amount of defiection or 
magnification, caused by the frequency of the forces being near 
the natural frequency of the structure, is a function of the amount 
of damping. This has not been evaluated to any extent for off- 
shore structures to date. 

The energy method for determining natural frequencies can be 
applied conveniently to offshore structures. This method is based 
upon the assumption that the sum of the potential and kinetic 
energy is constant throughout the cycle. Although this is not 
exactly true in the actual case owing to the fact that some energy 
is being dissipated by friction, it is a good approximation since 
the undamped and the damped criticals are approximately equal 
for small amounts of damping. Stated mathematically this 
method can be expressed as follows 
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PE+ KE =C 


For the case of a weight supported by a column, as shown in 
Fig. 15, the vertical deflection y caused by a load P is 


PL 
AE 
where 


y = vertical deflection, in. 
= load, lb 
= length of column, in. 
= area, in. 
= modulus of elasticity, psi 


Note: All quantities are in 
inch - pound - second units. 
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The potential energy stored by the column would be equal to 
one half the product of the load (AEy/L) and the distance 
through which it moved y 


PE 


The kinetic energy is equal to one half the mass times the 
velocity squared 


Therefore the energy equation is 
1 AE 1 W f[ dy 
— y? | 


where 


cross-sectional area of column, sq in. 
modulus of elasticity of the column, psi 
length of column, in. 

displacement of weight, in. 

equivalent weight, lb 

386 in/sec? 

const 


Taking the first derivative of the energy equation 


IW & 
2g dt dt 


1 AE dy 
- 
2 L 


Simplifying 


This equation is the differential equation for simple harmonic 
motion and the solution for the natural frequency is 


where f,,, = vertical natural frequency, eps. It should be empha- 
sized that W represents the equivalent weight, and it can be 
shown that the equivalent weight is approximately equal to the 
weight of the platform plus one third the weight of the columns. 
Therefore 


1 
W = Wot We 


where 


W = equivalent weight, lb 
W, = weight of platform deck and all equipment, lb 
We = weight of columns or piles, lb 


The energy equation for the lateral vibration of a weight on a 
cantilever column may be developed in a similar manner by de- 
termining the load necessary to deflect the column laterally a dis- 
tance rx. The energy equation in this case is 


modulus of elasticity of column, psi 
moment of inertia of the column, in.‘ 
length of column, in. 

lateral displacement of weight, in. 
equivalent weight, lb 

386 in/sec? 

const 


It can be shown that the natural frequency is 


1 _/3EIg 3EI 


WL 
where f,,, = lateral natural frequency, cps. 
By similar proof it can be shown that, for the built-in pile sys- 
tem, shown in Fig. 15, the natural frequencies are 


AE 
Sar = 3.13 q WL cps 
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Sat = 3.13 cps 


where N = number of piles or supports. 


The natural-frequency expressions for the full-template case, 
shown in Fig. 16, are identical with the built-in case, with L being 
the distance between the point where the pile is attached to the 
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template and the equivalent point of fixity in the vertical case, 
and the distance from the bottom of the template to the point of 
fixity in the lateral case. 

The partial-template system, shown in Fig. 16, has two natural 
frequencies if the template is considered as one weight and the 
platform deck as the other. It can be shown that these two fre- 


quencies are 
Say = 3.13 ey, 
2 
where 
NAE NAE 
a= Wlala (Li + + W pla 
b N*A*E? 
W,W pLilz 


Wr = weight of template, lb 
Wp = weight of platform deck and all equipment, lb 
L, = length of piling below template, in. 


TRANSACTIONS OF THE ASME 


AUGUST, 1955 


L, = length of piling above template, in. 
N = number of piles or columns 


Also 
+ Wc — 4d 
faz = 3.13 << cps 
2 
where 
12NEI 12NEI 
o 3 


As with the examples for deflections and stresses, these natural- 
frequency examples are special cases which may be used to indi- 
cate the order of magnitude. 


CLASSIFICATION OF OFFSHORE DRILLING STRUCTURES 


A practical classification of offshore drilling structures can be 
a very effective design tool, since each type of structure has cer- 
tain inherent desirable and undesirable features. One general 
classification of these structures is very difficult because there are 
so many possible combinations; hence structures are here listed 
by three different classes, namely, (1) the amount of equipment 
located on the structure, (2) the degree of mobility and method!of 
installation, and (3) the method of support. 


Classification by Amount of Equipment Located on Structure 


Tender-Type Structures. The tender-type platform is by far 
the most popular method of drilling wells in shallow and inter- 
mediate water depths today. Approximately 99 per cent of the 
offshore wells in the world to date have been drilled by this 
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= 
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method. There are two basic components of a tender-type struc- 
ture—the drilling platform and the tender. The drilling platform, 
which is approximately 50 by 100 ft, supports the derrick, derrick 
substructure, drawworks, engines, rotary, one or more mud 
pumps, mud pits, electric logging unit, and any other miscellane- 
ous equipment necessary to maintain circulation during short 
periods of time when the tender is pulled away. A drilling 
tender is either a converted LST, YF barge, or a specially con- 
structed vessel. These tenders contain pipe racks, pipe, casing, 
mud storage, cement storage, active mud, main mud pumps, and 
living facilities for approximately 50 men. 

One advantage of the tender-type platform is its semimobility 
owing to the fact that the tender itself can be moved quickly to 
another location and the small platform can be salvaged quite 
easily or all or part of it left on location as a production platform. 
Although most platforms used in conjunction with tenders today 
are of the template type with piling, there is the possibility that 
the smaller mobile units could be designed for use with a tender. 
One of the disadvantages of a tender-type platform is that under 
moderately severe weather conditions it is necessary to suspend 
drilling operations and move the tender away from the platform; 
however, most tender-type platforms have mud pumps located 
on the drilling platform so that circulation can be maintained 
during the period when the tender is away. A typical tender-type 
installation is shown in Fig. 17. 

Self-Contained Structures. The self-contained type of structure 
can either be a mobile unit or a stationary platform. A few self- 
contained, stationary platforms have been constructed in the 
Gulf of Mexico; however, since their installation and salvage 
costs are relatively high, they are usually designed to drill multiple 
wells. The great majority of mobile units are of the self-contained 
type. The self-contained structures, as the title implies, contain 
all equipment necessary to drill and complete wells together with 
quarters to house the personnel. 


Classification by Degree of Mobility and Method of Installation 


Stationary Platforms: (a) Template-T ype Stationary Platforms. 
The stationary, template type of platform has been the predomi- 
nant method by which offshore wells have been drilled to date. 
These stationary platforms can be either tender-type or self- 
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contained structures. A majority of the stationary platforms 
erected to date are composed of a template through which piles 
are driven after which a deck section is placed on top of the 
piles. A typical stationary-platform installation is shown in 
Fig. 18. 

(b) Unbraced-Pile Stationary Platforms. The stationary, un- 
braced-pile platform, which has not been utilized to any great 
extent, does have certain desirable features. This type of struc- 
ture would probably be installed in the manner shown in Fig. 18, 
where the deck is moved on location by one or more barges, piling 
driven, and deck clamped to the piling. Then the barge is re- 
moved leaving the platform standing as shown. It is quite possi- 
ble that this type of installation could be accomplished without 
using a derrick barge, which could represent a considerable cost 
savings, particularly in remote locations where no heavy handling 
equipment is available. 

Mobile Units: (a) Submersible-Hull Mobile Units. At the 
present time there are more submersible-hull units in operation 
than any other type of mobile unit. This popularity probably 
results from the fact that the basic design of these units is an ex- 
tension of the proven inland drilling-barge principle. These units 
are moved to location in a floating position with their drilling 
decks some 50 to 60 ft above the water, and then are lowered to 
the bottom by flooding the lower hull. The method by which the 
unit is lowered to the bottom varies. Some units lower bearing 
surfaces to bottom to stabilize the unit, thus allowing the hull to 
be lowered in a horizontal position. Other units simply sink one 
end first to establish stability and then lower the otherend. A 
majority of submersible mobile units have pontoons which they 
use as additional stability members. By necessity, these units 
always have a thick lower hull since it must be capable of support- 
ing the unit in a floating position. As described previously, this 
thick lower hull presents some rather severe problems in the way 
of differential pressure-head forces caused by the waves. 

The installation procedure for one type of submersible unit is 
shown in Fig. 19. To date, there are three of these units in opera- 
tion and the largest is limited to a depth of approximately 40 ft of 
water; however, units of this type are currently being proposed 
which will drill in 60 feet of water and deeper. 

(b) Elevating-Deck Mobile Units. The elevating-deck type of 
mobile unit floats on location with its drilling deck at or near the 
water level and, in most cases, the drilling deck is actually uti- 
lized as the floating-support member. These units generally have 
a thin lower hull or columns with bearing surfaces which are 
lowered to the bottom to establish bearing. After the bearing has 
been established, the drilling deck is raised to the necessary height 
above the water level to clear the maximum design waves. One 
elevating unit currently in operation uses piling support rather 
than hull support. This unit is towed on location with the drilling 
deck floating; the piles are then lowered or dropped to bottom 
and forced to the desired penetration by jacking or pushing on 
alternate piles. When the piles have gained sufficient penetration 
to support the unit and resist storm loads, the drilling deck is ele- 
vated to the proper height above the water. There are also pro- 
posed elevating units which have divided lower hulls; that is, 
they lower four corner posts, caissons, or structural members to 
the bottom with sufficient area to establish bearing capacity and 
then elevate their deck sections to the desired height. 

One problem associated with the elevated-deck type of struc- 
ture occurs when the drilling deck is being raised off the water 
under moderate wave conditions. At this point, the upward force 
of the waves striking the undersidé of the deck can cause quite 
severe damage. Also, the design of elevating mechanisms capable 
of exerting large forces on a smooth, circular pile has been a dif- 
ficult engineering problem. 

(c) Elevated-Deck Mobile Units. The elevated-deck type of 
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mobile unit moves on location with its drilling deck approxi- 
mately 40 to 50 ft above the water, and the drilling deck remains 
at this height during the entire installation procedure. These 
units establish their initial stability by lowering piles or bearing 
surfaces to the bottom. When these piles or bearing surfaces have 
established sufficient bearing capacity, the floating hull or unit 
upon which the drilling deck was floating is either lowered to the 
bottom or removed. 

One of the elevated mobile units currently being completed 
operates on the principle of floating on location and dropping its 
piles to the bottom, jacking the piles to the desired penetration, 
lowering the hull or floating member to the bottom, and clamping 
the hull to the piles to establish both pile and hull support. 
Another elevated mobile unit which has been proposed moves on 
location and lowers bearing surfaces, which are buoyant and 
which are supporting the drilling deck at all times, to the bottom 
one at a time thus establishing the necessary capacity to support 
the structure vertically and laterally. The installation of a 
typical elevated unit is shown in Fig. 19. 


Classification by Method of Support 

Piling Support Structures: (a) Unbraced Piles. The unbraced 
pile structure, shown schematically in Fig. 20, is generally some 
type of mobile unit; however, it could also be a stationary struc- 
ture. One difficulty with the unbraced pile structure is that the 
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bending moments in the piles are higher, since there is no lateral 
bracing. Also, higher pile penetration is necessary owing to the 
lack of supplementary bearing support. The primary advantage 
of the unbraced-pile-type structure is its relatively simple design. 

(b) Template With Small Number of Piles. The template 
structure, having a small number of piles, is generally a station- 
ary, tender-type or self-contained structure. The advantages of 
this type of structure are the simpler fabrication practices, more 
rapid installation and salvage, and more convenient cathodic 
protection. Some of the disadvantages are the higher pile loads, 
which generally become critical from a soil-bearing stand- 
point rather than from a stress standpoint, and the heavier deck 
section necessary to span the greater distance between the piles. 

(c) Template With Large Number of Piles. The template type of 
structure utilizing a large number of piles, has the advantage of 
using lighter deck sections and having lower pile loadings and 
penetrations. It also may be made up from smaller units, one or 
more of which can be left on location as a production platform. 
These units are always stationary, tender-type or self-contained 
platforms. The fabrication costs of these platforms are usually 
higher than the ones utilizing a small number of piles and the sal- 
vage costs are also generally higher because of the large number 
of piles to be removed. 

Hull Support Structures: (a) Thick Lower Hull. A structure 
being supported by a thick lower hull, as shown in Fig. 21, is sub- 
ject to relatively severe differential pressure-head forces which 
may cause lateral-resistance problems. There is also a problem 
of obtaining sufficient overturning resistance by hull support 
alone, particularly where bottom scour is involved. These struc- 
tures have the advantage of relatively good structural moment 
resistance at the upper part of the hull and fixity for the structural 
members which connect the lower hull with the drilling deck, and 
this type of structure is also relatively easily moved to a new 
location. These structures are generally of the mobile, submersi- 
ble type, usually with pontoons to obtain the necessary sinking 
stability. 

(b) Thin Lower Hull. Hull-support structures with a thin 
lower hull have the advantage of low-pressure forces on their hulls 
and lower fabrication costs. However, there are certain problems 
associated with building sufficient strength into these thin hulls to 
resist the moments placed on the hull by the members which 
connect the deck with the hull. As in the case of thick-hulled 
units, the bearing problems caused by overturning moments and 
lateral resistance can be serious. Most of the structures with thin 
lower hulls are mobile units of the elevating barge type. How- 
ever, the units with thin outrigger pontoons, which completely 
support the unit in the floating and sinking positions and then 
are lowered to the bottom for bearing support, also could be 
classified in this category. 

(c) Divided Lower Hull. The structures having a divided lower 
hull experience very low differential pressure-head forces on the 
lower hull; however, there are certain problems which tend to 
offset this advantage. There is generally less hull area, and there- 
fore severe bearing problems may develop. There are also prob- 
lems associated with the lateral resistance of these units together 
with their overturning resistance. Usually structures with di- 
vided lower hulls are mobile units of the elevating or elevated 
type. Structures utilizing towers with no piling fall in this 
category. 

Piling Plus Hull Support Structures: (a) Piling With Thick 
Lower Hull. The use of piling with a thick lower hull, as shown in 
Fig. 22, removes some of the overturning and lateral-resistance 
problems associated with the thick lower hull structures being 
used without piling. These units are somewhat more expensive, 
but they are more flexible in their application. One elevated 
mobile unit of this type, which is capable of drilling in 100 ft of 
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water, will be placed in operation shortly in the Gulf of Mexico. 

(b) Piling With Thin Lower Hull. Here again the use of piling 
with a thin lower hull reduces the problems of lateral resistance 
and overturning moments. There is also a possibility that the 
piling could be used to stabilize the unit while moving on location 
by raising the metacentric height. Although the mobility of the 
unit is somewhat hampered by the installation and removal time 
required for the piling, in some locations it is impossible to de- 
velop the lateral and overturning resistance to withstand reasona- 
bly severe storm conditions without the use of piling. One pro- 
posed elevating-deck unit with a thin lower hull utilizes piling 
only during the hurricane season. 

(c) Piling With Divided Lower Huil. The use of piling with a 
divided lower hull has the same advantages as that with thick and 
thin lower hulls. Units with widely separated towers which are 
held down by piling fall in this category. 
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Discussion 


W. F. Swicer.* This paper presents a comprehensive sum- 
mary of current practice in the design of structures for offshore 
drilling for oil. As such, it should form an excellent introduction 
to this complex and rather unusual subject and be of great value 
to those starting investigations on this problem or to those who 
have occasional need to review or study the problem for evalua- 
tion of specific interests. Under these conditions, possibly the 
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greatest service one can accomplish is to expand in greater detail 
a few portions of the subject where information and data are 
seriously lacking. 

Except for details, which can be troublesome, the structures 
used are reasonably simple and the analyses of these structures to 
determine stresses and natural periods are neither complex nor 
difficult, once the loads which they may be required to resist have 
been established. A review of the methods and procedures used 
to determine the design wave, that is the maximum wave which 
the structure may be required to resist, will not be attempted in 
this brief discussion, although this is, in itself, a complex and 
controversial question. Rather, attention will be directed to the 
expressions and methods used to compute wave forces acting 
upon the structures, assuming the maximum wave has been deter- 
mined. 

Early studies made of the force exerted by waves on vertical 
piling at the Hydro-Dynamics Laboratory of the University of 
California (11)* indicated that the maximum force exerted upon a 
pile did not occur at the crest of the wave as had been expected. 
Study of this phase shift indicated that, possibly, it resulted from 
inertia forces accompanying the acceleration and deceleratiun in 
a horizontal direction of the water in its orbital path, since for 
orbital motion the horizontal acceleration is 90 deg out of phase 
with the horizontal component of velocity. The classical theories 
of hydrodynamics indicate a fluid resistance proportional to the 
acceleration for cylinders in an ideal fluid (12). Including a term 
to cover this inertia force led to the conventionally used ex- 
pression for wave forces on piles, which is 


Wr 


du 
2 


AF = Co > + Cy 


Primary sources of error evolve from determining Cp and Cy, 
and the orbital velocities and accelerations. While orbital veloci- 
ties and accelerations can be determined for waves in deep water 
or low waves in shallow water with reasonable accuracy from the 
Airy wave theory or from the Stokes-Struik theory, these theories 
are not applicable for moderate to high waves in shallow or inter- 
mediate water depths, for which conditions many structures are 
designed. 

In very shallow water as waves approach the breaking height, 
the assumption has been made that the particle velocities may be 
established with adequate accuracy from the solitary-wave 
theory. Certainly as a wave breaks, the horizontal particle 
velocity at the crest must equal and then slightly exceed the 
wave celerity. Observed wave celerities agree reasonably with the 
celerity computed from the solitary-wave theory. However, the 


4 Numbers from 11 to 19 in parentheses refer to the Bibliography at 
the end of the discussion. 


assumption that the distribution of velocities thoughout the re- 
mainder of the wave is given with adequate accuracy by the 
solitary-wave theory needs verification experimentally. 

For steady-state flow, the drag per unit of length of a cylinder 
in a fluid stream of velocity V is given by the expression 


Ww 
Fp = Cp— V2D 
29 


The drag coefficient Cp is a composite coefficient which takes into 
account both surface friction and the shape of the object. It 
cannot be determined mathematically but must be determined 
experimentally. Experiments with cylinders of various sizes in- 
dicate that this drag coefficient is a constant for any single value 
of Reynolds number but varies with Reynolds number. 

Flow around a cylinder passes through several distinct phases. 
For very low velocities and small diameters near Reynolds num- 
bers of 10 or below, flow is essentially streamlined and drag re- 
sults primarily from surface friction. For higher velocities at 
Reynolds numbers in excess of about 100, eddies are shed alter- 
nately from each side of the cylinder at a frequency proportional 
to the fluid velocity and inversely proportional to the diameter. 
This is the von Karman vortex trail. In this region, which ex- 
tends upward to some critical velocity, the drag coefficient is 
essentially constant at C, = 1.2. When this critical velocity 
is reached, the boundary layer suddenly becomes turbulent, 
the formation of eddies ceases to be periodic, and the point on the 
cylinder at which the eddies are shed moves backward around 
the cylinder, greatly reducing the width of the eddy trail. At 
this point, the drag coefficient sharply drops from 1.2 to about 0.3. 

For higher Reynolds numbers, the drag coefficient again 
slightly increases. However, there are few data available on 
steady-state drag for Reynolds numbers in excess of 1,000,000. 
The critical velocity at which the boundary layer passes from 
laminar to turbulent flow is not a fixed value but shifts with the 
degree of turbulence in the fluid stream and the smoothness of the 
cylinder. For smooth cylinders and slight turbulence, it will 
usually occur at Reynolds numbers between 200,000 and 500,000. 
However, there are cases on record of nonturbulent flow around 
large-diameter stacks in very smooth wind streams to Reynolds 
numbers approaching 10,000,000 (13). 

It can easily be seen that the drag portion of the expression 
for the force exerted upon piles by waves is identical with the ex- 
pression for the steady-state drag force on cylinders. Wave 
studies made at the University of California used small waves and 
small models, Reynolds numbers for these tests ranging from 
approximately 2000 to 10,000. Drag coefficients showed a wide 
scatter with average values of about 1.5. The steady-state drag 
coefficient for this range of Reynolds number would be about 1.2. 

The form-drag portion of the drag coefficient is primarily a 
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function of the energy introduced into the eddy stream. An in- 
stantaneous drag coefficient exceeding the steady-state drag co- 
efficient would indicate the formation of eddies of greater energy 
than can be formed under steady flow conditions for a velocity 
equal to the instantaneous horizontal component of the orbital 
velocity. It is understood that the model tests made indicated 
somewhat less eddy formation than normally would be found in 
steady-state flow. Since it takes time for the eddies to form, this 
seems reasonable. It indicates that the instantaneous drag co- 
efficient for use in the conventional wave-force expression should 
be slightly less than the steady-state drag coefficient for flow at 
the same instantaneous Reynolds number. 

Data presently available on wave-induced drag forces on piling 
of such size that Reynolds number would indicate probable tur- 
bulent flow are relatively sparse. Tests made on a 3-in-diam 
pile in the surf of Monterey Bay by the University of California 
indicated drag coefficients having a mean value of about 0.5 for 
breaking waves or near breakers. Reynolds numbers for the mean 
velocity on a line passing through the wave crest were about 
100,000 to 200,000. Tests are being carried out both in the Gulf 
of Mexico and off the coast of California on larger-size piling, but 
data on these are not yet available. 

The expression used for computing the force exerted upon 
piling by waves is an anomaly, since it combines a drag expression 
for viscous fluids with an inertial expression based upon theoretical 
flow analysis of an ideal fluid. Flow conditions for the actual 
conditions are entirely different from the theoretical. Thus the 
expression is within itself inconsistent. 

Iversen (14) has shown that for accelerated flows a third di- 
mensionless parameter, in addition to Reynolds number and 
Froude number, can be derived. This parameter, which may be 
called Iversen’s modulus, is AD/u?. Mr. R. C. Crooke (15) in 


unpublished studies has re-evaluated the drag forces exerted upon 
cylinders by waves in model tests using this parameter. It is too 
early to say much about these studies but they apparently show 
excellent correlation of data between different tests and reasona- 
bly close agreement between observed and computed drags 


throughout the entire wave profile. These data approach a 
drag coefficient of slightly less than 1.0 at the wave crest for 
Reynolds numbers varying from 2000 to 10,000. 

All of the test data presently available have been based on 
smooth surfaces for the models tested. Especially off the coast 
of California, extensive marine fouling may be anticipated (16). 
Probable fouling organisms off this coast are predominantly 
mussels and acorn barnacles. These, being hard-shelled, will re- 
sult in roughening the surface of the piles or other structures. 
The effect of this surface roughening upon the drag of the struc- 
tures subject to waves is unknown. Computation of the increased 
drag resistance based upon the surface friction of fouled surfaces 
from tests made by the U.S. Navy indicates a very slight increase. 
Wind-tunnel tests made at the Ames Aeronautics Laboratory on 
cylinders with roughened surfaces showed a very marked in- 
crease in the drag resistance as compared with smooth cylinders. 
These tests were made on 4 and 12-in-diam cylinders. Surfaces 
were roughened by coating with No. 60 carborundum using about 
200 grains per square inch (17, 18). This is a point that needs 
further study. 
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Because of the rich oxygen-laden waters off the coast of Cali- 
fornia, marine growth in this area is extremely rapid. In addition 
to the change in drag, resulting from the surface roughening, this 
accumulation of growth will rapidly increase the diameter of 
structural members. Methods of controlling this growth or re- 
moving it are needed. For straight, cylindrical piles, scraping 
probably can be used. For braced structures, however, some 
other method would be required because of the difficulty of con- 
triving a scraping device that could be depended upon for long 
periods of service. Heat has been used very successfully for con- 
trol of marine growth in pipes or conduits where the fluid in 
which the growth is immersed could be heated. Possibly, 
equally effective results can be obtained from heating the surface 
on which growth is anticipated, but this problem remains to be 
investigated. 

In this brief discussion, an attempt has been made to outline 
some of the problems yet remaining in determining the forces 
acting on offshore structures. There are many other problems 
which have not been mentioned. The author has pointed out a 
very important question, whether conventional expressions for 
computing wind forces should be modified to include the weight 
of water entrained in the air mass. Other problems involve the 
restraint offered by the soil to lateral forces exerted by the piles 
supporting the structures. Little is known of the effects of 
earthquakes on structures in the sea. We do know that earth- 
quake motion of the sea bed can be transmitted to the water as 
an elastic wave. Such elastic waves, which are called sea shocks, 
have been known to impart violent blows to ships, starting rivets, 
breaking masts and, in extreme cases, possibly causing ship- 
wreck. 

It is hoped that the paper and this discussion will provoke in- 
terest and comment since it is through these means that progress 
is made. 
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Approximate Synthesis of Four-Bar 
Linkages 


By FERDINAND FREUDENSTEIN,’ NEW YORK, N. Y. 


Formulas are presented for obtaining the characteris- 
tics of a four-bar linkage, designed to generate an arbitrary 
function approximately over a finite range. A number of 
methods of varying degrees of accuracy and complexity 
have been developed, enabling a designer to select the one 
best suited to his requirements. 


NOMENCLATURE 


r | NHE following nomenclature is used in the paper (see Fig. 1): 
ABCD represents a 4-bar linkage in which crank AB = b, 
crank CD = d, connecting rod BC = ¢, and fixed link DA 

= 1. All angles are measured in radians unless otherwise stated. 

Length units are arbitrary. 


@ = ZXAB, measured clockwise from AX to AB 
y Z ADC, measured clockwise from DA to DC 
y = f(z) function to be generated, ideal function (z, < 
zS2;) 
y = g(x) function actually generated, actual function 
=, Be starting values of ideal function, corresponding 
to v, 
final values of ideal function, corresponding to 
v; 
Ay = range of y, corresponding to ¥, — ¥, = 
Ay 
Ar = range of x, corresponding to ¢, — ¢, = 
values of ¢, corresponding to z = y = 0 
input-scale factor 
ry = Ay/Ay output-scale factor 
R; ith bar ratio of 4-bar linkage 
e maximum inherent error = (|f(x) — g(x) |max)/ 
Ay (max) 
m, = d'y/dd' = ith derivative of Y with respect to 
values of x, y at precision point with precision 
derivatives, corresponding to Vm 


Tp Us 


INTRODUCTION 


In the design of computing mechanisms it is often desired to 
generate arbitrary functions, in which the variables are repre- 
sented by an analogous quantity such as a shaft rotation. Gear 
and cam mechanisms have been employed for this purpose. In 
recent times, consideration has been given to the use of bar link- 


! Analysis of four-bar linkages has been considered in a previous 
paper by the author, entitled ‘‘An Analytical Approach to the Design 
of Four-Link Mechanisms,’’ Trans. ASME, vol. 76, 1954, pp. 483-— 
492. 

2 Based on a thesis undertaken in partial fulfilment of the require- 
ments for the degree of Doctor of Philosophy in Mechanical Engineer- 
ing at Columbia University, New York, N. Y. 

3 Assistant Professor, Department of Mechanical Engineering, 
Columbia University. Assoc. Mem. ASME. 

Contributed by the Machine Design Division and presented at a 
joint session of the Machine Design Division and Lubrication Activity 
at the Fall Meeting, Milwaukee, Wis., September 8-10, 1954, of Tue 
AMERICAN SocreTy oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, March 
30, 1953. Paper No. 54—F-14. 


ages for function generation, in particular in connection with the 
development of fire-control devices. 

Linkages are inherently light, inexpensive, adaptable to high 
speeds, and have little friction. The class of functions suitable 
for linkage representation is large. Mechanisms involving a finite 
number of links possess an inherent error and it is the task of the 
designer to reduce this error to a sufficiently low value. A suc- 
cessful design procedure must combine the predominantly analyti- 
cal considerations of linkage synthesis with practical considera- 
tions involving mechanical advantages, ranges, dead-center 
positions, friction, and backlash. 


Fic. 1 Fovur-Bar Linkace 


The large number of variables occurring in the synthesis of even 
a single 4-bar linkage and the complexity of their interaction, 
render an analytical treatment difficult. The development of 
that portion of the field of linkage synthesis pertaining to func- 
tion generation therefore has been primarily graphical.* © * This 
paper will present analytical methods. Some of these can be com- 
bined with the powerful techniques developed by Svoboda,‘ and 
it is hoped that the material presented will lead toward the 
simplification and systematization of the synthesis process. 


VARIABLES INVOLVED IN MECHANIZATION OF AN ARBITRARY 
FUNCTION 

Let it be required to generate the function y = f(z) in the 

interval z, < x < 2, y, Sy S y;. In the case of a single 4-bar 

linkage seven variables determine the generated function; three 

independent bar ratios, R,, R2, Rs, which define the proportions 

of the linkage; two scale factors, rg, ry; and two zero values do, 


The relation which the linkage is designed to generate is 
vo 


= f(z) =f 


If the values of some variables are determined prior to the 
synthesis, the remaining ones should then be so chosen as to 
effect the best approximation to the ideal function 1. 


4“‘Computing Mechanisms and Linkages,’ by A. Svoboda, M. I. 
T. Radiation Series, vol. 27, McGraw-Hill Book Company, Inc., 
New York, N. Y., first edition, 1948. 

&“‘Linkage Layout,” by E. W. Pike, T. R. Silverberg, and P. T. 
Nickson, Machine Design, vol. 23, November, 1951, pp. 105-110, 194. 

¢“ Analysis of the Four Bar Linkage,” by J. A. Hrones and G. L. 
Nelson, The Technology Press of M. I. T. and John Wiley & Sons, 
Inc., New York, N. Y., 1951. 
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Cuoicre oF ARBITRARY VARIABLES 


Intelligent choice of arbitrary variables is required to obtain 
linkages having reasonable proportions and ranges. As a rough 
rule, the ratio of the crank lengths is inversely proportional to the 
ratio of the ranges. In general, ranges up to about 120 deg are 
feasible. These determine the scale factors, which in turn deter- 
mine the mechanical advantage of the ideal linkage. Harmonic 
transformer-type linkages are characterized by a linear relation- 
ship between cos @ and cos wy. The existence of such a re- 
lationship can be determined graphically. It will be clear from 
Equation [2] that such relations are not obeyed by 4-bar linkages 
and should be avoided. 


Basic CoNSIDERATIONS 


In synthesis investigations, a means of understanding linkage 
behavior may be expected to be furnished by the shortest relation 
between @ and y involving the minimum number of side ratios. 
Using the vector equation BC? = (AB + CD + DA)-(AB + CD 
+ DA) and noting that the angle between AB and CD is (¢ — y), 
one obtains fora = 1 


R, cos — cos + Rs = cos — p) 


where 


R; = (1 + b?— c? + d*)/(2bd) 


R,, R2z, and R; are three independent bar ratios. Relation [2] is 
believed to have the desired simplicity. 

Two types of approximations will be developed from Equation 
[2]. In the first, the ideal function and the actual function are 
made to coincide at several points, termed precision points. Be- 
tween precision points, the actual function will differ from the 
ideal function by an amount depending upon the distance be- 
tween precision points and upon the nature of the ideal function. 
The ‘3-point approximation” is a rapidly found approximation 
with three precision points. For greater accuracy, more elaborate 
4 and 5-point approximations have been developed. 

In the second type of approximation, the ideal and actual func- 
tions coincide at only one precision point, at which, however, a 
number of derivatives of the actual function also will coincide 
with those of the ideal function. 


METHOD OF DETERMINING DesIRED APPROXIMATIONS 


The ideal values of x, y, and their derivatives at the precision 
points are substituted into Equation [2] or into its differentiated 
form Equation [4-1], Table 4. Several simultaneous equations 
in the unknowns R,,2.3, @,, and W, are thus obtained. Since the 
independent bar ratios occur only once each in Relation [2], the 
linkage defined by the simultaneous equations will assume the 
ideal values employed in the substitutions. 


Tue 3-Pornt APPROXIMATION (TABLE 1) 


Let it be required to design a linkage generating y = f(x) with 
three precision points corresponding to the pairs of angles (¢,, ¥;) 
i = 1, 2,3. On substituting the values of these angles in Rela- 
tion [2], three linear simultaneous equations are obtained in the 
unknowns R,,2,3. The solutions are shown in Table 1. The 
lengths of sides b, c, d are determined from the R’s using Relations 
(3, 4, 5]. A qualitative estimate of the error can be derived from 
Expression [1-11], which is based on the assumption that the 
error in W can be represented by the expression L(@ — ¢:) X 
(@ — o2)(¢ — $;), where L is so chosen that the error vanishes in 
four places, which fact serves to evaluate L. Similar expressions 
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TABLE 1 THREE-POINT APPROXIMATION 


Linkage to pass through (¢1, 41), (@2, #2), and 


Ri cos — R: cos fi + Rs = cos — Wi), = 1,2, 3.... 


Let 


cos 
cos $1 
cos 
cos 
cos — vi) 
cos — 


Ri = 


R: = 


Rs = cos — vi) + Re cos — Ri cos 
Error in y for a given value of ¢, 


A 


1 
= — — — os) 
6 


Fig. Turez-Pornt APPROXIMATION FOR Loc FuNCTION 


are derivable for the error in approximations having a larger num- 
ber of precision points. 

Example. y = f(z) = logix, 1 < x < 10, with precision points 
atz = 1,3,10. Suppose Ad = 60°, Ay = 90°, d, = 45°, y, = 
—45°. With the aid of Table 1, a = 1, b = —0.7310, c 
= 2.6391, d = —1.9319; e = 6 percent at z = 1.35. The linkage 
is shown in Fig. 2. The negative values of the cranks b, d are to 
be interpreted in the vector sense. The spacing of the precision 
points for a minimum e in an n-point approximation is believed 
to be such that the identical e is reached at least once between each 
pair of precision points and between end points and the nearest 
precision points. 


Tue 4-Point APPROXIMATION (TABLE 2) 

In this case the scale factors and the initial value of (¢ — W) 
have been considered arbitrary. The quantities R23 and @, 
are to be determined with the aid of Equation [2], which assumes 
the form Equations [2-3] (Table 2) at each of the four precision 
points. 

Subtracting the first Equations [2-3] from the remaining to 
eliminate R; and using the identity 


cos z — cos y = —2 sin '/2(z + y) sin '/o(x — y) 


Equations [2-12] are obtained, in which the unknowns are Ri,2 
and y,. By eliminating R,,. from Equations [2-12], a cubie equa- 
tion in tan y,, [2-24], is eventually obtained. Owing to the nature 


— €08 = wn. 
cos ¥2 = w....... [1-3] 
“ape 
R: = 1/b [3] 
4 / 4 
4 
/ 1.93 
0.8 
~ 
Bi 
aie 
4 
: 
! 


TABLE 2 FOUR-POINT APPROXIMATION 


v = f(z) to be generated with precision points at (zi, vi), # = 1, 2, 3, 4 
Choose values for rg, ry, : — vs 


Let 
Pi = ro(zi — te), = 1, 2,3, [2-1] 
a = — Ye), = 1, 2,3, [2-2] 
Ri cos + pi) — Rr cos + ai) + Rs = cos + Pi) — (ve + 
[2-3] 
a= ; (m + pi), i = 2,3, 4, from now on........ (2-4] 
Me @ ain (as — Mage [2-6] 
Cs = sin [las — — Gi — [2-8] 


Then Equation [2-3] becomes 


sin (vs + — sin (ve + Bi) = [2-12] 
where i = 2, 3, 4and unknowns are Ri, Rz, and ps. Let 

ki = Bad2 cos Bs — Bods cos [2-13] 

1;(4, 3) = (3, 2) (nos. refer to subscripts)......... (2-15] 

m = BsA: cos cos 8: — cos 53 cos f2.......-- [2-16] 

re = sin &: sin 8; — BzAs sin sin Bz.......... [2-17] 

rs = sin + Bs) — BeAssin (8s + [2-18] 

si(4, 3) = ri (3, 2) (nos. refer to subscripts).......... [2-19] 

m: = kes; + kiss — lari — [2-21} 

ms = kis: + bess — lire — [2-22] 


tan? + m2: tan? + ms tan ve + m= 0....... 


ve = —B6s is a trivial (meaningless) solution of Equation [2-24] and can be 
used to reduce Equation [2-24] to a quadratic equation in tan ys. 


of the elimination process, ¥, = —f; is a meaningless solution, 
which can be used to reduce Equation [2-24] to a quadratic form. 
Knowing ¢, and y,, the R’s are found as in the 3-point approxima- 
tion. 

Example. y = logyz, as in the preceding example and x = 
1, 4, 7, 10 are precision points. Suppose a = 60°, rg = 7.5°/z, 
ry = 75°/y. Thena = 1, b = —1.599, c = 2.841, d = 2.442, 
= —11°13’, Yo = —63°43’. e = 3.6 percent at = 2. The 
linkage is shown in Fig. 3. 

Tue 5-Pormnt APPROXIMATION (TABLE 3) 

The arbitrary variables in this approximation are the scale fac- 
tors. Up to Equation [2-8], the procedure is the same as in the 
4-point approximation. Eliminating R, between the first and 
second and also between the third and fourth of Equations [3-1] 
and R; from the resulting two expressions, one obtains eventually 
an equation relating tan @, and tan y,, Equation [3-21]. 
Similarly, eliminating first R; and then R:, another relation be- 
tween tan @, and tan y, is derivable, Equation [3-32]. These are 
higher-order simultaneous equations and can be solved graphi- 


FREUDENSTEIN—APPROXIMATE SYNTHESIS OF FOUR-BAR LINKAGES 


TABLE 3 FIVE-POINT APPROXIMATION 


y = f(z) to be g ted with precisi ¢=1,2,3,4,5 
Choose values for r¢ and ry 
Equations [2-1] through [2-8] of Table 2 i h 


mum value of 7 is now 5. 


RiAj sin (¢; + ai) — R2By sin (ve + Bi) = Ci sin [(os + ai) — (ve + Bi)) 


points at (zi, 


ged, but the maxi- 


.. [8-1] 
where i = 2, 3, 4,5 from now on. Let 
Pi = C2B; cos cos (a2 — 82) — cos B2 cos (as — . [3-2] 
P: = cos 8: sin (a2 — 82) — cos sin (a3 — Bs)........... [3-3] 
Ps = sin cos (a2 — 82) — sin cos (ax — Bs)........... [3-4] 
= C2Bs sin 8: sin (a2 — 82) — sin sin (ax — Bs)....... . . (3-8) 
Qi(5, 4) = P;(3, 2) (mos. refer to subscripts). [3-6] 
Si = cos a: cos 8s — cos ay 008 Bt... [3-7] 
S: = cos a2 sin Bs — cos as Sin Br... [3-8] 
Ss = sin cos Bs — AsB2 sim as [3-9] 
Se = sin a2 sin Bs — AzBa sin aa sin (3-10) 


Ti(5, 4) = Si(3, 2) (mos. refer to [3-11] 


= + + PaTs — — QiSi — (3-15] 
= PiTs + + PsTi — QiS2 — — QaSi.....-. ees [3-16] 


m = + + PaTs + — — — 
— — — + QaSi + QiSe. . [3-19] 


m= Pile + + PaTs + + P2T2 — — 


— — — + . [3-20] 
wn = — — — + + (3-23) 


«’, oi’ = same as «i, wi except that 7: and 7's, and Sz and S; are inter- 
changed; i.e., (Ss, 7's, T2) = T2, Sa, 


Fs = m tan® + m tan? + ma tam + [3-28] 
Fa = wi tan® + wr tan? + wa tam + [3-29] 
1 $$ 
tan = — [ -» + — [3-31] 
2Fi 
1 
tan % = [ + V - ... [8-32] 
2Fi 

Solve Equations [3-31] and [3-32] simultaneously for ¢s, ¥s. Avoid the 

following trivial (meaningless) solutions 

1 1 
(a) @ = — (pc + Ve = [3-33] 

TSi — TiS: TS: — 
= + T2Ss — — — (3-35] 
1 1 


855 


TRANSACTIONS OF THE ASME 


Fic. Four-Pornt APPROXIMATION FOR FuNcTION 


cally. Knowing ¢, and y,, the solution can be completed as in a 
3-point approximation. It is advisable to use at least 7-figure 
accuracy in such an evaluation. 

Example. y = logiwzx, as before and precision points are to be 
at z = 1, 1.431, 2.307, 4.190, 8.577. Suppose rg = 62/;°/z and 
ry = 90°/y. Then a = 1,b = —1.216, ¢ = 2.800,d = —3.186, 
Wo = —85°56’, do = 192°41’. e = 0.37 per cent atz = 10. The 
error probably could be reduced by an additional factor of 2 by 
optimum spacing of the precision points. The methods described 
by Svoboda‘ in the chapter on final adjustment of linkage con- 
stants, can be applied in further refinements of this linkage, which 
is shown in Fig. 4. 
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Fic. 4 Five-Pornt FoR FuNCTION 


TABLE 4 GENERAL EQUATIONS FOR AN NTH-ORDER APPROXIMATION 


Ri + (a4 sin Ym + COS Ym) Re = ais sin — vm) + ais (Om — vm) 


COS Om 


Use sin ¢m for odd 7; cos ¢m for even i; i = 1, 2, 3, 4, 5, 6 


Ri cos — Rz cos ym + Re = cos (om — om) 


Coefficients aj; in Equation [4-1] 


m — 
ms + (1—m)* 
3m2(1 — m) 

i=6 

—me + 15m:* + 6O0mimims + 15mitm, — 15mitma 
—6mimy + 45mi2ma? + 20mitms — 15mams — 10m? — mit 


ms — 


(1 — m)* 


4mima — mit + 3ma? 
me — 6m2(1 — mi)?* 
4ma(1 — m) + (1 — mi)* — 3m? 


i=—4 


—ms + L5mim:? + 10mi2ms — mié 

—5mims + 10mi9m: — 10mams 

—ms — 15(1 — + 10(1 — mi)*ms + (1 — 
—5ma(1 — m) + 10m2(1 — m)* + 10mams 


—me + 15m2* — 60(1 — mi)mema + 15(1 — — 15(1 — mi)4m 
—6ms(1 — m) — 45(1 — + 20(1 — mi)*ms + (1 — mi)* + 15mam, + 10m;? 


Error in ¥ for a given value of ¢: 


Nru OrpER APPROXIMATIONS (TABLE 4) 


In an nth order approximation, the ideal function is approxi- 
mated by a Taylor power series up to and not including the nth 
derivative. The error is therefore roughly proportional to the 
nth derivative. The values of the derivatives are found upon 
differentiation of Equation [2], as per Table 4. Substitution of 
the ideal values of these derivatives into the basic Equations 
[4-1], Table 4, yields the conditions which determine the 
linkage. Approximations obtained in this manner may not 
have the large range of the point approximations, but will have 
greater accuracy in the neighborhood of the precision point. The 
limiting order of approximation (like the limiting number of 
points) which can be handled without extremely lengthy com- 
putations, appears, in general, to be five. 


5TH ORDER APPROXIMATION (TABLE 5) 


This approximation involves the solution of Equations [4-1] 
and [4-2] up to and including i = 5. rg and ry are considered 
arbitrary. R, is eliminated using i = 2, 4 and also using i = 3, 5 
in Equation [4-1]; , is eliminated from the resulting two ex- 
pressions, yielding Equation [5-33]. Solving for R; sin ¢,, from 
i = 2, 4, for R; cos ¢,, from i = 3, 5 in Equation [4-1], and divid- 
ing to obtain tan ¢,,, an expression is obtained from which"¢,, is 
eliminated by means of Equation [5-33], resulting in a 5th degree 
equation for tan Equation [5-32]. Knowing ¢,,, ¥,,, Equa- 
tions [4-1] and [4-2] can be solved as linear simultaneous equa- 
tions in R,, 2, % 

Example. y = logwr, as before. Suppose ry logue = 3/5, 
T¢lm = 3/2. Thena = 1,b = 1.5109, ¢ = 0.75182, d = 1.8258, 
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TABLE 5 FIFTH-ORDER APPROXIMATION 
Linkage to generate y = f(z) with precision point zm, ym and precision deriva- 
tives mi, i = 1, 2, 3,4. This involves solution of Equation [4-1], Table 4, up 
toi = 4,inclusive. See Table 4 for values of aij. Choose values for rg and 
ry. 
Let 


fi = (@u — an)(a2s — — (an — an)(ais — 


te 
ts 


= (an — — au) — (an — — [5-2] 


= (an 


— ax) (a2 — au) — (a22 — — aas)..... 


= (a2 


fe 


— (ar (@22 — (au 


= 


= 


= 
hi(aai, = gilar, 


= luki + + ham 


= haki + hike + lags 


= kihe + + — digs + liga + lage... 
= kehe + kiha + — — + lags... 
= kehy — legs 


we = + — hoe 


= — liga — lage..... 


= + + — — m(fefs + fifs) 


— fifems + wife? + 2fifew2 + fitws. . 
Me = + — — mifafe + fifa) 
— fifens + + + 


As = faites + — fafors — + Life) + + . [5-30] 
Ai tan® ym + Az tant ym + As tan* ym + Aq tan? Ym + As tan Ym + As 
= 0.. [5-32] 
fe tan vm + 
fitan vm + fs 
1 
Error in at given value of ¢ ~ (O [5-84] 
Avoid the following trivial and meaningless solutions 
tan = —ke/ ki; tan vm = [5-35] 


Wo = —101°38’, @ = 213°13’. e = '/, per cent at x = 2, error 
= 0.2 per cent at z = 10, the precision point is z = 5, and the 
range restricted to2 < x < 10. The linkage is shown in Fig. 5. 


HicHer-OrvER APPROXIMATIONS (TABLES 6 AND 7) 


Such approximations can be determined if the function is 
simple enough. 


= + fore — + — + + fitwe........ [5-27] 


LOG X 
10 


Fic. Firrs-Orper Approximation For Function 


-0.2 


Fie. 6 SixtH-OrperR APPROXIMATION FOR SQuARING FUNCTION 


TABLE6 LINKAGES MECHANIZING THE SQUARING FUNCTION 
y = z? BY MEANS OF A 6TH-ORDER APPROXIMATION 


1 
m= me arbitrary, tm = 1/(2rgmsa), dm = [6-1] 


3 + 


tan 
8me 


1 
Ri = 2m: sin ym + 


Rs = 2 cos — R..... . (6-5) 
In the particular case m: = 1 
¥° = 73°55'23" + [6-6] 
114.592 

e = error in ¥ for given value of ¢, expressed as % of max travel of ¥ 


Examples. To a 6th order approximation, the squaring linkage 
can be synthesized by letting m = +/2, R: = 1, , = 0. The 
solution assumes a simple form, Table 6, in which m, is arbitrary. 
This gives rise to an infinite number of linkages. When m; = '/s, 
for instance, the linkage shown in Fig. 6 and Table 6 is obtained. 
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Fic. 7 SxventH-OrpeR APPROXIMATION FOR TANGENT FUNCTION 


TABLE 7 LINKAGES MECHANIZING TANGENT FUNCTION 
AND HYPERBOLIC TANGENT FUNCTION BY MEANS OF 7TH- 
ORDER APPROXIMATIONS 


The functions y = tan z and y = tanh z are mechanized at z = y = 0 to the 
7th order. The tangent function is obtained when a (Equation [7-4]) is 
positive. The hyperbolic tangent function is d when a is negative. 


om = = 0; 2X is an arbitrary parameter 


5 — GOA? — SOA? + 3 V/144A¢ — 160A? — 1202 + 1 
SOA? + + 4 


(1 — mi)? + mi?R: 


be 4m3(1 — m) + (1 — m)* — (1 — mi)? 
4mym — mt + mi? 


In the particular case \ = —0.6 

a= 1,6 = 2.4286,c = 0.59524, d = 2.83333 
v° = 60.395 tan (¢°/2.1082) 

Error, e (x = 45°) = 4%; e(x = 42°) = 0.1% 


The tangent function can be represented to the 7th order at 
(0, 0) by letting ¢,, = y,, = 0, at which point, however, the 
linkage assumes an indeterminate position. The solution ob- 
tained after considerable algebra, is shown in Table 7, in which 
is an arbitrary parameter. The particular case 4 = —0.6 is 
shown in Table 7 and Fig. 7. The accuracies of this and the 
squaring linkages are noteworthy. 

Imaginary quantities often occur in the solutions of nth order 
approximations. In general, the real and imaginary parts then 
can be equated separately and physical meaning assigned to each 


of the resulting expressions. Thus, for example, in the case of the 
just considered tangent function, when a@ is negative, the scale 
factors become pure imaginaries. If rg = iRy, ry = iRy, the 


ideal relationship becomes 
Wo *) 
tanh iRe 


iRy 
Equating real and imaginary parts, one obtains 


In this case, the sign of one term in the power-series approxima- 
tion for tan @ has been reversed. For example, when Xd ap- 
proaches infinity, we have in the limiting case, m) = —1l, a = 
—9/5,a = 1, b = —3/11, ec = 25/11, d = 3, and the ideal rela- 
tionship becomes 


° 


as) 
60.395 


y° = —60.395 tanh ( 


At z = 1, e = 0.44 per cent. 


CONCLUSION 


Analytical methods have been developed for the approximate 
generation of a function, using a 4-bar linkage having either 
several precision points or a single precision point with several 
precision derivatives. With careful choice of the arbitrary 
parameters, linkages can be synthesized in a systematic manner. 
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Discussion 


A. E. Ricuarp pe Jonce.”?' The paper is the companion paper 
to the first paper by the author (his footnote 1), which was dis- 
cussed comprehensively by the writer. It is unfortunate that 
both the presentation and the printing of the present paper have 
been so long delayed by the Society. 

As to terminology, similar remarks to those made by the writer 
in the discussion of the author’s first paper apply. 

The paper is intended to make the construction of 4-link 
mechanisms for the functional relationships for computing pur- 
poses relatively easy and certain. This holds for matching shaft 
rotations of links in a 4-link mechanism. Attempts to obtain a 
similar result have been made in this country by Svoboda and 
others, which have been much publicized. However, the fact 
should not be lost sight of that other attempts also have been 
made abroad. In Germany, K.-H. Sieker* has used the Euler- 
Savary equation and a modification of it by him to obtain “‘order’”’ 
type approximations. His method, however, is not as extensive 
or as powerful as that given in the author’s paper. Kurt Hain,® 
in Germany, has used his method of reducing point positions 
(Punktlagenreduktion) for obtaining approximations of given 
functions by 4-link mechanisms. His method, too, is not as 
powerful as that of the author. The thought occurs to the writer 
that, by combining Sieker’s and Hain’s methods, a simple and 
useful method may be evolved. In Russia, attempts to represent 
functions by mechanisms were made almost a century ago by P. 
L. Chebychev" who used for this purpose his method of, what is 
now called, Chebychev polynomials. He and his present-day 
followers have progressed further along this path, but their 
methods are not as simple to use or as powerful as those pre- 
sented in the author’s paper, which are more systematic. 

In the present paper, extensive use has been made of the de- 
velopments given in the author’s first paper, although this may 
not appear on the surface, because it is hidden in Equation [2] 
on which the formulas presented are based. The latter are ex- 
plained only in a general way, but lack concise derivation. This 
is due to the great amount of space that would be required to pre- 
sent the full derivations, a work that has taken the author several 
years to complete. It is a great pity that, on account of lack of 
available space, this important work could not be made available 
to the profession. 

The principle of the paper’s methods is simple. It is based on 
4-link mechanisms, the rotations of two links of which are to be 
matched so as to conform to a given function. The fundamental 
relation is given by Equation [2] which is the simplest form ob- 
tainable between the angles. Thus the method is easy to under- 
stand in principle and, as far as getting acquainted with its use is 
concerned, it is for the average engineer, who is not a kinema- 
tician, obviously simpler to acquire than the European geo- 
metrical methods which necessitate intensive study, very ac- 
curate draftsmanship, and a good deal of experience before they 
can be applied with satisfactory results. 

Naturally, there are advantages and disadvantages in every 


7 Mechanical Engineer and Consultant, Reeves Instrument Corp., 
New York, N. Y. Mem. ASME. 

’“Ermittlung von Gelenkvierecken aus den KrOmmungshalbmes- 
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10*‘Oevres” (Works, in French), by P. L. Chebychev, Imperial 
Academy of Sciences, St. Petersburg, Russia, vol. 1, 1899: vol. 2, 
1907. 


method, and the author’s method is no exception to this rule. 
The principal advantage to the American trained engineer, who 
has a predominantly analytical training, is that it is an analytical 
method. Furthermore, it is exact; that is, does not require trial- 
and-error attempts. On the other hand, a great disadvantage is 
that no geometrical picture is given by the method, so that ranges 
and proportions are not constantly in view. Thus no immediate 
check is possible of whether the results may get out of hand, 
which is the advantage of the geometrical methods and cannot 
be achieved by an analytical method. This raises the question, 
alluded to before, whether it might not be possible to combine 
both analytical and geometrical methods to mutual advantage. 

Equation [2], which is fundamental for the author’s method, 
was derived by him in the discussion of a previously published 
paper.'! The author’s method operates with the so-called pre- 
cision points which are those points in which the function to be 
generated (ideal function) and that produced by the generating 
mechanism (actual function) coincide. Two types of approxima- 
tion are dealt with. In the first, a number of precision points 
(3, 4, . . .n) are chosen. These approximations are called third, 
fourth, . . .nth order approximations. To determine them, the 
original Equation [2] is used as well as its consecutive derivatives. 
Thus sufficient equations are available to make the two functions 
coincide at the precision points. Between these, greater or less 
deviations occur. The second type is that in which enly one 
precision point is chosen, but at that point the derivatives also are 
made to coincide up to the order desired. 

The paper, then, describes briefly the various orders of ap- 
proximation up to the nth order and gives tables of the equations 
required up to the seventh order, at least for particular functions. 

The greatest benefit of the use of the author’s method, natu- 
rally, is obtained when computing machines can be utilized. 
Especially the punched-card digital computers lend themselves 
well to the computations that have to be effected. Thus a great 
deal of labor will be saved. 

The methods described are powerful and systematic, and are 
based on a simple idea originally derived as a result of the sym- 
metrical parameter P, as derived in the author’s first paper. By 
means of this parameter, Equation [2] is very simply derived al- 
though in a different manner than in the present paper. 

As far as is known, the author’s method accomplishes more than 
either the German or the Russian methods have achieved hitherto, 
although both these latter are more or less equivalent in the 
cases of the lower order approximations, say, up to five precision 
points. 

The choice of the precision points in the author’s and the Ger- 
man methods is arbitrary, and the best choice is a matter of ex- 
perience and intelligent estimation. The Russian Chebychev 
method is difficult to apply, but when it can be applied, the best 
positions of the precision points are automatically selected; that 
is, the precision points are so chosen that the maximum error is 
minimized. 

Since the general field of linkage synthesis is receiving attention 
both here and abroad, this paper should be of interest not only to 
engineers in the United States, but also to those in other coun- 
tries, and it should make them realize that they are not the only 
ones who can boast progress in this field. In fact, this present 
paper by the author goes further than either the Germans or the 
Russians have gone so far. The paper should, therefore, arouse 
great interest both here and abroad. 

The paper has attempted to utilize the rotations of two links of 
a 4-link mechanism. It seems to the writer that this is only a 
first step in the desired direction. He feels that coupler curves 


11 Synthesis of Four-Bar Mechanisms When the Position of Two 
Members Is Prescribed,” by B. W. Schaffer and I. Cochin, Trans. 
ASME, vol. 76, 1954, p. 141. 
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may be made use of to advantage. Inasmuch as there are among 
these many whose arc approximates a circle over a rather wide 
range, and inasmuch as it is rather easy to determine their devia- 
tions from a circle by means of their evolutes, they may be used 
to obtain rotations of an additional crank linking the describing 
point to the frame. This would then be no longer a 4-link 
mechanism, but rather a redundantly closed 5-link mechanism. 
However, it seems that better approximations may be achieved 
thereby. No attempt as yet has been made to exploit this idea 
which the writer offers here as a further avenue of approach. In 
addition, this method should have the desired advantage of link- 
ing together geometrical and analytical methods which, in itself, 
would be a noteworthy achievement. " 

To sum up, the author’s paper is not only a very interesting, 
but also a very timely one of great practical consequence. For 
this important contribution to the synthesis of mechanisms to 
generate desired functions with great approximation, the author 
deserves high praise. 


A. S. Hatt, Jr."* It seems to the writer that the author has 
succeeded in reducing the analytical approach to the 4-bar prob- 
lem to as uncomplicated a form as is possible. In so doing he 
has sbown that the analytical treatment may not be any more 
difficult or time-consuming than the older graphical;geometric 
methods. The analytical treatment will appeal to many because 
it fits in better with their mathematical backgrounds. Upon en- 
countering for the first time a problem of the type discussed in 
this paper most graduates of American engineering schools could 
probably proceed more quickly by following the author’s lead 
than by familiarizing themselves with the work of Burmester and 
his successors. 

The author has brought together in a unified treatment the 
problem of approximating a function at a finite number of points 
and the problem of approximating a function plus a finite number 
of its derivatives at a single point. Speaking as a teacher, the 
writer feels that this is an important feature of the paper. The 
intimate relation between the two problems might be emphasized 
further by noting that an nth order approximation is an n-point 
approximation in which the n-points are infinitesimally near. 

The author is to be congratulated on an important contri- 
bution to kinematic synthesis, not only for the problems he has 
solved, but also for the encouragement his work gives to attack 
other problems by similar techniques. 


R. L. Kenneoort.'* To mechanize an arbitrary function by 
means of a 4-bar linkage, the designer would like to employ a 
simple, straightforward process whereby he might insert the 
characteristics of the given function, “turn the crank,”’ and have 
the optimum linkage parameters fall out automatically and in 
due conformity with all practical considerations such as favorable 
mechanical advantage, manufacturing tolerances, and so on. 
Lacking this, he has been wont to exercise a more or less intelli- 
gent guess as to a probably suitable linkage, thereupon to refine 
the function-fit by one or another species of ‘“cut-and-try”’ with 
varying degrees of power and precision in converging to an opti- 
mum or, at least, a tolerable solution. However, there is always 
a suspicion that his initial guess has unnecessarily restricted his 
solution to one and, perhaps, not the best of several possible solu- 
tions; for there exist eight distinct and discontinuously related 
classes of functions generated by the 4-bar linkage (two of these 
being generated by the familiar drag-link and the crank-and- 
rocker, for example). That is to say, convergence to a solution by 
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variation of the parameters is apt to confine itself to that single 
class of 4-bar linkage function determined by the initial guess. 
Consequently, the designer has need of two kinds of tools, a 
ready means for exploring the potential field of 4-bar linkage 
functions in order to get off to a good start and a precise means for 
refining the function-fit to within a prescribed tolerance. 

Clearly, this paper represents a long stride in the direction of 
taking the guesswork out of linkage synthesis. Unfortunately, it 
seems inherent in linkage systems that the complexity of design 
computation must increase as the guesswork is reduced; so that 
his most powerful procedures, for 5-point and for nth order ap- 
proximations, are likewise the most abstruse. Moreover, it 
might be worth noting that nth order approximation is useful in 
mechanizing only fairly well-known analytic functions in that it 
requires evaluation of the first n — 1 derivatives of the ideal func- 
tion. Calculation of derivatives higher than the second is seldom 
meaningful with empirical functions unless resort is first had to 
their approximation by a polynomial, an harmonic expansion, or 
other familiar analytic expression. Now, in this writer’s ex- 
perience, those designers who are not literally steeped in the 
linkage art, which is to say most designers of computing linkwork, 
will prefer and use universally any one simple method of syn- 
thesizing a linkage to the exclusion of various complex methods 
however powerful—even if the simple method be limited in scope 
and involve considerable drudgery. 

It is in just this respect that the writer believes the author has 
made a most valuable contribution. His 3-point method of ap- 
proximate synthesis is simple, readily understood, and, above all, 
quickly and easily manipulated. It should provide good first 
approximation and even a tolerable final approximation to a 
wealth of arbitrary functions, particularly those whose graphs 
display curvature of constant sign. For, if the range of both 
input and output motions be limited to about 120 deg, which is 
generally most practical, no 4-bar linkage will generate a function 
with appreciable inflection in curvature, and hence no extreme 
errors can be encountered. On the other hand, where the ideal 
function itself possesses an inflection, a 4 or 5-point approxima- 
tion may be required. However, this is likely to be seldom; and 
the 4 and 5-point methods are not so distantly related to the more 
generally useful 3-point method as to discourage the designer alto- 
gether once he has become familiar with the latter. 

In any event, the author’s 3-point approximation should serve 
well to explore rapidly the field of potentially suitable 4-bar link- 
age functions, a valuable first step before refinement of the func- 
tion-fit becomes worth while. For the rest, he has probed deeply 
into the analytical approach to design of 4-bar linkages and may 
well lead to the ultimate goal of a simple, universal method of 
synthesis with guesswork entirely eliminated. 


P. T. Nicxson.'* The design or synthesis of linkages is 
generally a problem of choosing a set of arbitrary parameters, so 
that the resulting linkage configuration produces a desired mo- 
tion. Several methods are available: to the designer. These 
methods may involve graphical solutions, trial-and-error ap- 
proaches, selection of variables from systematically arranged 
tabular data or mathematical solutions. None of these methods 
produce exact solutions, but only give approximations of the 
given conditions. It may be required that the approximations 
be nearly exact at only a few points in the motion, or at several 
points in the motion. The complexity of the problem then, is 
dependent upon to the number of points that must be satis- 
fied and the accuracy of the approximation. For more accurate 
solutions, it often becomes necessary to add refinements to these 
methods. 
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The author presents a very interesting refinement in linkage 
synthesis. His treatment is 9 mathematical one and involves the 
solution of several simultaneous equations. These equations are 
derived from expressions defining the function to be generated 
and expressions relating the various linkage parameters. Meth- 
ods are shown for 3-point, 4-point, 5-point, and higher-order ap- 
proximations. Each method is illustrated with numerical ex- 
amples, including sketches of the resulting linkages. His method 
is applied to the synthesis of 4-bar linkages; however, it is equally 
applicable to other types of linkage mechanisms. 

In order to use this method, the designer must have a sufficient 
mathematical background. If this knowledge is limited, as is 
generally the case, he must turn to other less refined methods. 
Then accuracy or exactness of the approximation is achieved only 
by repetitive solutions, with the point of diminishing returns 
very quickly reached. The author’s method is a fine tool for the 
mathematician but it should be avoided by those not so gifted. 

We have had excellent results with the so-called “overlay 
method.” This method is a graphical one and, for most cases, re- 
sults in a quick and easy solution. If extreme care and accurate 
drawing techniques are practiced, often very exact approxima- 
tions are obtained. This method has the advantage, in that the 
geometrical relationships of the linkage members are easily seen. 
Thus dead-center positions and large angular relationships be- 
tween links and slides may be avoided quite readily. Mathe- 
matical methods suffer in this respect, in that it is almost im- 
possible to “picture” these relationships. 

The designer, through practice and experience, will usually 
apply some one favorite method. He finds that this suffices his 
ordinary problems. Through diligence and good fortune, it may 
solve the occasional difficult synthesis. However, there always 
comes the problem wherein the usual practices are not adequate. 
It is here that help is required. What is needed are methods that 
improve the accuracy of the approximate solutions, obtainable 
by the simpler methods. In other words, after a set of parameters 
is established, higher accuracy should be obtainable by a slight 
modification of these values. Perhaps in future papers the author 
could use this approach to linkage synthesis. This is not meant 
in any way to detract from his fine paper, but these modification 
methods are invaluable to the linkage designer. The approxi- 
mate synthesis is relatively easy; it is the narrowing down of the 
accuracy that really presents the problem. 


AutTHor’s CLOSURE 


The light shed on the subject of linkage synthesis by the 
comments of the discussers adds appreciably to this investigation. 

The point raised by Mr. de Jonge concerning the combination 
of a geometrical and an analytical technique (e.g., Hain-Sieker) 
is well taken. Some of the results of the present investigation 
can be used in this manner, as pointed out in the discussion of 
Mr. Kenngott, for instance. The suggestion to utilize one or 
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more links attached to a suitable point on the coupler (con- 
necting link) for the synthesis of functions difficult to mechanize 
by more elementary methods is a good one, although it is be- 
lieved that present techniques are insufficient for such a refine- 
ment. Lack of space prevented the author from mentioning 
the noteworthy contributions of Alt, Artobolevskii, Beyer, 
Blokh, Chebichev, Hain, Sieker, and others with which the 
author is familiar. These investigators have tackled similar 
problems and in some cases have produced equivalent results. 
It is appreciated that Mr. de Jonge, whose writings have been 
instrumental in creating a revival of interest in the field of 
kinematics in this country, has called attention to the most 
significant of these contributions. 

Professor Hall’s comments are well taken and his comments 
relative to the essential equivalence of point and order approxi- 
mations are borne out by a recent treatment of the subject of 
kinematic synthesis by R. Beyer.” 

The comments of Mr. Kenngott derive added significance in 
view of the discusser’s association with A. Svoboda during the 
war days. The author agrees with Mr. Kenngott and the other 
discussers that the methods evolved represent only a beginning 
toward the ultimate goal of a simple, certain, and universally 
applicable method. 

In connection with the valuable comments of Mr. Nickson, 
the author feels that difficulty is experienced not only in the 
refinement of the function, but also in the approximate synthesis 
(the inital fit). The refinement has, for instance, been treated 
in detail in Chapter 7 of Svoboda (footnote 4), further discussed 
in a paper by Hall and Tao," and can be analyzed by the theory 
of Chebichev, which states quite definitely what type of ap- 
proximation can be expected to attain the least maximum error. 
It is the author’s experience that the 3-point and the 3rd-order 
approximations are easier and faster to apply than the overlay 
method and other graphical techniques, especially by those not 
so gifted geometrically or analytically. The contrast between 
the methods increases when consideration is given to the use of 
automatic methods of computation, as suggested in the dis- 
cussion by Mr. de Jonge. The author agrees with Mr. Nickson 
that all analytical methods suffer from the inability to provide 
a physical picture of the mechanism until after the completion of 
computations and that in this connection it would undoubtedly 
be desirable to strive for a suitable combination of geometrical 
and analytical techniques. 

In conclusion, the author would like to express his appreciation 
of the interest shown by all the discussers. The beauty and 
complexity of linked mechanisms probably will continue to 
puzzle and fascinate us for generations to come. 


6 ‘*Kinematische Getriebsynthese,’’ by R. Beyer, Verlag-Springer, 
Berlin, Germany, 1953. 

16 “Tinkage Design—A Note on One Method,”’ by A. 8. Hall and 
D. C. Tao, Trans. ASME, vol. 76, 1954, pp. 633-637. 
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The Design of Vertical Pressure Vessels 
Subjected to Applied Forces 


By E. O. BERGMAN,' ALHAMBRA, CALIF. 


Pressure-vessel codes do not give design methods except 
for the relatively simple case of cylindrical shells with 
standard-type heads and openings under uniform pres- 
sure. The designer must apply engineering principles 
when he deals with more complicated structures and load- 
ing systems. This paper discusses some design principles 
that are not covered in the codes. It deals with vessels that 
are subjected to various applied forces acting in combina- 
tion with internal or external pressure. The type of vessels 
cousidered is limited to cylindrical shells with the longi- 
tudinal axis vertical. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= cross-sectional area of shell, sq in. 

acceleration ratio specified by structural codes for use 
with increased stress values 
outside diameter of shell, in. 
eccentricity of resultant load, in. 
equivalent acceleration ratio for use with basic stress 
values permitted by vessel codes 

= length of shell between stiffeners, in. 

bending moment due to horizontal loads, in-lb 

numerical ratio depending on R and L 

number of lobes into which shell may buckle 

end load in addition to external pressure, pounds per 
lineal inch 

internal pressure, psi 

outside radius of shell, in. 

Reynolds number 

numerical ratio defined by Equation [1] 

numerical ratio defined by Equation [2] 

numerical ratio defined by Equation [3] 

basic allowable stress value permitted by codes 

bending stress on outermost fiber, psi 

longitudinal compressive stress in shell, psi 

stress produced by seismic loads for an acceleration 
ratio of unity, psi 

longitudinal tensile stress in shell, psi 

stress produced by vertical loads, psi 

thickness of shell, in. 

weight above section under consideration, lb 

collapsing pressure for external pressure acting on sides 
of vessel only, psi 

collapsing pressure for external pressure acting on sides 
and ends of vessel, psi 

collapsing pressure for external pressure on sides and 
ends when acting in conjunction with an axial com- 
pression of P pounds per lineal inch of shell, psi 
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ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
August 18, 1954. Paper No. 54—A-104. 
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W,” = W..” divided by a factor of 4 against collapse 
W,' = W,' divided by a factor of 4 against collapse 
Z = section modulus of shell, cu in. 


a= = axial compression per lineal inch due to ex- 


2P 
WR 
ternally applied loads divided by axial compression 
set up by that value of external pressure in pounds 
per square inch which acting by itself would produce 
collapse 
INTRODUCTION 

The pressure-vessel codes (1, 2)? give a list of the principal 
loading conditions that the designer should consider in designing 
a vessel. These conditions may be divided into pressure loadings 
and applied forces. Pressures are applied either internally or 
externally over the surface of the vessel. Applied forces act either 
at local points or throughout the mass of the vessel. 

The codes furnish the designer with a list of approved materials 
and the maximum stress values in tension permitted over their 
usable range of temperatures. The design rules in the codes are 
limited to vessels of cylindrical or spherical shape under internal 
or external pressure, and to heads and nozzle attachments for 
such vessels. Rules for more complicated types of construction 
and for loadings other than that due to pressure are beyond the 
scope of the code. To include such rules would turn the code into 
a design handbook. And it would restrict the designer in working 
out his design in accordance with acceptable engineering princi- 
ples. The code requires that he “shall provide details of con- 
struction that will be as safe as those provided by the rules of the 
code.”’ 

This paper discusses some problems of design of cylindrical 
pressure vessels that have their axes vertical and are subjected to 
applied forces in addition to internal or external pressure. The 
vertical forces considered are the weight of the vessel and its con- 
tents and the weight of any attachments to the vessel. The 
horizontal forces include wind pressures, seismic forces, and pip- 
ing thrusts. 


Loaps 


The vertical loads consist primarily of forces due to gravity, 
that is, to weight. The vertical component of piping thrusts also 
must be considered. Liquid contents normally are carried by 
the bottom head and the vessel supports. But in fractionating 
columns, the weight of the liquid on internal trays is transferred 
into the shell. Part of the weight of stored solids is transferred into 
the shell by friction. The weights of attachments that are 
eccentric to the axis of the vessel produce bending moments which 
must be considered in the design. 

Wind Load. The force per unit area exerted by the wind de- 
pends on a number of factors, including wind velocity, height 
above ground, and drag coefficient. This last includes height-to- 
diameter ratio and shape factor. ASA Standard A58.1-1945, 
Minimum Design Loads in Buildings and Other Structures (3), 
gives a map of the United States showing isograms of equal 
velocity pressures. It includes also a discussion of methods of 
arriving at wind pressures from Weather Bureau wind velocities. 


2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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The discussion does not consider the effect of velocity on the drag 
coefficient. The drag coefficient, or friction factor, for a given 
shape varies with the Reynolds number. For a circular cylinder, 
the coefficient is practically constant for values of Reynolds num- 
ber between R = 20,000 and R = 200,000. Above R = 500,000, 
the coefficient drops to less than half its value in the lower range 
(4). 

The values of wind pressure used by designers are usually 
taken from structural codes or from a purchaser’s specification. 
All such values appear to be based on the use of a drag coefficient 
for Reynolds number in the region between R = 20,000 and R = 
200,000. The value of Reynolds number for a circular cylinder 
is equal to 9100 DV, where D is the diameter in feet and V is the 
wind velocity in miles per hour. With a value of DV greater than 
55, the drag on the vessel would be less than half that specified in 
the codes. Thus the codes might well consider the advisability 
of reducing the wind pressures to be used with circular vessels. 

Earthquake. The behavior of a structure in an earthquake is 
one of vibration under variable conditions of acceleration. For 
a discussion of the problem from a dynamics approach, see the 
paper, ‘Lateral Forces of Earthquake and Wind,’’ by a Joint 
Committee of the San Francisco, California Section, ASCE, and 
the Structural Engineers Association of Northern California (5). 

The usual simplified approach to the problem is based on the 
assumption that the structure is a rigid body which undergoes 
the accelerations of the supporting ground. The horizontal force 
which acts on the structure is equal to its mass times the ground 
acceleration, and has the same ratio to the weight as the ground ac- 
celeration has to that of gravity. Structural codes give values 
of this ratio that are based on engineering experience and judg- 
ment. 

The most widely used code with rules for earthquake design is 
the Uniform Building Code of the Pacific Coast Building Officials 
Conference (6). It gives acceleration ratios, or C-factors, for 
three zones of earthquake intensity. The ratios specified for 
tanks, smokestacks, standpipes, and similar structures are 0.025, 
0.05, 0.10, respectively, for the three zones. 

Stress Increase. Structural codes provide for the use of in- 
creased allowable stress values when loads due to wind pressure 
or seismic effect are included. The increase most commonly 
specified is 33'/; per cent. The load values for wind pressures and 
acceleration ratios in these codes were set with this increase in 
mind. Pressure-vessel codes do not provide for such stress in- 
creases. To maintain consistency between the two types of codes, 
the acceleration ratios given in structural codes should not be 
used directly in designing pressure vessels. A correction should 
be made to offset the effect of the increase in allowable stress 
values permitted in the structural codes. The correction may be 
made by modifying the value of the acceleration ratio in such a 
way that the stresses computed in a shell or structure are the same 
with either type of code. 

The modified acceleration ratio for use with vessel codes must 
satisfy the following relation 


Sy + KSy Sy 
1.338, 


Clearing of fractions 
Sy KSy = 0.75Sy + 0.75CSy 


K = 0.75C — 0.25 
Sa 

The vessel designer who must meet the earthquake require- 
ments of a structural code is in somewhat of a dilemma. The 
structural code specifies certain acceleration ratios but permits 
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him to use a stress of 4/3 & 20,000 = 26,670 psi for a vessel con- 
structed of plate to Specification SA-285, Grade D. The pressure- 
vessel codes specify an allowable stress value of 13,750 psi but 
leave the selection of an acceleration ratio to the designer. Until 
the vessel codes permit the use of increased stress values for 
earthquake loads, the equivalent acceleration ratios K derived 
in the foregoing offers a reasonable solution to the dilemma. 
Even then, the designer comes up with a thicker shell than the 
structural rules require because of the lower basic stress values 
specified in the vessel codes. 

It would be possible to calculate a reduced wind load in the 
same way as was done for earthquake load. There is this differ- 
ence, however. The specified wind loads are based on measure- 
ments of the forces exerted by the wind on structures, and have 
less of the element of judgment which is involved in setting the 
earthquake-acceleration ratios. While there is justification for 
changing the judgment factors for earthquake when the stress 
values that helped to determine the factors are changed, a paral- 
lel change in wind loads which are based on wind intensity has 
little justification. A direct approach would be for the vessel 
codes to permit the use of the one-third increase in stress values 
for wind and earthquake, when designers are to use the wind-load 
and earthquake-load values that are given in the structural codes. 


Srress DETERMINATION 


The vertical loads on the vessel set up compressive stresses in 
the shell, and also bending stresses when the resultant force does 
not coincide with the axis of the vessel. The stresses set up at 
any section of the shell by the vertical loads are given by equations 


, 


and S, = 


The horizontal loads on the vessel produce bending stresses in 
the shell. The bending moment at any section is equal to the 
resultant of the horizontal forces above the section multiplied by 
the distance between the line of action of the resultant and the 
section. The stress, set up in the outermost fiber of the shell by 
the actien of horizontal loads, is equal to 


4M 


The stresses due to external loads must be considered in com- 
bination with those due to pressure in determining the required 
shell thickness. For internal pressure, the stresses may be com- 
bined by simple addition. For external pressure, a more compli- 
eated procedure is required. 


ALLOWABLE Stress VALUES 


The pressure-vessel codes give tables of allowable stress values 
in tension for all materials approved for code use. The ASME 
Subcommittee on Unfired Pressure Vessels has approved for sub- 
mission to the Main Committee a method for obtaining allowable 
stress values in compression for ferrous materials. These values 
are obtained from the charts given in the code for determining 
the thickness of shells and heads under external pressure. The 
wording of the proposed method is as follows, except for the addi- 
tion of paragraph references. 

The maximum allowable compressive stress to be used in the 
design of cylindrical shells, subjected to loadings that produce 
longitudinal compressive stresses in the shell, shall be the smaller 
of the following values: 


1 The maximum allowable tensile-stress value permitted in 
Par UG-23(a). 

2 The value of the factor B determined from the applicable 
chart in Subsection C for determining the required thickness of 
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shells and heads under external pressure, using the following 
definitions for the symbols on the chart (References are to Section 
VIII of the ASME Boiler and Pressure Vessel Code. ): 

t, = minimum required thickness of shell plates, exclusive of 

corrosion allowance, in. 

L, = inside radius of cylindrical shell, in. 

The value of factor B shall be determined from the applicable 
chart of Subsection C in the following manner: 


Step 1. Assume a value of t,. Determine the ratio Z,/100¢,. 

Step 2. Enter the left-hand side of the chart in Subsection C 
for the material under consideration at the value L,/100t, deter- 
mined in Step 1. 

Step 3. Move horizontally to the line marked “sphere line.” 

Step 4. From this intersection move vertically to the material 
line for the design temperature. (For intermediate temperatures, 
interpolations may be made between the material lines on the 
chart.) 

Step 5. From this intersection move horizontally to the right- 
hand side of the chart and read the value of B. This is the maxi- 
mum allowable compressive stress value for the value of ¢, used 
in Step 1. 

Step 6. Compare this value of B with the computed longi- 
tudinal compressive stress in the vessel, using the assumed value 
of t. If the value of B is smaller than the computed stress, a 
greater value of ¢, must be selected and the procedure repeated 
until a value of B is obtained which is greater than the computed 
compressive stress for the loading on the vessel. 


The joint efficiency for butt-welded joints may be taken as 
unity for compressive loading. 


Desian WitH INTERNAL PRESSURE 


The axial stresses set up in the shell may be classified under 
three types: (a) The longitudinal stress produced by the internal 
pressure; (6) the uniform compressive stress produced by the sum 
of the weights assumed to act along the axis of the vessel; (c) the 
bending stress produced by the horizontal loads and by the re- 
sultant weight when eccentric to the axis of the vessel. 

Tests carried on at the University of Illinois (7, 8) indicate that 
a somewhat higher computed stress is required to produce failure 
under combined bending and compression than under compres- 
sion alone. Thus we may safely combine compressive stresses 
due to bending with those due to uniform compression, and design 
the vessel shell as though these stresses were all due to uniform 
compression. 

The tension side of the shell has its highest stress when the ves- 
sel is under pressure. On the compression side, the highest stress 
occurs when the internal pressure is not acting. The stresses set 
up in the shell for these two conditions are 


4We 
4t rD*t 


4M 
aD*t 
4M 
aD*t 


Tension S, = rs 


Compression Ss. = 

The factor W includes all the vertical loads and the factor M 
includes all the moments due to horizontal loads for the loading 
condition under consideration. A value of shell thickness must be 
selected so that these stresses are not greater than the allowable 
stress values, taking into account the applicable joint efficiencies. 


Desicn WitH EXTERNAL PRESSURE 


The code charts for determining the required thickness of shells 
under external pressure have been developed for the condition of 
a uniform pressure on the cylindrical surface and the heads of the 
vessel. The longitudinal compressive stresses set up in the shell 
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by weight and lateral forces have an effect similar to that pro- 
duced by subjecting the heads of the vessel to a higher external 
pressure than that which acts on the shell. The charts can be 
used to give an approximate solution for such a load condition 
by a suitable change in the vertical scale on which the factor B 
is read. The nature of the approximations will be discussed later. 
In practice, it is simpler to leave the scale unchanged and make 
the adjustment in the value of pressure to be used in reading the 
chart. 

In reference (9) Sturm gives a method of dealing with end 
loads on the heads. This method can be used as the basis for the 
design of a vessel under external pressure and subjected to applied 
loads. 

Using Sturm’s Equation [45], the ratio of the collapsing pres- 
sures W, and W,,’ is equal to 


mD? 1.23D* 
8L* L* 


h wR? 
where = = 
m 


and F is given’ as approximately equal to n* — 1, where n is the 
number of lobes into which the shell may buckle. By Sturm’s 
Equation [46], the ratio of the collapsing pressures W, and W,,” 
is equal to 
F 
2P 


2L: 2L* 


+ 


or [2] 


In this equation a = 2P/(W,,’R), where P is the axial compres- 
sion per lineal inch due to the externally applied loads, and 
W.'R/2 may be looked on as the axial compression per lineal inch 
in the shell, if the collapsing value of the external pressure were 
acting on the ends of the vessel. 

Since the ASME Code charts are made up on the basis of the 
collapsing pressure W,,’, the ratio of W,’ to W,” is needed to make 
use of the charts. This is found by dividing Equation [1] by 
Equation [2], whence 


Windenburg and Trilling (10) have developed a chart which 
gives n as a function of t/D and L/D for pressure on the sides and 
ends of the vessel. This chart is reproduced in Fig. 1. A compari- 
son of Sturm’s Figs. 4 and 8 indicates that the values of n for 
different values of t/D and L/D change very little between the 
condition of pressure on the sides only and that of pressure on 
both sides and ends. Thus Fig. 1 should give satisfactory values 
of n for external loading conditions for which a is not much greater 
than one. For large values of a, the shell will buckle in fewer 
lobes than the number given in Fig. 1, or it may even fail by 
plastic flow without the formation of any lobes. For values of a 
greater than one, the vessel should also be checked as a can- 
tilever beam, including the axial stress due to external pressure 
in the computations. 

The relation between W,,’ and W,” given by r” isaratio. Hence 


3 Reference (9), p. 25. 


= 
Ww’ F 
pea 
F + : 
n?— 1 
n?— 1 +m + ma 
—1+m ~ 
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the value of r” can be used 0.020 nem | ] 0.020 
equally well for the relation 
between allowable external CHART FOR 
working pressures. Thus the | 
code charts can be used tode- g gig NUMBER OF LOBES _| | | 
termine the required thickness go09 009 
with external loads and mo- 0.008 +++40.008 
ments b i ivalent- £ 0.007 > .007 
y using an equivalen t 
0.0045 > * 0045 
where W,’ and W,’ are equal 0.0020 0020 
to the values of W,’ and \ 
divided by the factor of 4 0.001847 5050 040 050060 0801.0 15-20 2530 40 5060 80100" 


against collapse. 
The use of Equation [4] in 


Length + Diameter (L/D) 


connection with the code Fig.1 Numser or Lopes n Intro WHICH SHELL Witt WHEN SuBsectep To UNIFORM 


charts implies that the pres- 
sure on the sides of the vessel 
is increased in the same ratio that the applied vertical forces in- 
crease the axial compression in the shell. Since the applied loads 
do not increase the circumferential compression in the shell, the 
use of Equation [4] gives answers that are somewhat on the side 
of safety. The design procedure will be illustrated by an ex- 
ample. 

Example. Given a cylindrical vessel fabricated from SA-285, 
Grade B material, to operate under an external pressure of 15 psi 
(vacuum) at 200 F. The vessel is 10 ft diam and 100 ft high with 
stiffening rings spaced 6 ft apart. The total vertical load is 
200,000 lb and the moment of the external forces at the bottom 
head seam is 2,000,000 ft-lb. What is the required shell thick- 
ness? 

Solution. The maximum compressive load in pounds per lineal 
inch due to weight and moment is 


W 4M 
200,000 __ 8,000,000 x 12 


1207 14,4007 


530 + 2120 = 2650 lb per lineal in. of circumference 


2P 4P P 
W/R W,’'D 15 X 120 


1.47 
Assume ¢t = */,in.; then D/t = 320, t/D = 0.00312, L/D = 
0.6, m = 1.23/0.36 = 3.42, and from Fig. 1,n = 9 


w SLL 3.42 + 3.42 X 1.47 
: 81 — 1 + 3.42 


x 15 = 15.9 psi 


Enter Fig. UCS-28 in the ASME Code for Unfired Pressure 
Vessels, Section VIII, 1952 edition, with L/D = 0.6 and D/t = 
320. Then B = 6300 and W,' = 6300/320 = 19.7 psi. 

Since @ is greater than 1, check the vessel as a cantilever 
beam. The axial stress due to vacuum is equal to 


15 X 120 
ONE TIE 450 Ib per lineal in. 


CoLLAPSING PRESSURE ON SIDES AND ENDs 


This gives a total axial stress of 
450 + 2650 = 3100 lb per in. or 3100/0.375 = 8260 psi 


100 X 0.0375 


Enter Fig. UCS-28 with Z,/100¢, = 1.6 and read B = 10,300. 
Thus the assumed thickness of */; in. is satisfactory. 


L,/100t, = 1.6 


SuMMARY 


External loads applied to vertical pressure vessels produce 
axial loading and bending moments on the vessel. These result 
in axial tensions and compressions in the shell, which must be 
combined with the effects of the pressure loading to give the total 
longitudinal stress acting in the shell. 

The design method to be used depends on whether the longi- 
tudinal stress in the shell is tension or compression, and on 
whether the vessel is subjected to internal or external pressure. 
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Discussion 


M. B. Hiaeains.‘ The author has presented a very satis- 
factory procedure for the design of vertical cylindrical shells that 
may be a portion of a pressure vessel or its supporting skirt. He 
has brought together structural practices, research work, and 
theoretical considerations of the problem. They have been 
combined in a manner that permits the use of the existing pre- 
cepts and charts in the ASME Unfired Pressure Vessel Code for 
such design. This paper should lead to the adoption of suitable 
rules covering the design of vertical cylindrical shells for inclusion 
in the Code. 


W. Samans.’ Does the author have any evidence of failure 
of pressure vessels resulting from earthquakes? Also, is there any 
record of the number of earthquakes in which pressure vessels 
have come through without damage? 


D. J. Berean.’ The writer would like to comment further in 
regard to the author’s statements in connection with the earth- 
quake in 1935. At that time a refinery, in which was installed a 
vessel 8 ft diam xX 86 ft long on a concrete foundation, was 
shaken up pretty badly. Anchor bolts on opposite sides of the 
tower along the principal axis of movement were stretched more 
than 2 in. The vessel was in service but no damage was sus- 
tained by it or by the piping. 

It would be an excellent idea for the author to add a statement 


4 Address: Newfield Ave., RR3, Stamford, Conn. Mem. ASME. 

5 Consulting Engineer, Philadelphia, Pa. Fellow ASME, 

* Chief Engineer, Engineering and Development Department, 
Universal Oil Products Company, Des Plaines, Ill. Mem. ASME. 
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on the effect of vibrations which are set up by winds at given 
speed which will set up vibrations coinciding with the natural 
vibration period of the structure. 


AUTHOR’s CLOSURE 


There is the case in 1952 of a refinery being hit by an earth- 
quake at the epicenter. All the vessels came through without 
damage. There was some stretching of the anchor bolts. Asa 
matter of fact, the rules of the Uniform Building Code of the 
Pacific Coast were confirmed as a result of the earthquakes in 
1952. Structures of all kinds which had been designed under 
the Code rules and where the detailing was done under competent 
engineers came through satisfactorily. Those structures con- 
structed under substandard methods did not come through the 
earthquake. The author examined a water tank which had been 
raised from its original height. 'The tank was mounted on six con- 
crete columns. In doubling the height of the columns, the anchor 
bolts were the only reinforcement provided between the old and 
the new concrete. That tank was a total loss. Structures that 
were designed under Code rules came through in good shape. 
One must expect some cracks in plaster construction but other 
buildings did not do as well. 

We have given some study to stack vibration. It takes place 
at the natural period of the stack and we have reason to believe 
that there is a relation between the diameter and the height of 
the stack, the height being related to the period more or less. 
If the stack is higher or lower than given by this relation, severe 
vibration does not occur. We have only one example where 
a vibration was set up in a stack at ground level. This stack was 
set on a concrete foundation. The anchor bolts were not pulled 


up tight enough. After further tightening, the vibration stopped. 


€ 
» 
‘ 


| 

a 
| 
ae 

: 


Hydrazine for Boiler-Feedwater Treatment 


By R. C. HARSHMAN' ann E. R. WOODWARD? 


The physical and chemical properties of hydrazine are 
discussed, particularly, as they relate to its use for scaveng- 
ing dissolved oxygen in boiler feedwater. The amount of 
hydrazine to use, the methods of application, and the 
methods of control of dosage are described. The results of 
use of hydrazine for boiler-feedwater treatment in several 
central power stations are summarized. 


INTRODUCTION 


OW that hydrazine is being manufactured in substantial 
N quantities in the United States, and is readily available 
for industrial purposes, great interest is being shown in 

its many potential uses. 

One of these uses, which is of particular value to the power- 
generating industry, is the application of its action as a reducing 
agent for the removal of dissolved oxygen from boiler feedwater. 

Since commercial production of hydrazine in the United States 
is comparatively new, it may be of interest to consider briefly 
what hydrazine is and what are the particular properties which 
make it useful for boiler-feedwater treatment. 


PROPERTIES OF HYDRAZINE 


Pure hydrazine is a clear, water-white liquid with a density 
and viscosity very near to that of water. It is hygroscopic, 


freezes at about 2 C, and boils at 113.5 C at 760mm. _ It is com- 
pletely miscible with water, the lower alcohols, and insoluble in 


saturated hydrocarbons. 

Hydrazine is more commonly known in the form of its water 
solutions. One of these, which is available commercially, is the 
64 per cent aqueous solution, sometimes called hydrazine hydrate 
or 100 per cent hydrate, since its composition corresponds to the 
formula N:H,-H,O. Other concentrations are available for 
specific uses. 

Several of the properties of hydrazine are of interest in eonnec- 
tion with its use in boiler feedwater. Hydrazine is a strong 
reducing agent, reacting readily with oxygen. It is commercially 
available already in solution and is completely miscible with 
water. 

Of particular value in boiler-feedwater treatment is the fact 
that hydrazine is a more effective reducing agent in alkaline 
solutions, being most effective in the range of preferred boiler 
operation. This property is illustrated by the data of Gordon 
(1),? which are presented graphically in Fig. 1. 

The data presented in Fig. 1 are for oxidation of dilute solutions 
of hydrazine with hydrogen peroxide. Gilbert (2) studied the 
oxidation with oxygen and found a similar effect. 

These data indicate a greatly increased reaction rate for a pH 
range of 8.5 to 11.5 with a maximum at about pH = 10. Hydra- 


1 Research Division, Olin Mathieson Chemical Corporation, 
Niagara Falls, N. Y. 

2 Market Development Department, Olin Mathieson Chemical Cor- 
poration, Baltimore, Md. 

3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Joint Research Committee on Boiler Feedwater 
Studies and presented at the Annual Meeting, New York, N. Y., 
November 28—December 3, 1954, of Tae .AmericaN Society or 
MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
August 11, 1954. Paper No. 54—A-124. 


zine itself is alkaline, a 1 per cent aqueous solution having a pH 
of 9.9. 
Of particular interest is the fact that hydrazine itself and its 


7 


uw 


Nn 


REACTION RATE, cc. NPT /MINUTE 


fe) 


pH 


Fic. 1 Errecr or pH on Oxrpation Rate or HypRraziIne 
decomposition and reaction products do not contribute to the 
total solids content of the boiler or give acidic reactions. Two 
reactions of hydrazine involved in boiler use are 


N.H, + O, — 2H,0 + N; 
3N.H, ~ 4NH; + Nz 


Under conditions existing in boilers, reaction [1] predomi- 
nates. If the concentration of hydrazine is considerably in ex- 
cess of that required to react with the dissolved oxygen, then 
the decomposition reaction [2] can be expected to occur. This 
decomposition reaction is catalyzed by oxides such as could be 
expected to be present in a boiler which had not been treated 
previously with hydrazine. 

Another reaction of hydrazine which is of interest, particu- 
larly when starting hydrazine treatment, is its reaction with 
metal oxides. These reactions can be represented by the follow- 
ing equation 

6Fe,0; + Nz + 2H,O + 4Fe,O,....... . [3] 


This and similar reactions consume hydrazine at the time of 
starting treatment of a boiler, requiring an initial dosage greater 
than that necessary after the boiler is conditioned. 


DissoLvep OxYGEN 


Since the chief function of hydrazine in this connection is the 
removal of dissolved oxygen from the feedwater and the boiler 
water, as a means of reducing tube failures caused by corrosion, 
let us consider the problem of dissolved oxygen. 

Some of the leading operators of large thermal power plants 
in the electric-utilities field have contended, until quite recently, 
that the mechanical deaeration of boiler feedwater is now so per- 
fect that additional chemical deaeration is completely unneces- 
sary. Mechanical deaerators are sold with a guarantee that 
they will reduce the dissolved oxygen content of boiler feedwater 
to 0.005 ppm. This figure of 0.005 ppm is about the lower limit 
of presently available chemical oxygen tests such as ASTM 
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D-888-49T, the modified Schwartz-Gurney method, and the 
United States Navy method. 

However, as explained by Grabowski (3), those low values of 
oxygen content do not prevail continuously. Under certain 
operating conditions, appreciably larger quantities of oxygen are 
found to be present in steam-generating systems. The following 
is quoted from Mr. Grabowski’s paper: ‘Oxygen is commonly 
introduced into the feedwater cycle in systems employing de- 
aerating heaters or deaerating condensers during starting, opera- 
tion at low load, faulty evaporator operation with feedwater 
heaters improperly vented, or where air leakage into the turbine 
seals is excessive.” 

Mr. Grabowski proceeds to give several examples of actual 
operating incidents which resulted in the introduction of oxygen 
into deaerated feedwater. This description is emphasized by a 
series of curves which show oxygen increase under the various 
conditions mentioned. Starting at an average minimum of 
0.005 ppm O, at the deaerator outlet, some examples of maximum 
oxygen content in other parts of the system are as follows 


0.19 ppm Oy, at boiler feed pump 
0.25 ppm O; at transfer pump 
0.50 ppm QO, at boiler feed pump during boiler banking 


It is evident, therefore, that these are the values of dissolved 
oxygen we must be prepared to remove from boiler water, rather 
than the minimum 0.005 ppm OQ, at the effluent of the deaerator. 


How Mucu Hyprazine? 


For the complete oxidation of hydrazine by oxygen, 32 lb of 
hydrazine react with 32 lb of oxygen to give 36 lb of water and 
28 lb of nitrogen. From this it is seen that, in theory, 1 lb of 
hydrazine is required to remove 1 lb of dissolved oxygen. This 
fact can be used as a basis for determining how much hydrazine 
should be added to boiler feedwater for oxygen removal. Prac- 
tical experience indicates that, upon initiating hydrazine treat- 
ment, the amount added should not exceed three times the equiva- 
lent oxygen content of the deaerated feedwater. After a hydrazine 
residual has been established in the boiler water, the initial feed 
rate usually can be reduced without losing the protection of the 
desirable hydrazine residual in the boiler. According to Fiss 
(4), cleanliness of the boiler has a direct effect on the rapidity 
with which the initial hydrazine residual is established. 

Fiss (4) further reports that the usual procedure is to establish, 
for a particular boiler, the residual value at which an appreciable 
increase in condensate conductivity occurs and then to maintain 
a residual slightly lower than this value. The maximum desira- 
ble residual varies from boiler to boiler, ranging from 0.05 to 
0.25 ppm N2H,, with a typical value of 0.10 ppm. Corresponding 
hydrazine-addition rates range from 0.005 to 0.03 ppm N2H, in 
the boiler feedwater. 


How Is Iv Appiiep? 


Hydrazine for boiler-feedwater treatment is used conveniently 
in the form of its aqueous solutions. These are water-white 
alkaline solutions, which, in concentrations below 40 per cent 
N-H,, have no flash point. Fig. 2 shows a simple method of 
application using a small chemical proportioning pump to inject 
dilute hydrazine hydrate into the feedwater line against back 
pressure. Where the injection is made at reduced pressure, as for 
example into the suction side of a primary feedwater pump or into 
the discharge of a primary condensate pump, it is possible to use 
a rotameter with a small constant-level tank on the intake side, 
and a hand-control needle valve on the outlet side of the rotame- 
ter. This equipment, although less expensive than the pro- 
portioning pump, does not offer such positive control. One 
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leading electric-utility company combines the two methods, 
using rotameters for measuring exact hydrazine feed rates and 
proportioning pumps for uniform injection of dilute hydrazine 
solution continuously into the feedwater line. 

In applying hydrazine to the feedwater system in industrial 
boiler plants, we have found it entirely practical in replacing 
sodium sulphite with hydrazine, to use existing equipment, such 
as the chemical supply tank and the chemical proportioning 
pump. This simplifies the change-over to the substitution of one 
chemical for the other and the adjustment of the feed rate to 
handle the reduced quantities of hydrazine required. 


ConTROL oF HypRAzINE DosaGE 


Control of hydrazine dosage is important for two reasons: 

(a) It is necessary to add enough hydrazine to remove dis- 
solved oxygen from the deaerated feedwater, and to maintain a 
desirable level of hydrazine residual in the boiler water. 

(b) It is important to avoid too large an excess of hydrazine 
which, under some circumstances of incomplete oxidation, can be 
converted to ammonia. 

As already mentioned, practical experience has shown that in the 
initial stages of hydrazine injection, dosages up to three times the 
equivalent of the dissolved oxygen (0.09 ppm N:H,) did not form 
any ammonia in the system but, when hydrazine dosage of the 
order of eight times the equivalent of the dissolved oxygen was 
added (0.24 ppm N-;H,), ammonia was formed. 

Conductivity of the condensate can be useful as an indirect 
control on hydrazine dosage. Mr. Fiss reports that, when in one 
particular instance excessive amounts of hydrazine were purposely 
introduced into the boiler feedwater, no measurable increase was 
observed in iron and copper pickup in the feedwater cycle, but 
there was a marked increase in condensate conductivity. How- 
ever, reduction of the hydrazine feed rate restored condensate 
conductivity to its normal value. 

In one of our own plants, after substituting hydrazine hydrate 
for sodium sulphite in boilers operating at 650 psig, producing a 
large amount of process steam, we observed a substantial reduc- 
tion of condensate conductivity from 6.5 micromhos to 2.4 mi- 
cromhos while at the same time there was a slight increase in pH. 
The decrease in conductivity and the accompanying increase in 
pH value have been attributed to elimination of traces of SO. 
from the system. It has been established (5) that sodium sul- 
phite can decompose to produce SO, which ultimately dissolves 
in the condensate and forms sulphurous acid. 

Precise control of the dosage of hydrazine, of course, requires 
methods of analysis capable of determining small amounts of 
hydrazine. Two general methods are available. The first of these 
is the direct iodate titration as described by Audrieth and Ogg (6) 
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and Clark (7). For analysis of the feed solutions normally em- 
ployed, this method can be used as described. For analysis of 
feedwater or boiler samples containing 0.01 ppm or more, this 
method can be used provided more dilute standard solutions are 
used, a microburette is employed to measure the volume of rea- 
gent, and the equivalence point is determined potentiometrically. 

For analysis of samples containing smaller amounts of hydra- 
zine another method is available. This is a modification of the 
spectrophotometric method described by Watt and Chrisp (8). 
This method is specific for hydrazine, since it depends on the reac- 
tion of p-dimethy] amino benzaldehyde with hydrazine to form an 
azine. The azine structure can be formed only by reaction with 
hydrazine. 

The typical calibration curve presented in Fig. 3 illustrates the 
use of this method for very small amounts of hydrazine. Our re- 
sults have indicated that this method can be used to determine 
0.004 ppm of hydrazine with an accuracy of +0.001 ppm. Sodium 
carbonate and sodium phosphate do not interfere under the condi- 
tions of the test. The use of other treatment chemicals requires 
the preparation of a calibration curve made with the treatment 
chemicals present. 
used in boiler-water treatment should not interfere with the hy- 
drozine determination. 
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Studies of an instrumental method for measuring low concen- 
trations of hydrazine are currently in progress. These tests have 
shown encouraging resulis to date and it is hoped that they will 
lead to the eventual development of a satisfactory instrument for 
continuous recording of hydrazine residuals in boiler water. 


HANDLING PRECAUTIONS 


Aqueous solutions of hydrazine are water-white alkaline liq- 
uids. Although high concentrations can be ignited, solutions con- 
taining 40 per cent N:H, or less have no flash point. The flash 
point of a 54.4 per cent aqueous solution is 190 C. 

The material is toxic and hence direct contact with the skin 
and inhalation of vapors should be avoided. Some individ- 
uals develop dermatitis upon prolonged contact with small 
amounts of hydrazine. For this reason, direct contact of any 
strength hydrazine solution with the skin should be avoided. 
In general, if sufficient ventilation is provided to prevent a 
noticeable odor of hydrazine, no vapor exposure effects will be 
noticed. We have successfully handled large quantities of hy- 
drazine for many years and the simple precautions indicated have 
prevented any serious toxic effects. 


If this is done, other chemicals commonly * 


SumMaRyY oF RESULTS 


Several central power stations in the United States are suc- 
cessfully using hydrazine as an oxygen scavenger in boiler-feed- 
water treatment for boilers operating from 450 to 2500 psig drum 
pressure. Others are preparing to do so in the near future. 

The use of hydrazine in central power stations has confirmed 
the fact that it can reduce the corrosion caused by dissolved oxy- 
gen without undesirable effects on boiler operation. The mainte- 
nance of a hydrazine residual in the water protects the boiler 
against occasional increases in dissolved oxygen content which 
occur with variations in operating conditions. Hydrazine does 
not interfere with the normal control of pH of the boiler water, 
and it does not contribute to the total solids content of the 
water. It has been found to be easy to apply, and satisfactory 
methods have been developed for control of the dosage required. 

A start has been made in the use of hydrazine in industrial- 
plant boilers in the United States, and early results indicate ad- 
vantages which, upon further confirmation, will increase its use 
in this field. 
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Discussion 


R. C. Apams.‘ The writer will deal with the physiological 
aspects of the use of hydrazine, a matter upon which both 
makers and users of the material need to be much better-informed. 
Neither the commercial interests of the producers nor the well- 
being of the consumers of hydrazine will be served by minimizing 
its damaging physiological effects. Toxicity alone does not pre- 
vent the industrial use of chemicals. Suitable precautions can 
be observed to permit utilization of their other desirable proper- 
ties. But if users are lulled into a false security, serious revulsion 
to hydrazine and its makers would be the normal reaction upon 
the unforeseen occurrence of injury to personnel. 

Hydrazine is not “somewhat toxic,” as stated by the authors; 
it is extremely toxic. It has a maximum allowable concentration 

4 Superintendent, Chemical Engineering Laboratory, U. 8S. Naval 
Engineering Experiment Station, Annapolis, Md. 

Note: The opinions expressed are those of the discusser and are not 
necessarily those of the Engineering Experiment Station or of the 
Navy Department. 
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in the atmosphere of the order of 1 to5 ppm. This can be com- 
pared with the industrial hygienists’ rating of benzene, whose 
systemic and cumulative toxic properties are well known, which 
has an MAC of 35 ppm. Brief, single exposure to atmospheric 
concentrations above 100 ppm of hydrazine is highly dangerous. 
It is hazardous by inhalation, by ingestion, or by skin contact 
and can affect lungs, heart, blood, liver, or kidneys. Individual 
susceptibilities vary widely, as do the site and severity of damage 
after exposure, and there is no specific remedy or antidote for 
hydrazine poisoning. 

Unfortunately, precise information on toxicity and therapy 
is not available. This is due in part to the relatively short time 
commercial quantities of hydrazine have been available and to 
the inaccuracy of extrapolation to humans from experiments on 
such small animals as mice and dogs. It also is suspected that in- 
formation of value is withheld behind curtains of military security 
or commercial confidence; at least we have heard fragmentary 
accounts of hydrazine-using activities brought to a halt by mass 
incapacitation of personnel. We have had one case of derma- 
titis, the history of which pointed belatedly at hydrazine as the 
cause. Undoubtedly, the affected individual became sensitized, 
although in two years of intermittent laboratory experiments 
with hydrazine solutions he could recall only one occasion on 
which he had strong hydrazine solution in contact with his skin. 
After all lesions had healed and he seemed completely cured, 
the flow of cold feedwater containing less than 1 ppm of hydrazine 
raised blisters and inflamed the whole back of his hand. 

Having seen such a frightening eruption by this subtle poison, 
we have instituted precautions which are commended to other 
users of hydrazine. We begin by restricting all handling of, 
and exposure to, hydrazine to a minimum number of designated 
individuals. These individuals are given thorough physical ex- 
aminations semiannually, the examinations being especially 
detailed in establishing the existing condition and functioning 
of lungs, blood, liver, and kidneys. Any deterioration in these 
respects shown by subsequent examination is the signal for remov- 
ing the individual from all exposure to hydrazine. 

We have arbitrarily defined three concentration ranges with 
corresponding handling precautions, increasing with concentra- 
tion. At all levels, whether the presence of hydrazine is known 
or only suspected, we require the use of rubber gloves and a face 
mask or goggles. At concentrations above 1 per cent, a protec- 
tive apron and either rubber or well-polished-leather shoes are 
added. Above 50 per cent, full protective clothing and gas 
mask are required. If operation in enclosed spaces is involved, 
an attendant for the operator and use of an air-line respirator are 
prescribed. Standing instructions cover handling, storage, 
ventilation, allowable quantities, temperature limits, and what 
to do in case of spills. 

These precautions may be extreme and may be relaxed as we 
learn more. In our present state of half-knowledge, however, 
it seems prudent to err on the side of care rather than that of 
laxity. It also is believed that the marketers would be well 
advised to warn and instruct their customers, rather than to 
disparage the hazards and then greet with sympathy and aston- 
ishment the inevitable cases of personal injury which will result 
from careless handling. 


M. D. Baxer.' Some of the experiences with hydrazine at 
Springdale Station substantiate the statements made in the 


paper. Other experiences give rise to a desire for greater detail 
of the information presented. 

Hydrazine does not appear to react rapidly with oxygen 
unless certain set conditions are made. The curve in Fig. 1 


* West Penn Power Company, Springdale, Pa. 
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shows the reaction of hydrazine with hydrogen peroxide. Is 
there available a similar curve for the reaction of hydrazine with 
dissolved oxygen in water? Also what is the effect of tempera- 
tures on the rate of reaction? 

Considering the varying loads of dissolved oxygen in boiler 
feedwater during load swings and start-ups the maintenance of 
approximately three times the demand of hydrazine for the 
oxygen present is very difficult. Has any practical method been 
devised for this type of control? 

At Springdale it has been found very difficult to maintain more 
than 0.05 ppm of hydrazine in the boiler water without excessive 
ammonia formation. The paper mentions that for pressures 
corresponding to those at Springdale the amount of hydrazine in 
the boiler water can be maintained between 0.05 and 0.25 ppm. 
Is there any explanation for this difference? 

At Springdale Station hydrazine is admitted with the other 
boiler-water-conditioning chemicals continuously for 24 hr 
each day. The mixing of all chemicals has been found to be 
satisfactory and to date there has been no indication of any side 
reactions that would change this practice. 

It is stated that when hydrazine replaced sodium sulphite for 
treatment in a 650-psig boiler the conductivity of the condensate 
dropped from 6.5 to 2.4 micromhos and the pH value increased. 
This is the reverse of what is usually experienced. Was there 
a considerable drop in the boiler-water concentration which 
produced less carryover in the steam? 

Our experience with the direct iodate-titration method for 
the analysis of hydrazine showed that reliable results could 
not be expected with concentrations of less than 0.01 ppm of 
hydrazine. This method also includes in the analysis any other 
reducing material in the solution. The paper states the method 
is accurate to 0.001. Can this be a typographical error in the 
paper? 

The paper is interesting. Any information regarding the use of 
hydrazine for the removal of oxygen from boiler-feedwater supplies 
is of great value at the present time. 


V. B. Burcess.* This is a very timely paper since hydrazine 
is being used by an ever increasing number of central power sta- 
tions as an oxygen scavenger. The authors are to be compli- 
mented for giving a very concise paper on the up to the moment 
handling and control of hydrazine as it is used for the removal of 
dissolved oxygen from boiler feedwater. 

We at the Philadelphia Electric Company have been using 
hydrazine as an oxygen scavenger in boiler feedwater since 
June, 1954. Hydrazine of 54.4 per cent is diluted in a mixing 
tank with cool condensate and then pumped to the condensate- 
pump discharge. The treated feedwater goes to two 900,000- 
lb per hr boilers operating at 1800 psi pressure with 1000 F 
superheat and 1000 F reheat superheat. 

At the end of two weeks, the feed of hydrazine required to main- 
tain a residual in the boiler water was one half of that required 
at the start of the hydrazine feed. The hydrazine at the present 
time is about one quarter that required at the start up. The 
hydrazine is maintained at about 0.1 ppm in the boiler water. 

Ammonia has been observed on two separate occasions in 
which an excess of hydrazine was fed to the boiler. These two 
occasions were in the first two weeks of hydrazine use. 

Since using hydrazine in the plant, it has been noted that the 
pH of the saturated steam has increased. The present pH is 
8.8. There is also an increase of conductivity in the saturated 
steam and condensate. Under normal conditions the increase 
of conductivity can be used as a guide for maintaining a hydra- 
zine residual. 


* Philadelphia Electric Company, Philadelphia, Pa. 


= 
qe 
‘* 
Ll 
tas Shee 
the 
fat 
Lhe 
= 
4 
4 
#5 


HARSHMAN, WOODWARD—HYDRAZINE FOR BOILER-FEEDWATER TREATMENT 


Up to the present time, we have been very pleased with the use 
of hydrazine with respect to control and maintenance of a re- 
sidual in the boiler water. However, time is too short in our 
particular instance to observe if the equipment is being fully 
protected from oxygen attack. 

Can hydrazine and a neutralizing amine such as morpholine 
both be used at the same time and still have the effectiveness of 
each? 


AutTuors’ CLOSURE 


Our bulletin “Hydrazine Solutions—Storage and Safe Han- 
dling,” which is available to all who are interested, outlines the 
handling procedures developed as a result of our experience in 
handling hydrazine. Although the complete toxicological effects 
of hydrazine are not known, the handling precautions developed 
and outlined in this bulletin have been adequate to permit the 
manufacture and use of hydrazine over a period of many years 
svithout serious toxic effects. The only effects we have observed 
have been cases of dermatitis and cases of eye effects, all of which 
have recovered completely with no eye damage, as attested by 
competent medical opinion. In each case where these effects 
were observed, a clear-cut violation of safe handling procedures 
was involved. Data on other toxic effects is not available since 
in our handling experience we have not had any instances of toxic 
effects other than those just indicated. 

In response to Mr. M. D. Baker’s question, we would reply 
that some data on the reaction of dissolved oxygen with hydrazine 
is available, especially that given in Bibliography (2). This 
data is not as complete, however, as that for hydrogen peroxide 
but does show a similar trend. The available data is deficient 
primarily in that it does not take sufficient account of the effect 
of catalysis. The reaction appears to be greatly accelerated by a 
variety of catalytic surfaces. 
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The data’ presented by Mr. Leicester at the Annual Meeting, 
New York, N. Y., November 28-December 3, 1954, of The 
American Society of Mechanical Engineers, should answer Mr. 
Baker’s question regarding the effect of temperature on the re- 
action rate as well as giving additional information on the effect 
of catalysis. 

The fact that, in some boilers, a much higher residual hydrazine 
content can be maintained than in others without excessive am- 
monia formation is undoubtedly due to the catalytic effects of 
the metal and metal-oxide surfaces in the boilers. 

In the example cited in which the conductivity dropped and 
the pH increased when hydrazine was substituted for sodium 
sulphite, this was attributed to two actions. There was a con- 
siderable drop in the total solids content of the water which pro- 
duced less carry-over. When sodium sulphite was used in this 
boiler, there was apparently considerable decomposition of the 
sulphite, producing acid gases which carried over into the steam. 
These acid gases were, of course, eliminated by the switch to 
hydrazine. 

The statement in the original paper that the direct iodate- 
titration method for hydrazine could be used down to 0.001 
ppm was indeed a typographical error. The correct limit is, as 
Mr. Baker assumed, 0.01 ppm. This error has been corrected 
in the paper for the present publication. 

In answer to Mr. Burgess’ question on the use of hydrazine 
with morpholine, we would reply that, as far as we know, hydra- 
zine can successfully be used with any chemical used for pH 
control of boiler water. Hydrazine will itself produce an alkaline 
reaction and this should be borne in mind in selecting and con- 
trolling dosage. 

7 “The Chemical Deaeration of Boiler Water—the Use of Hy- 


drazine Compounds,” by Jack Leicester, ASME Paper No. 54—A- 
123. 
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Suppression of Burner Oscillations 
by Acoustical Dampers 


By A. A. PUTNAM! anp W. R. DENNIS,? COLUMBUS, OHIO 


Tests on the suppression of burner oscillations are 
described. The work was not all inclusive but did pro- 
duce several positive conclusions which may help in quiet- 
ing particular combustion installations, or may be of 
help in preventing waste of effort in trying ineffective 
methods. The effectiveness of a quarter-wave tube was 
found to be critically dependent on length, but relatively 
insensitive to location, as long as the tube is placed in the 
region of the pressure antinode. Similarly, the effective- 
ness of a Helmholtz resonator depended critically on vol- 
ume for a particular neck, but is quite insensitive to loca- 
tion. In neither case did the suppressor have to be placed 
near the particular antinode where energy was fed into 
the oscillation. The degree of suppression obtained was 
approximately proportional to the cross-sectional area 
of the tube; the same conclusion appears to be warranted 
with regard to the cross-sectional area of the throat of a 
Helmholtz resonator. Almost complete suppression was 
obtained with holes drilled in the side of the tube and 
placed within 10 per cent of a wave length from a pressure 
antinode. It was found that the diameter of the hole 
need not be greater than about 1/10 to 1/15 of the diameter 
of the combustion chamber, but should be greater than 
the wall thickness for best suppression. 


INTRODUCTION 


OMBUSTION systems often generate acoustical oscilla- 
tions; these oscillations not only may be annoying, but at 
times may become so violent as to damage or destroy the 

equipment. It is difficult, if not impossible, to design a com- 
bustion system in such a way that no oscillation can occur. 
Among the reasons for this may be listed: (1) Oscillations can 
be caused by many different combinations of conditions; (2) 
the exact mechanisms of driving are not known for many of the 
types of oscillations that can occur; (3) resolving a combustion 
system into components to make it mathematically tractable is 
difficult; (4) in the mathematical analysis, the values of certain 
terms, such as damping terms, are not known or easily obtained. 
The usual practice is to eliminate oscillations by trial-and-error 
methods. 

This paper summarizes the results of various experiments with 
acoustic dampers on burners. Since suppression was incidental 
to fundamental studies of burner oscillations, the work discussed 
does not represent an exhaustive test program. 


1 Assistant Supervisor, Combustion and Applied Physics Division, 
Battelle Memorial Institute. Mem. ASME. 

2? Combustion and Applied Physics Division, Battelle Memorial 
Institute. 

Contributed by the Fuels Division and presented at a joint session 
with the Gas Turbine Power Division at the Annual Meeting, New 
York, N. Y., November 28—December 3, 1954, of Tae AMERICAN 
Society or MecHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
September 7, 1954. Paper No. 54—A-174. 


APPARATUS 


Four types of acoustic dampers were tested: (1) Quarter-wave 
tubes, referred to as damping tubes, (2) Helmholtz resonators, 
(3) orifices, and (4) exit shields. These dampers were used on 
three types of combustion systems, including a commercial air- 
craft heater. The two noncommercial combustion systems 
were laboratory-scale units used concurrently for fundamental 
oscillation studies. These two systems have been termed the 
combustion tube and the multiple-port burner. 

Combustion Tube. Fig. l(a) is a schematic diagram of the 
combustion tube just mentioned. The upstream end was con- 
nected to a large plenum chamber not shown in the figure, which 
supplied a pressurized, combustible mixture of natural gas and 
20 per cent excess air at a velocity of about 18 fps. The flame 
burned from a !/,-in. disk flameholder suspended in the center 
of the 7/;-in-diam tube. The flame was close to the pressure 
antinode of the second-mode oscillation, as shown in Fig. I(c), 
so that an intense oscillation was produced. The corrections 
applied to the measured length of tube were (a) the end cor- 
rections, which were made using classical coefficients,* and (6) 
a reduction in length of the downstream portion of the tube to 
compensate for the higher temperature. For the corrected tube 
length, the sound velocity can be considered constant throughout 
the tube. 

Figs. 1(a) and (c) also show the location of a series of taps to 
which quarter-wave tubes were attached. These taps had an 
inside diameter of about '/, in. unless otherwise indicated. 

Multiple-Port Burner. Fig. 2 shows the multiple-port burner 
used in the damping tests. The burner consists of a mixing 
chamber of variable length, a burner nozzle containing 29 ports of 
0.04 in. diam, and a combustion tube. A stoichiometric mix- 
ture of hydrogen and air was used, with a velocity of about 34 fps 
through the burner ports. For the tests to be discussed, the 
length of the mixing chamber was 6 in. and the length of the com- 
bustion tube was 4 in. 

Also indicated in Fig. 2 by dashed lines are two quarter- 
wave tubes of variable length attached to the burner. The 
two tubes shown were not used concurrently. A Helmholtz 
resonator also was used on the mixing chamber. 

Aircraft Heater. Fig. 3 is a schematic diagram of the aircraft 
heater used in the damping tests with a Helmholtz resonator 
attached. Gasoline enters the combustion chamber through a 
3-gph Monarch nozzle. Air is introduced at a 1-in-ID opening 
just ahead of the nozzle. The direction of air flow is tangential 
to the cylindrical combustion chamber and at right angles to the 
fuel flow, thus producing a cyclonic flame. A spark plug is used 
for ignition; at operating temperatures the flame is self-main- 
taining. 

A variable-length damping tube used in these tests also is 
shown. In the tests the tube and the resonator were not used 
simultaneously. 

Sound-Measuring Equipment. Two sound-measuring systems 
were used in the tests to be discussed. The first, used mainly 


3‘*Vibration and Sound,”’ by P. M. Morse, McGraw-Hill Book 
Company, Inc., New York, N. Y., second edition, 1948, pp. 235, 247. 
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for the tests with the combustion tube and with the multiple- 
port burner, consisted of an omnidirectional crystal microphone 
connected to a General Radio sound-level meter and sound an- 
alyzer. The analyzer gives both the frequency and amplitude 
of the various components of the sound spectrum. The sound- 
level meter gives the over-all sound intensity. 

The second system, used chiefly for the aircraft-heater tests, 
consisted of an Altec condenser microphone connected to a 
panoramic sonic analyzer. This instrument traces relative in- 
tensity as a function of frequency on an oscilloscope screen. 


INVESTIGATION OF THE DAMPING TUBE 


It has been reported in the literature‘ that oscillations of the 
organ-pipe type generated in a gas-fired heating furnace can be 
eliminated effectively by the attachment of a quarter-wave tube. 
The mechanism by which the tube suppresses oscillations may be 
postulated as follows: A pressure pulse fed into the quarter- 
wave tube is reflected back from the end of the tube to the main 
chamber a half-cycle later. At this time, the oscillating chamber 

‘A Study of Fundamentals of Resonant Noise in Gas Furnaces,” 


American Gas Association Testing Laboratories, Research Bulletin 
No. 25, May, 1944, pp. 25-27. 
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pressure is in opposite phase to the reflected pulse, so that a 
rarefaction now exists at the tube entrance. When the reflected 
pressure pulse meets the rarefaction, attenuation of the oscillating 
component of the chamber pressure is obtained. 

Since the data of the literature were not extensive, quarter- 
wave tubes were attached to the combustion tube in order to 
investigate the change in effectiveness of the damping tube with 
changes in its length, diameter, and location. Quarter-wave 
tubes also were tested on the other combustion systems pre- 
viously described, but less extensively. 

Fig. 4 shows the observed reduction, in decibels, of the in- 
tensity of the second-mode oscillation as a function of length of 
damping tube and of tap position. All four tap positions used 
were in the middle half of the pressure loop, as shown by Fig. 
l(c). In so far as the tap position is concerned, no consistent 
order is seen in the data. Therefore it was concluded that the 
position of the damping tube, as long as it is near the pressure 
antinode, is not critical. Inspection of Fig. 4 also shows that 
(a) the quarter-wave tube had an optimum length of about 
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3'/2 in.; (6b) there was no length of damping tube for which the 
amplitude of oscillation was increased; and (c) a three-quarter- 
wave tube was nearly as effective as a quarter-wave tube. 
Finally, these tests show that the quarter-wave tube need not be 
placed at the particular pressure antinode where oscillating 
energy is being added by the flame. 

Fig. 5 shows the results of a series of tests in which three dif- 
ferent diameters of damping tubes were used. As the diameter 
was increased, the intensity was reduced markedly. The opti- 
mum length of 31/2 in. was unchanged. 

Fig. 6 is a plot of the reduction in sound intensity as a function 
of the ratio of the cross-sectional area of the quarter-wave tube 
to the cross-sectional area of the combustion tube. The three 
data points correspond to the three points shown in Fig. 5 for the 
damping tube 3.5 in. long. Over the range of diameters tested, 
which gave a maximum ratio of slightly less than 0.2, the reduc- 
tion appears to be linear. 

Fig. 7 shows the results of a series of tests, in which */;-in- 
diam damping tubes of various lengths were used at three differ- 
ent tap positions near the pressure node. It is seen from the 
figure that the damping tubes are only slightly less effective at 
tap 6 than at tap 3. This agrees with the results previously pre- 
sented in Fig. 4. From tap 6, which is '/;. wave length from the 
pressure node, to tap 5, which is about '/x. wave length from 
the node, the effectiveness of the damping tube appears to re- 
duce about linearly with distance, so that at tap 5 the tube is only 
about !/; as effective as at tap 6. 

It should be noted that the curve for tap 3 in Fig. 7 would be 
expected to correspond to the curve for the */s-in-diam tube in 
Fig. 5, since both sets of data were taken at tap 3. However, 
it was found that absolute values of amplitude depended to a 
large extent on uncontrolled changes in test parameters, such as 
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day-to-day variations in natural-gas composition. Therefore 
all the data for the curves presented in Fig. 7 were obtained by 
running a complete series of tests during a short period of time; 
no attempt was made to compare data recorded on different days. 

Multiple-Port Burner. Fig. 8 shows the reduction of sound 
intensity with length of a damping tube attached to the mixing 
chamber of the multiple-port burner, Fig. 2. The tube was 
near the pressure antinode of the standing pressure wave in the 
mixing chamber. For these tests, the over-all sound intensity 
was recorded; the sound level during intense oscillation, or zero 
reduction, was about 90 decibels (db). At the optimum length 
for the damping tube, the intensity dropped to 60 db. The ob- 
served optimum length of 3'/, in. agrees closely with the theo- 
retical length of 3.1 in. computed from the observed frequency. 

Damping-tube tests also were made on the multiple-port burner 
using different mixing-chamber lengths and combustion-tube 
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lengths, with the damping tube again attached to the mixing 
chamber. The test results were similar to those just discussed 
and will not be presented. 

Fig. 9 shows the effect of damping tubes of various lengths at- 
tached to the combustion tube, Fig.2. The observed optimum 
length is not well defined because of the wide spacing of the test 
data; otherwise the data are similar to those of Fig. 8. Within 
the accuracy possible with the widely spread data, the computed 
optimum length, obtained using the observed frequency and the 
velocity of sound in the combustion-chamber gases at the tem- 
perature of the cool damping tube, agrees with the observed 
optimum length. 

Aircraft Heater. To study the effect of a damping tube on a 
commercial combustion system, the burner, shown in Fig. 3, was 
used. A 1'/,-in-diam damping tube of variable length was in- 
serted within the combustion chamber from the open end, as 
shown by the dotted lines. 

The major observed frequency of this heater was 320 cps, al- 
though the third and fifth harmonics also were present. At a 
piston position 18 in. from the open end, the oscillation was 
damped effectively. From the frequency and the optimum 
length of 18 in., the average velocity of sound in the damping 
tube was computed. Using this velocity, the average tempera- 
ture of the gases in the damping tube was calculated to be 1100 F. 
Since this appeared to be reasonable, it was concluded that the 
18-in-long damping tube cancelled the oscillations by the mecha- 
nism postulated for quarter-wave tubes. 


Tue HELMHOLTz RESONATOR 


A study of the effectiveness of a Helmholtz resonator as an 
acoustic damper constituted another phase in the investigation. 
The mechanism by which damping is accomplished is the same as 
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that for the damping tube. Helmholtz resonators were attached 
to the multiple-port burner and to the aircraft heater. 

Multiple-Port Burner. Fig. 10 shows a Helmholtz resonator 
attached to the mixing chamber of the multiple-port burner. 
The resonator was placed 1/; in. below the burner ports. Fig. 
11 shows the observed reduction in over-all sound intensity as a 
function of the length of the Helmholtz chamber. As in the 
previous tests with the multiple-port burner, the over-all sound 
level during intense oscillations was about 90 db. At a chamber 
length of 2 in., there was a large decrease in over-all sound 
intensity, and the flame-generated oscillations became almost in- 
audible. The system did not resume violent oscillations when 
the chamber length was increased beyond this point to 3 in., 
which was the limit of travel of the piston. However, inter- 
mittent oscillations began at 3 in., and at lengths greater than 
3 in. the resonator probably would have ceased to be effective. 
Using the observed frequency, the chamber volume computed 
from the Helmholtz equation agreed closely with the measured 
volume at the 2-in. setting of the piston. 

Aircraft Heater. The position and configuration of the Helm- 
holtz resonator installed on the aircraft heater are shown in 
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Fig. 3. For tests with the resonator, the heater was modified 
by installing a water-cooled jacket around the combustion 
chamber. 

Fig. 12 shows two views of the screen of the panoramic sonic 
analyzer, with and without the use of the Helmholtz resonator. 
When the resonator was filled with water to make it inoperative, 
an oscillation of 250 cps reached a very high level, as shown in 
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Fig. 12(a). With the resonator at its optimum volume, it is seen 
from Fig. 12(b) that the pronounced 250-cps note disappeared 
completely. The computed frequency of the resonator at the 
optimum volume was 245 cps, which is in close agreement with 
the observed frequency. 


OrtFices as Acoustic DAMPERS 


It was found repeatedly, during operation of a small ramjet, 
that severe oscillations were eliminated if a hole was made at a 
certain position in the side of the tube. Presumably, the hole 
served as a means of pressure release, so that pressure pulses 
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passing the hole were dissipated into the surrounding atmos- 
phere. To investigate systematically this method of damping, 
several holes were drilled at various points in the combustion 
tube of Fig. 1. In this investigation, the tube was disassembled 
after each test to drill a new hole and to close the previous one. 
Consequently, there was more than normal scatter of the data. 
Fig. 13 shows the over-all sound intensity, as a function of the 
location, in per cent of wave length, of a '/;s-in-diam hole relative 
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to the closest pressure node. The particular region in which the 
hole was placed is indicated in the legend. The 79-db readings 
were close to the general noise level, so that the difference be- 
tween 79 and 103 db was due almost entirely to the intense 
second-mode vibration discussed with reference to Fig. 1(c). 
Allowing for possible inaccuracy of the data, there is apparently 
no change of note intensity up to about 7 per cent wave length; 
above 15 per cent the note is completely eliminated. There was 
no significant difference in the results between upstream and 
downstream antinodes. 

Fig. 14 presents data for holes of different diameters. In this 
series of tests, all the holes were placed in some portion of the 
downstream pressure loop. The room-noise level was 77!/; db, 


while the noise level with the strong second-mode oscillation was 
106 db. Apparently, the critical size at which the holes become 
effective was between 0.040 and 0.041 in., as seen from Fig. 14(a); 
this corresponds to a nozzle/hole diameter ratio of about 21:1. 
As in the previous tests, the three large-diameter holes, Fig. 
14(b), had no effect near the pressure node, but eliminated the 
note almost completely when located near the pressure antinode. 
The 0.062-in-diam holes did not eliminate the oscillation entirely, 
but came within about 3 db of so doing. Holes of 0.125 in. 
diam showed little improvement over the 0.094-in. holes. 

Fig. 15 shows the effect of thickness of the combustion-tube 
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wall on the action of holes in suppressing oscillations for two- 
hole diameters, '/:. and '/; in. As indicated on the figure, the 
curves from Figs. 13 and 14(b) for the */i. and '/s-in. holes, 
respectively, are also shown for comparison. However, a com- 
plete set of data was obtained using three wall thicknesses, in- 
cluding the normal thickness of 0.065 in. Comparison of the new 
data at this thickness with the curves for the original data shows 
the usual differences expected between different series of tests. 
Therefore the data on reduction of sound intensity for depths 
other than 0.065 in. were compared only with the new data for 
this standard depth. 
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For the '/;s-in. holes, an increase in wall thickness from 0.065 


* to 0.115 in. resulted in a decrease in the effectiveness of the holes, 


whereas a reduction in the thickness to 0.010 in. had no effect. 
For the '/s-in. holes, neither the increase nor the decrease of 
thickness had any appreciable effect on the amount of suppres- 
sion obtained. 

Figs. 16(a) and (b) show the data previously presented on the 
reduction of noise intensity by holes of various sizes and lengths 
(wall thickness) at two different distances from a pressure node. 
These data were recomputed and replotted on a basis of the ratio 
of combustion-tube diameter to orifice diameter, and the ratio of 
wall thickness to orifice diameter. From consideration of the 
data and tentative curves through the data, it appears that wall 
thickness had little or no adverse effect on suppression when less 
than the orifice diameter. For thicknesses greater than the ori- 
fice diameter, the effectiveness of the orifice was decreased. As 
the ratio of tube diameter to orifice diameter increased, the 
orifice had to be moved closer to the pressure antinode to be 
effective. The ratio of combustion-tube diameter to orifice diame- 
ter need not be less than 10 or 15 to 1 for effective suppression 
when the hole is placed near the pressure antinode and the wall 
thickness is less than the orifice diameter. ; 


SupPppRESSION OF OSCILLATIONS BY REFLECTORS NEAR Exit 
or CoMBUSTION TUBE 


Fig. 17(a) shows the placement of a tube 4 in. diam and 7 in. 
long, concentrically with the outlet of the combustion tube of 
Fig. 1. When the top of the outer tube or reflector was less 
than 3 in. above the nozzle exit, there was no effect on the oscil- 
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lations. However, at the 3-in. level, the oscillations were sup- 
pressed abruptly. The vibrations were re-established by blocking 
the annular space between the two tubes at the lower end, as 
shown in Fig. 17(b). 

In another test, a tube 2 in. diam and 8 in. long was mounted 
concentrically to the combustion tube and to the 4-in. tube, as 
shown in Fig. 17(c). The top of the middle tube was level with 
the top of the combustion tube, and the annular space between 
the middle tube and the combustion tube was blocked at the 
lower end. With this configuration, the top of the 4-in. tube 
had to be raised only 1 in. above the outlet of the combustion 
tube to stop the oscillations. On the basis of the previous test, 
in which the 4-in. tube was blocked at the lower end, it would 
appear that the top of the 4-in. tube would have had to be higher 
than 3 in. above the outlet, instead of less than 3 in. for sup- 
pression. In each test, the position of the flameholder was 
shifted 1 in. in each direction to determine if these results had 
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been caused by a slight change in the natural frequency of the 
entire system. However, the only result of the shift of the flame- 
holder from its original optimum point was a reduction of in- 
tensity. 

Additional tests were made with both flexible and rigid card- 
board tubes of various diameters; some of these tubes were 
completely closed in the radial direction, while others were par- 
tially open. The results showed that oscillations could be elimi- 
nated by centering the tube for some configurations, or by 
moving it off center for others. The effect with flexible tubes 
would often be the reverse of the effect with more rigid tubes. In 
fact, no consistent trends were noted in any of these tests. 


SuMMARY AND CONCLUSIONS 


The tests which have been described were supplementary to 
long-range fundamental studies on oscillations. Thus they were 
not all-inclusive, and various techniques were used at different 
times, based on the particular combustion equipment available. 
However, several positive conclusions may be drawn. These 
conclusions may help in quieting particular combustion instal- 
lations, or may help to prevent waste of effort in trying ineffective 
methods. 

Damping tubes are tubes which are open at the end attached 
to the combustion system but closed at the other end. These 
tubes have been reported in the literature to be effective in sup- 
pressing organ-pipe-type oscillations in gas-fired domestic heat- 
ing furnaces. It has been found here that (1) the location of the 
damping tube, if it is in the region of the pressure antinode, is not 
critical; (2) the optimum length for reduction of oscillation 
amplitude is critical, but at no length is the amplitude increased; 
(3) a three-quarter-wave tube is nearly as effective as a quarter- 
wave tube; (4) the decibel reduction of intensity, for the range of 
tests made, is approximately proportional to the cross-sectional 
area of the tube; and (5) the damping tube need not be placed 
at the particular pressure antinode where the energy is fed into 
the oscillation. 

The Helmholtz resonators studied consist of chambers of rela- 
tively large volume connected to the combustion system by small 
necks. The results with this type of acoustic damper were simi- 
lar to those with the damping tube. It was found that (1) the 
location of the Helmholtz resonator, if it is in the region of the 
pressure antinode, is not critical; (2) the optimum volume of 
the resonator, for any given neck, is critical, but at no volume is the 
amplitude increased; (3) the Helmholtz resonator need not be 
placed at the particular pressure antinode where the energy is 
fed into the oscillation. In addition to these conclusions, there 
was some indication, from other tests, that a conclusion similar 
to that of (4) for the damping tubes is warranted; that is, for a 
series of tuned resonators with different throat diameters, the 
effectiveness increases proportionally with the area of the throat. 

In situations where orifices could be used in the walls of a com- 
bustion system, they were found effective. Almost complete 
suppression was obtained when the hole was located within 10 
per cent of a wave length from a pressure antinode. The effective- 
ness of holes increased as their diameter was increased. How- 
ever, it was found that (1) the diameter of the hole need not be 
greater than about '/, to '/\; of the diameter of the combustion 
chamber, and (2) for optimum results, the diameter of the orifice 
should be greater than the thickness of the combustion-chamber 
wall. 

Barriers and shields also were tried at the exit of the combus- 
tion tube. The results were sparse and conflicting, but did show 
that oscillations can be eliminated completely by this method. 
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Discussion 


P. L. Biacksnear, Jr. It is a pleasure to learn that the 
authors are continuing their interesting work on flame-driven 
oscillations. There are a few aspects of this paper on which 
additional information would be helpful. 

What is the role of the flame in influencing the results pre- 
sented? For example, are the different curve shapes attained 
for the flame tube, Fig. 4, and the multiport burner, Fig. 8, 
due to different mechanisms of flame excitation? 

Have the authors established a “feel’’ for the relative size of 
resonators at which it is no longer practical to consider the be- 
havior of coupled resonators as independent entities? 


E. A. DeZupay.* In considering oscillations produced in the 
equipment used, the inference is made that only longitudinal or 
organ-pipe vibrations exist. At the very modest velocities used 
of only 18 fps for a '/,-in. disk stabilizer this type of vibration 
would probably be most noticeable. The maximum velocity at 
which this size disk will burn with 20 per cent excess air is in the 
order of two to three times the velocity used. As a result it is 
quite possible that modes of vibration other than the one ob- 
served at the mild conditions used in the experiment could be 
excited at more stringent flow conditions. 

Essentially the authors imply that only solutions to the follow- 
ing wave equation exist in a vibrating aerothermal system 


ol? oz? 


where 


p = fluctuating component of pressure 
t = time 

a = acoustic velocity 

z = axial distance in tube 


In reality the following wave equation should be used to examine 
all the possible modes of vibration 


where in addition to the previously listed symbols 


r = radial distance from tube axis 
6 = angular position 


The choice of geometry, operating, and boundary conditions 
would determine which mode of vibration would persist. The 
authors of this paper can consider themselves very fortunate that 
their system produced only axial or organ-pipe modes, for which 
all of their dampers, namely, resonating cavities, orifices, and re- 
flectors, worked. Had the mode been radial rather than axial 
the reflector shield would have been useless, and the other 
damper would have had to be located on the axis for maximum 
effectiveness. For transverse modes the resonating cavities 
would have been most effective on the tube surface where they 
were located for the axial modes. 


5 Aeronautical Research Scientist, National Advisory Committee 
for Aeronautics, Lewis Flight Propulsion Laboratory, Cleveland, 
Ohio. 

* Thermodynamics Section, Westinghouse Research Laboratories, 
East Pittsburgh, Pa. 
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In conclusion then, the use of dampers must be coupled with 
a knowledge of the mode of vibration, and the choice of their 
location is not as simple a subject as this paper suggests. 


Jerry Grey.’ The authors are to be complimented on an 
excellent piece of experimental work, which, although self- 
admittedly not exhaustive, is nevertheless a significant contri- 
bution to the study of combustion processes. The methods used 
were direct and self-explanatory, and the authors’ conclusions 
are admirably justified by their results. In line with the authors’ 
specific statement that this was not an exhaustive study, how- 
ever, there are several extensions of this work which might be of 
significant interest. 

The authors mention, in their introduction, the possible de- 
structive effects of burner oscillations. In nearly all-observed 
cases of this phenomenon in high-energy combustion chambers, 
failure appears to occur with the incidence of nonlinear phe- 
nomena (e.g., shock waves) rather than under the standing- 
wave condition described in the paper. It should be noted 
that many occurrences of this shock-type combustion instability 
originate with small-amplitude pressure waves which are then 
amplified sufficiently to produce the destructive effects men- 
tioned, but many cases are on record, particularly in rocket com- 
bustion chambers, in which the oscillations apparently started 
as fully developed strong shocks. Since these nonlinear phe- 
nomena seem to occur at the resonant frequency of the com- 
bustion chamber, it might be of some interest to determine the 
effect of acoustical dampers not only upon the standing pressure 
wave, which precedes the appearance of the shock waves, but 
also upon the shocks themselves. 

The mention of high-energy release rates introduces the possi- 
bility of a series of additional studies which might add to the 
engineer’s store of information on combustion-chamber design 
and performance. The effects of variables such as pressure, 
energy-release rate, degree of recirculation, end conditions, ete., 
upon both the theoretical and actual efficiency of acoustical 
dampers would form a subject of major interest to those concerned 
with the problem of combustion instability and its control. For 
example, one area in which the results of empirical investiga- 
tions have been highly rewarding is the elimination of so-called 
“resonant burning’’ in many configurations of solid-propellant 
rocket grains by the use of damping orifices and ‘resonance 
rods.’’ It is certainly conceivable that systematized studies of 
the type used in the subject paper might benefit many other 
classes of combustion chambers in a like manner. 

Exhaustive examination of the effects of end conditions on 
burner resonance (e.g., as touched upon by the authors in their 
briefly noted experiments with barriers and shields) would pro- 
vide another important contribution to the literature. For 
example, the impedance of a rocket exhaust nozzle has been 
shown theoretically to be a significant factor in determining the 
resonance characteristics of the combustion chamber,® ” and, 
in fact, severe cases of high-frequency combustion instability in 
rockets have been eliminated experimentally by changing the 
exhaust-nozzle impedance." 

A somewhat different type of study, but nevertheless related 


7 Aeronautical Engineering Department, Princeton University, 
Princeton, N. J. 

*“Combustion Studies With a Rocket Motor Having a Full- 
Length Observation Window,”’ by K. Berman and 8. B. Logan, 
Journal of the American Rocket Society, vol. 22, 1952, p. 78. 

*“The Transfer Function of Rocket Nozzles,” by H. 8. Tsien, 
Journal of the American Rocket Society, vol. 22, 1952, p. 139. 

© ‘Supercritical Gaseous Discharge With High-Frequency Oscil- 
lations,”’ by L. Crocco, Aerotecnica, vol. 33, 1953, p. 46. 

11 “Combustion Studies in Rocket Motors,” by K. Berman and 
S. H. Cheney, Jr., Journal of American Rocket Society, vol. 23, 1953, 
p. 89. 
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to that of the subject paper, also might be conducted on the pos- 
sibility of using acoustical dampers resonating at some harmonic 
of base frequencies encountered in oscillations of an other-than- 
acoustic nature (e.g., rocket “chugging’’ and ramjet ‘flame- 
hoider’’ or “vortex-shedding’’ types of combustion instability). 
This possibility is suggested on the basis of results typified by 
Fig. 4 of the paper, in which a subharmonic of the fundamental 
quarter-wave tube is shown to be nearly as effective as the sup- 
pressing frequency itself. 

Finally, the possible application of acoustical dampers in con- 
junction with servocontrol systems cannot be ignored and, in 
fact, a number of theoretical studies of servostabilization of 
combustion chambers have been made.'* 14 Basically, the 
method consists of determining the transfer function of a com- 
bustion-chamber f-el-feeding-system combustion, and using a 
servoloop which senses combustion-chamber oscillations and 
adjusts accordingly a damping mechanism in the feed system. 
Although the principles of the acoustical damper are here applied 
to the fuel-feed system rather than to the combustion chamber 
itself, it is nonetheless a highly significant area of possible appli- 
cation of these principles, and serves to illustrate the possibilities 
of the subject introduced by Putnam and Dennis in their ex- 
cellent series of experiments on acoustical dampers. 


E. M. Kerwin, Jr.* An analog is often helpful in visualizing 
the behavior of an acoustical system. Two suggested analogs for 
the resonant combustion tubes discussed in the paper are the fol- 
lowing (the latter with due apologies to the mechanical engi- 
neer): (a) A stretched, flexible string and (6) an electrical 
transmission line. Resonators or orifices could be represented 
as point loads in either analog. 

A temperature correction, such as is mentioned in the paper, 
would allow the analogs to be uniform systems without discon- 
tinuities, except at the two ends. However, the temperature 
correction is not essential for analogy (b) and the two-tempera- 
ture system could be treated ‘‘exactly.”’ 

A study of the original acoustical system or of either analog 
would lead one to make the following predictions: 

1 Resonant dampers would be more effective in the vicinity 
of a pressure maximum. 

2 Resonant dampers would be effective when placed at a 
pressure maximum other than the one at which the oscillation 
is being driven. 

3 Resonant tubes could be effective as dampers for tube 
lengths which are odd multiples of !/, wave length. Losses in the 
tubes would make the longer lengths (e.g., */4 wave length, °/, 
wave length, etc.) somewhat less effective. We note that this 
point appears to be borne out by the data presented in the paper. 

4 The effectiveness of resonator tubes would increase with 
an increase in tube diameter. 

5 Holes in the side wall of the combustion tube would be 
effective in reducing the amplitude of oscillations provided that 
the holes are located near a pressure maximum. A scheme in- 
volving such holes has been used to calibrate an oscillatory sys- 
tem, allowing direct measurement of the driving effectiveness 
or driving force of a heat source in a tube."* 


12 “Servostabilization of Combustion in Rocket Motors,” by H. 
8. Tsien, Journal of the American Rocket Society, vol. 22, 1952, p. 256. 

13 “Servostabilization of Low-Frequency Oscillations in a Liquid 
Bipropellant Rocket Motor,”’ by F. E. Marble and D. W. Cox, Jr., 
Journal of the American Rocket Society, vol. 23, 1953, p. 63. 

14 “Stability and Control of Liquid Propellant Rocket Systems,” 
by Y. C. Lee, M. R. Gore, and C. C. Ross, Journal of the American 
Rocket Society, vol. 23, 1953, p. 75. 

1s Bolt, Beranek, & Newman, Inc., Cambridge, Mass. 

16 *A Study of a Class of Thermoacoustic Oscillations,’ by E. M. 
Kerwin, Jr., Se.D. thesis, Department of Electrical Engineering, 
Massachusetts Institute of Technology, 1954. 
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6 Some aspects of the behavior and effectiveness of Helm- 
holtz resonators can be predicted. A Helmholtz resonator can 
be effective over a broader frequency range than a quarter-wave 
resonator. This point will be discussed shortly. 


It is gratifying to see these predictions corroborated by the 
experimental data presented in the paper. 

Some benefit might be derived from an alternate measurement 
technique. More precise results and less interference from am- 
bient noise levels would be found if sound pressures were meas- 
ured within the combustion tube itself, using a narrow-band 
filter to reject background noise, if necessary. It would be pref- 
erable to make measurements at a pressure maximum. While 
it is true that the exact position of the pressure maximum is a 
function of the temperature in the hot part of the tube, a single 
measurement position should suffice for a given set of experi- 
ments. This follows because the pressure varies only slowly with 
the position in the immediate vicinity of a pressure maximum. 
In addition, at the oscillation frequency, the maximum sound 
pressure in the combustion tube should be many decibels above 
the pressure measured at a point outside the tube. A probe 
tube could be used to couple a microphone to the inside of the 
combustion tube, eliminating the need to place a microphone 
within the combustion system. 

Some thought should be devoted to an attempt to give further 
interpretation to the experimental results. Some significant 
and useful conclusions could be drawn if an index of damping 
effectiveness were developed. Such an index would allow at 
least the rank ordering of damping configurations, even when 
measurements were made under various conditions on different 
days. The use of a calibrated loss mechanism, such as the sys- 
tem of holes mentioned earlier (see item 5) might be applied. 

It would be interesting to see the results of more exhaustive 
experimentation on the effectiveness of Helmholtz resonators. 
One should find that, for a given resonant frequency, a larger 
volume (compliance) results in effective damping over a wider 
range of frequencies. Such a result would imply that, for opera- 
tion at a given frequency, the dimensions of a Helmholtz reso- 
nator need not be maintained as critically as those for a quarter- 
wave resonator. 


J. C. Truman." The occurrence of troublesome burner os- 
cillations in various jet-propulsion devices during recent years 
has focused attention on the problems of designing combustion 
systems so that these oscillations do not occur. Since it may be 
difficult to make a burner oscillation-free while meeting other 
design requirements, a knowledge of methods for suppressing 
oscillations which do occur is of value. The paper represents a 
significant contribution in this direction. 

The acoustic theory of the damping tubes, Helmholtz reson- 
ators, and orifices employed by the authors is presented in several 
acoustics texts."* Each of these devices may be used for sup- 
pressing longitudinal or organ-pipe oscillations, as the authors 
have shown. However, they are not readily applicable (singly, 
and in a simple form) to the suppression of transverse oscillations 
in the burner. This is a necessary consideration, since in several 
cases reported, the oscillations have been found to be transverse. 

In the over-all picture, it is of course necessary to consider 
whether a proposed damping device is compatible with other 
design requirements of the system. For example, a Helmholtz 
resonator might well be employed in a heating furnace, while 
space requirements alone could make its use impractical in a 
ramjet or an afterburner. It is unfortunate that more conclu- 


7 Aeronautical Engineering Department, USAF Institute of 
Technology, Wright-Patterson Air Force Base, Ohio. 

18 ‘Fundamentals of Acoustics,’ by L. E. Kinsler and A. R. Frey, 
John Wiley & Sons, Inc., New York, N. Y., chapter 8, 1950. 
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sive results are not available for the exit shields, for it is con- 
ceivable that such a device might serve simultaneously as an 
oscillation damper and as an ejector.'* Reader, in England, has 
also suggested mounting a device of this type around the tail pipe 
of a jet engine, not for suppressing burner oscillations, but for 
reducing the noise from the engine.” 

It is significant that, even in a relatively well-controlled 
laboratory apparatus, changes in test parameters (such as 
variations in natural-gas composition) had a significant effect 
on results. This is in keeping with an experience of the writer, 
in which it was observed that the occurrence of oscillations (in 
a much larger scale-test rig than the one described here) appar- 
ently depended on the weather. It was concluded that the 
critical parameter, in this case, was the relative humidity of the 
air entering the burner. Certain parameters may vary widely 
under different operating conditions of a jet engine, for ex- 
ample, an acoustic damper whose functioning is critically de- 
pendent on maintaining certain values of these parameters 
cannot be considered entirely successful. 

In conclusion, the writer agrees with the authors’ philosophy 
of an experimental approach to the problem, coupled with 
judicious use of what theory is known. The mechanisms of 
combustion oscillations are not fully understood at present, but 
several different mechanisms are known to exist. A damping 
device may therefore be successfully designed to suppress oscilla- 
tions of a particular type in a particular burner, but may be 
wholly inadequate in another burner where another type of 
oscillation occurs. 


AutTHors’ CLOSURE 


The interest shown in this paper is appreciated by the authors, 
and it is desired to thank each of the discussers for their remarks. 
The remarks significantly increase the value of the paper. 

In answer to Mr. Blackshear’s question concerning the mecha- 
nism for driving the oscillations, it is believed that the 
mechanisms differed in detail among the different types of units 
tested. However, there are certain general thermoacoustic 
requitements for a flame-driven oscillation which must always 
be fulfilled. The damping studies reported herein were inciden- 
tal to experiments carried out to study these driving mechanisms. 
As to a “feel” for the proper method of considering a coupled 
system, any inflated opinion one might obtain of his ability is 
quickly lost upon the consideration of, say, a domestic oil or gas 
furnace with a ‘‘wrap-around”’ heat exchanger. 


19 **Ejectors for Cooling a Turbjet Installation,’’ by H. C. Towle 
and F. V. H. Judd, Aeronautical Engineering Review, vol. 10, Septem- 
ber, 1951, pp. 20-24. 

‘Aeronautical Acoustics—in Particular Jet Noise,’’ Symposium, 
Journal of the Royal Aeronautical Society, vol. 58, April, 1954, p. 
234. 
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It is well known that rockets and afterburners are subject to 
transverse modes of vibration. For this reason the authors 
have been carrying on experimental and theoretical studies of 
types of oscillations other than the axial type for a considerable 
length of time. Thus, in reply to Dr. DeZubay’s comments, it 
was not intended to imply that only axial modes can occur in a 
combustion system. The systems studied were long and thin, 
for the most part, and the lower-mode axial oscillations had 
much lower frequencies than the transverse modes for the same 
system. Since there was a measure of control of the feedback 
part of the system, the type of oscillation could be controlled. 

Regardless of the type of oscillation, axial or transverse, the 
general result that a damper should be placed near the point of 
maximum pressure amplitude is still valid. For simple systems, 
especially long thin ones, the specific type of oscillation is not too 
difficult to recognize from the frequency, general dimensions of 
the unit, and the temperature. For these systems, the problem of 
where to place the damper is easily answered. The problem 
becomes more difficult when the shape of the system is not simple, 
and the mode of oscillation is complex, so that the problem is 
not amenable to simple mathematical treatment. Then one must 
resort to intuition and experiment. 

Dr. Grey’s comments are pertinent and timely and are greatly 
appreciated. Certainly, there is more work to be done on the 
use of dampers than has been reported herein. Some of the 
possibilities Dr. Grey pointed out are quite thought-provoking. 

Dr. Kerwin has shown that the results obtained with our 
resonant combustion systems agree with those results predicted 
from a consideration of analogous mechanical and electrical 
systems. And, undoubtedly, studies of analogs can be helpful 
in other aspects of the field of combustion acoustics. How- 
ever, one can never be absolutely sure that a new conclusion 
obtained by considering an analogous system is valid until it is 
verified by tests with the actual system. 

As pointed out by Dr. Kerwin, it is preferable to place an 
acoustic probe within the combustion chamber for sound- 
pressure measurements. At the time the tests reported herein 
were made, suitable equipment was not available for obtaining 
sound data in this way; we have since used this method almost 
exclusively. 

Mr. Truman brings out the point that the size of a damping 
device is limited by the application. He points out, for example, 
that the use of a damper in an airborne system would be ruled 
out by both space and weight considerations, unless it were very 
small. For domestic applications, however, we may have 
equally severe restrictions. In a heating furnace, for instance, 
appearance, size, and cost are some of the important factors. 
To illustrate the contrast in restrictions, the cost of adding a 
damper may be prohibitive for domestic products, but may be 
perfectly justified in military applications. 
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High-Frequency Oscillations of a Flame 
Held by a Bluff Body 


By W. E. KASKAN! anv A. E. NOREEN? 


Experimental data are presented on the occurrence of 
flame-sustained transverse oscillations in a 2 X 4-in. duct 
with a V-gutter flameholder. The flame-speed versus 
flow-velocity field of burner operation was divided into an 
oscillation region and a nonoscillation region. The bound- 
ary line between the two was approximately described by 
an equation of the form 


S,U'* = const 


where S, is the laminar flame speed and U is the flow 
velocity. The oscillation was characterized by the forma- 
tion of vortexes downstream of the flameholder tips. 
These vortices distorted the flame front in such a way as to 
provide the driving force for the oscillation. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A = area of a pressure wave given off as a result of a 
change of flame area or flame speed, sq ft 

change of flame area, sq ft 

velocity of sound, fps 

functional relationship symbol 

constants 

constants 

integers 

average pressure, psf 

change of pressure due to wave radiated by 
change of flame characteristics, psf 

laminar flame speed, fps 

change of laminar flame speed, fps 

velocity perturbation associated with a pressure 
wave, fps 

average velocity of unburned mixture in the 2 x 4 
duct, fps 

flameholder width, ft 

duct length from flameholder tip to exit, ft 

duct height, ft 

ratio of specific heats 

viscosity of unburned mixture, lb per ft sec 

oscillation frequency, cycles per sec (cps) 

density, pef 


1 Research Associate, Research Laboratory, General Electric Com- 
pany, Schenectady, N. Y. 

2 Technical Engineer, Basic Combustion Unit, General Electric 
Company, Cincinnati, Ohio. Assoc. Mem. ASME. 
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Subscripts 
1 = state of unburned mixture 
2 = state of products of combustion 


INTRODUCTION 


The problem of flame-driven acoustical oscillations is one of 
considerable present interest, since such oscillations in propulsion 
devices can affect performance seriously. Several recent studies 
have indicated that such oscillations are accompanied by appre- 
ciable periodic distortion of flame area. In the case of flames 
propagating in tubes, Markstein (1)* observed such area fluctua- 
tions in cellular flames and Kaskan (2) observed them in noncellu- 
lar flames. Dunlap (3) observed flame-area distortion in an 
oscillating flame held by a rod. Blackshear (4) has demon- 
strated that the surface of a flame held by an orifice in a tube in 
which an oscillation exists is distorted periodically. Putnam and 
Dennis (5) suggest that oscillation in a burner in which flames are 
held on small ports are sustained by periodic changes in rate of 
flow through the ports. This, in all probability, resulted in 
periodic flame distortion. 

As has been suggested (1, 2, 4) the pressure waves which 
result from periodic variation in flame area may constitute the 
driving mechanism of an oscillation. The objective of the work 
presented herein was to investigate the transverse oscillations of 
a bluff-body-held flame by searching for periodic flame-area varia- 
tion during oscillation. 


Burner. A burner of 2 X 4-in. rectangular cross section with a 
3-in-wide V-gutter flameholder was built, and is shown in Fig. 1. 
Fuel and air were introduced separately to the mixing chamber. 
An “‘egg-crate’’-type flow straightener and a nozzle were provided 
to obtain an even velocity distribution across the 2 X 4-in. duct. 
Five 100-mesh screens of 4-mil wire diameter were used to reduce 
the turbulence scale and intensity of the gases approaching the 
flameholder. No provision for control of mixture temperature 
was available, but the temperature varied little from 70 F. An 
automobile-type spark plug provided initial ignition of the mix- 
ture. An Altec-Lansing type M-14 microphone system was em- 
ployed to measure the fluctuating pressure at the upper wall '/: 
in. downstream of the flameholder tip. 

The burned gases discharged into a 7-in-diam pipe, 4 ft 
long, and open at both ends. The burner acted as an ejector, 
drawing cool air from the room into the pipe, diluting the gases, 
and lowering the temperature. 

Air flow was measured by a standard */,-in-diam orifice in a 
2-in. pipe. Fuel, natural gas, or bottled gas was supplied through 
a '/:-in. or */s-in-diam orifice in a */, in. pipe. In the absence of 
approved data, coefficients of discharge were assumed to be con- 
stant and were taken as 0.66 for the '/:-in. orifice and 0.63 for the 
3/,-in. orifice. These assumptions were justified to a limited ex- 
tent by calibration at low flow against wet test meters. 

Photographic Equipment. All of the flame photography was 


3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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done using the schlieren method. Both high-speed motion pic- 
tures and short-duration single-flash pictures were obtained. All 
pictures showing one flameholder tip only were of the upper por- 
tion of the burner. 

For the motion pictures a 16-mm Fastax camera was employed 
at about 14,000 frames per sec and the light source was a Western 
Union 100-watt point source. The image of this source, when 
focused on a 1l-mm orifice which was used as a knife edge, was 
somewhat larger than 1 mm in diameter. At high flow velocity 


the motion pictures showed some blurring, but they were a satis- 
factory medium for getting a visual picture of the flame move- 
ment and for obtaining semi-quantitative estimates of flame area. 

The short-duration photographs were obtained with a flash-tube 


light source of about 3-microsec duration. Consequently, these 
photographs were considerably sharper than individual frames ob- 
tained with the Fastax, but only one photograph could be 
obtained every few seconds. The motion pictures and pressure 
records showed there was often considerable fluctuation in ampli- 
tude over a period of a few cycles, so that flash photographs taken 
under seemingly identical conditions were often not comparable. 

The flash tube was constructed so that part of the discharge 
path was through a length of capillary tubing, which would be 
viewed end on. This provided a source of about 1 mm diam. A 
horizontal knife edge was employed in taking the flash pictures. 

A pressure recording was obtained simultaneously with the 
flash photographs. A photomultiplier tube received light from 
the flash tube, and the electrical pulse from the phototube was 
added to the pressure signal and fed to a cathode-ray oscilloscope. 
A time-delay circuit was devised which allowed about !/2 millisec 
to elapse between the closing of a switch and the flashing of the 
light source. This switch was arranged so that in closing, it im- 
mediately triggered the beam of the oscilloscope and also actuated 
the delay mechanism. The cscilloscope thus displayed the pres- 
sure signal for about 2 cycles before the delay time ended. At this 
point the flash tube was fired and the sharp pip from the photo- 
tube was superimposed on the pressure trace. From the position 
of the pip on the pressure trace the phase of pressure at the time of 
the photograph could be determined. An example of a flash 
photograph and the pressure trace corresponding to it is shown 
in Fig. 2. The tip of the flameholder is seen to the left, with flow 
from left to right. The markers at the top of the flash photograph 
were 1 in. apart. 


RESULTS 


Mode of Oscillation. Under some conditions of operation the 
burner was aurally observed to oscillate with a high frequency. 
This was substantiated by pressure measurements which indi- 


Pressure Recorp AND SPARK PHOTOGRAPH—TRANSVERSE 
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(Directions shown are for positive perturbation pressure in upper left corner, 
é . = Pressure Node.) 


cated a frequency of oscillation of 4 kilocycles (ke) when com- 
pared with the signal of a standard oscillator. 

For acoustic resonance, a two-dimensional region may be de- 
fined consisting of a side view of the burner and extending from 
the flameholder tips downstream to the end of the 2 x 4 duct. 
Considering this as a homogeneous rectangular region closed at 
one end and open at the other, the frequency of resonance may 
be computed after the manner of Rayleigh (6) as 

y= — 

2 ¥(2a)? B? 
For the first transverse oscillation ¢ = 2870 fps, a = 1.46 ft, 
B = 0.33 ft, n = 1, and qg = 1; the resonant frequency is 4400 
eps. The acoustic velocity assumed in this calculation corre- 
sponds to a temperature of 3640 Fas, which is a representative 
calculated adiabatic flame temperature (7). Gas motion for this 
mode of oscillation is shown in Fig. 3. 

For a longitudinal quarter-wave oscillation in the region de- 
scribed, gq = 0,n = 1, and @ = 1.46 ft, Equation [1] gives a 
value of 490 eps. 
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The observed burner-oscillation frequency, 4 ke, was close to 
the calculated frequency of the first transverse oscillation and the 
ninth overtone of a longitudinal oscillation. The existence of a 
first-mode oscillation was considered far more probable than the 
existence of a ninth mode alone, therefore the high-frequency os- 
cillation was assumed to be transverse. 

Oscillation Limit. Operation of the burner disclosed conditions 
where transverse oscillations were reproducibly detected and 
other conditions where the oscillations were never detected. A 
well-defined limit between these conditions was found to exist. 
This limit was determined by establishing combustion with a lean 
mixture, where oscillations were not present. The fuel flow was 
then increased until high-frequency oscillations were aurally de- 
tected. This was recorded as the lean oscillation limit. The mix- 
ture was further enriched, where possible, through stoichiometric 
and into the fuel-rich region until oscillations were no longer 
heard. The fuel flow was then reduced until high-frequency os- 
cillations were again aurally detected, providing a rich limit. 
This procedure was repeated over a range of air and fuel flows 
limited by lean blow-off, maximum available fuel flow, and the 
point of coincidence of rich and lean limits. 

A plot of the high-frequency oscillation limits for three fuels for 
the burner is shown in Fig. 4. With each fuel used oscillation 
occurred whenever the burner was operated at conditions de- 
scribed by points to the right of the line and never when operated 
to the left. Some spread is observable in the experimental data. 
This spread is of the same order as observed changes in flow pro- 
duced by air-line pressure fluctuations, 

The screen nearest the flameholder was replaced with a 14-mesh 
screen for one series of tests. The approach-stream turbulence 
intensity and scale were thereby increased. No change was ob- 
servable in the oscillation limit. Thus, over the range of tur- 
bulence parameters tested, approach-stream turbulence has no 
measurable effect on the oscillation limit. 

Flame-Front Distortion. Previous work with a burner similar 
in geometry to the one described here indicated the likelihood 
that during oscillation vortexes which distort the flame front might 
be formed just downstream of the flameholder tips (8). Visual 
observations made on the present burner showed that oscillation 
was accompanied by a markedly thickened flame region just 
downstream of the flameholder tip, whereas before oscillation its 
appearance was that of a thin smooth laminar flame. 

Both high-speed motion pictures and short-duration flash 
photographs synchronized with pressure recordings were made of 
the region just downstream of the flameholder under conditions of 
self-sustained oscillation and under conditions of no oscillation. 
It was found that oscillation was indeed characterized by the 
periodic formation of vortexes which distorted the flame front. 
The frequency with which the vortexes were formed was equal to 
the frequency of oscillation. 

Figs. 2 and 5 are pairs of synchronized flash photographs and 
pressure recordings obtained as described previously. They 
illustrate that vortexes were invariably present during oscillation, 
and were absent otherwise. In Fig. 2 it can be observed that the 
photograph was obtained at minimum pressure and that a vortex 
was just becoming visible near the flameholder tip. 

Owing to the high-blockage area of the flameholder, the oscilla- 
tion in the burner proper probably can be thought of as es- 
sentially isolated from the part of the duct upstream of the flame- 
holder. In any case, the upstream section would be a poor resona- 
tor because of the damping of the five fine-mesh screens which it 
contained. Considered in this way, the unblocked areas between 
the flameholder tips and the top and bottom of the burner be- 
come areas of damping, through which traveling waves are 
radiated upstream. In a traveling wave, oscillating pressure is 
proportional to oscillating velocity (9). Thus, at the flameholder 
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tips, the oscillating velocity should be a maximum in the up- 
stream direction when the pressure in this region is a maximum, 


giving minimum absolute velocity and vice versa. Therefore a 
vortex is formed at the time of maximum downstream gas velocity 
at the flameholder tip. 

Since, as previously noted, the frequency of oscillation corre- 
lates with that transverse mode in which pressures and, therefore, 
the oscillatory parts of the velocity at the two flameholder tips 
are out of phase, the vortexes should be formed alternately in the 
manner of a von Karman vortex trail. That this was the case is 
illustrated in Fig. 6 which shows vortexes being formed alternately 
in the two flame sheets. 

In general, the vortexes appeared to have all the characteristics 
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necessary for maintenance of flame oscillation. They distorted 
the flame in such a way that flame area varied periodically with 
time. They formed with the frequency of oscillation and in a 
definite phase relationship with the oscillatory parameters such 
as velocity and pressure. They appeared to form as a result of 
the oscillatory part of the velocity, thus possibly providing the 
feedback between gas oscillation and driving foree which ap- 
pears necessary in self-maintaining vibrations. 

Driving by Flame-Area Variation. Before considering in more 
detail whether the vortex-induced flame distortion was such that 
it could be expected to drive the oscillation, some consideration 
will first be given to the question of pressure waves generated by 
fluctuations in flame area. Boa-Teh Chu has derived an expres- 
sion for the pressure waves generated at a flat flame front, situated 
in a one-dimensional duct, as a result of a fluctuation of burning 
velocity.‘ 

In somewhat different form this expression is 


where 6p is the pressure of both the wave radiated forward into 
cold gas and that radiated downstream into the hot gas. 

Physically, this equation can be interpreted as follows: As long 
as the flame characteristics are constant, the rate at which hot 
expanded gases are produced is constant. If a change in flame 
speed occurs, this rate also changes, leading to a velocity pertur- 
bation. This velocity perturbation is accompanied by a compres- 
sion or expansion wave according to the equation (9) 


The velocity perturbation caused by a change in the character- 
istics of a one-dimensional flame is proportional to 


1 
i 
Boa-Teh Chu considered the case where 5A, was zero. In the 


case where 4S, is zero but 6A, is not, Equation [2] will still be 
valid providing only that 6S, be replaced by 


— gA 


In the case of a flame with cylindrical symmetry a similar situation 
exists. If there is an area change in a particular flame element, a 
cylindrical velocity perturbation results, and a cylindrical pres- 
sure wave is radiated. At a point a fixed distance from the flame 
element, the velocity perturbation will be proportional as before 
to 


1 
A 


and so therefore will be the pressure fluctuation by Equation [3]. 
Thus, for the present burner, pressure waves radiated by flame 
measured at a fixed point in the burner may be expressed as 


A physical picture of the oscillation driving mechanism is as 
follows. The large blockage-area flameholder acts as a closed-end 
duct by restricting the oscillating flow, forcing the vibration into a 
mode in which velocity amplitude is low and pressure amplitude is 
high near the flameholder. The unblocked area thus acts as a 


4 Equation [19], reference 10. 
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region of damping for the resonant oscillation in the burner 
proper by allowing traveling waves to be radiated upstream. 
For these traveling waves, in contrast to the resonant oscillation, 
velocity amplitude in the unblocked area is appreciable. The 
oscillating part of the velocity near the flameholcder causes the 
periodic formation of vortexes with the frequency of the vibration, 
which then pass downstream with the flowing gases. Owing to 
the relatively high vorticity, the flame is distorted rapidly in a 
manner similar to that described by Scurlock and Grover (11) for 
an eddy passing through a flame front. The fluctuation in flame 
area sends out a wave, according to Equation [4], and since 
this wave is radiated from a point near a pressure antinode, the 
wave drives the oscillation. 

The application of Equation [4] directly to the data presented 
here is beset by many difficulties. The principal obstacle is the 
fact that the damping characteristics of the duct would have to be 
known, since at constant amplitude the pressure waves radiated 
must make up for the amplitude drop during one cycle due to 
damping. 

On the other hand, it appears promising, and possibly more in- 
teresting, to try to apply Equation [4] to an interpretation of the 
limit of oscillation. At the limit, regardless of the particular fuel 
or fuel-air ratio, the mode and amplitude of oscillation were 
probably constant, since frequencies were essentially constant, 
and the onset of oscillation was detected in the same way for all 
points. The Mach number of the steady flow was always rela- 
tively small so that the change in flow from one operating condi- 
tion to another should have relatively little effect. The change 
of position of origin of the waves radiated by the flame was small 
compared to the dimensions of the duct. Thus, at the oscillation 
limit, the pressure perturbation dp of Equation [4] may be con- 
sidered constant and [4] may be rewritten as 


Generalization of the Oscillation Limit. An attempt was made 
to determine whether Equation [5] was satisfied in the present 
burner. High-speed motion pictures were taken of the burner 
during oscillation with three widely differing laminar flame speeds, 
but all at the oscillation limit. Sequences from these are shown 
in Figs. 7, 8, and 9. 

Data on laminar flame speeds for the mixtures used were ob- 
tained from Singer (12), Egerton and Sen (13), and Powling (14). 
¢ for the various mixtures was calculated from the data of Smith, 
Manton, and Brinkley (7). It was shown to be an insensitive 
function of S, and will henceforth be considered constant. 

A proper evaluation of 5A , would include the complete history 
of the flame-area change from the time of formation of the vortex 
to the time of its disappearance, together with a knowledge of the 
phase and amplitude of pressure throughout this time interval. 
However, a study of the photographs indicated that the flame area 


_ increased relatively rapidly during the first half-cycle of vortex 


formation, when pressure in the burner was rising from its mini- 
mum to its maximum value, and then continued to increase more 
slowly afterward. It was assumed, therefore, that to a good first 
approximation the driving occurred during the first half-cycle of 
vortex existence, and that a measurement of flame-area change 
due to a vortex during this time would be a significant measure of 
6A 

Consequently, an attempt was made to measure the change in 
flame area due to vortex formation at the end of the first half-cycle 
of vortex existence. For the lowest flame-velocity case, Fig. 9, the 
flame is obviously turbulent and resulting extra flame area was 
estimated by assuming the flame sheet to have a saw-toothed 
shape. It was found from these measurements that flame-area 
change did increase with decrease in burning velocity, but not 
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Fie. 7 Fastax Sertes—Near Oscriiation Limit 


(U = 24 fps, Su = 2.5 fps, ethylene. Time proceeds from upper left to 
lower right.) 


Fic. 8 Fastax Serres—Near Liuir 


(U = 48.5 fps, Su = 0.9 fps, natural gas. Time proceeds from upper left to 
lower right.) 


rapidly enough to satisfy Equation [5]. If the low approach- 
velocity case is taken as correct, the measured 6A, at the high ap- 
proach velocity was too small by a factor of about 2. 

There were many reasons why better agreement should not 
have been expected. The photographs showed some blurring, 
particularly at high flow velocity, so that the tip of the thin curled 
flame front may have been missed. The motion pictures were not 
synchronized with pressure measurements, so that there was no 
guarantee that those photographs measured were actually at con- 
stant amplitude or at exactly the same phase of pressure. Fur- 
thermore, since there were only about 3.5 frames per cycle, free- 
dom of choice of a proper frame was limited. The degree and 
effect of turbulence were impossible to evaluate properly. The 
situation, at the high flame velocity, was complicated by the 
simultaneous existence of a longitudinal oscillation which per- 
turbed the approach velocity. An attempt was made to choose 
photographs for measurement in which this perturbation was 
zero, but there was opportunity here also for error. 

In general then, even though Equation [5] was not sub- 
stantiated, the general behavior predicted by it seems to, in fact, 
occur, and Equation [5] would seem to be a proper starting point 
for an analysis of the oscillation limit. 

Therefore a dimensional analysis was made to express 6A, as a 
function of measurable quantities. Area perturbation can be 
taken as a function of vortex size, strength, and burning velocity, 
as is indicated by Scurlock and Grover (11). Vortex size and 
strength are determined by the velocity gradient at the flame- 
holder tip at the time of vortex formation. The velocity gradient 
at this time is a function of the flameholder and burner size and 
shape; the flow velocity, density, viscosity; and the perturba- 
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tion velocity. Thus, for fixed flameholder and burner shape, this 
area perturbation may be expressed as 


6A, = fa(y, U, pr, u, Sy)... 
The functional relationship of Equation [6] may have the 
following form 
54, a) 


Assuming this relationship to be represented satisfactorily as a 
product of powers of the variables, Equation [7] becomes 


2 
For a given burner configuration, as considered in this paper, 
the linear dimension y is fixed. For a fixed inlet temperature, 
mixture properties p, and uw remain essentially unchanged. At 
the oscillation limit, perturbation velocity u may be considered 
constant. Therefore Equation [8] simplifies to 


Substituting Equation [9] into Equation [5] and raising the ex- 
ponent of S, to 1 gives, for the oscillation limit 


The oscillation-limit data for all three fuels used, also shown in 
Fig. 4, were plotted as log-mixture velocity versus log-laminar 
flame speed in Fig. 10. That Equation [10] represents the proper 
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(U = 28 fps, Su = 1.9 fps, ethylene. Time proceeds from upper left to lower right.) 


form of the limit relation, with r = 1.6, is justified by the experi- 
mental data. 

The limiting condition described here is somewhat arbitrary. 
It is suggested that actually the limit curve of Fig. 10 is one of a 
family of curves, one for each pressure amplitude. 

That an expression similar to Equation [10] should apply to 
other burners in which flameholding is accomplished by means of 
a bluff body seems likely. The limits of other modes of oscillation 
also might be described by an equation of the same form as Equa- 
tion [10]. 


LONGITUDINAL OSCILLATION 


Under some conditions a lower-frequency oscillation of about 
330 cps was observed. From this frequency it was inferred that 
this was probably the longitudinal quarter-wave oscillation. 
Since the objective of the work was to study the transverse os- 
cillations, very little was done with the low-frequency oscillations. 
As a matter of interest, a few photographs were obtained of the 
flame with the burner in this condition. 

Fig. 11 shows a sequence of 1 cycle of oscillation from a motion 
picture of the flame during longitudinal oscillation. Here, as be- 
fore, oscillation is characterized by the formation of vortexes with 
the periodicity of the oscillation. These vortexes also distort the 
flame, but in this case they are much slower in doing so and are 
larger. 

It is interesting to note that low and high-frequency oscillations 
ean exist independently of one another. In Fig. 11, only the low- 
frequency mode exists; Fig. 12 shows a case where both oscilla- 
tions and vortex systems are present at the same time. 


CONCLUSIONS 


High-frequency oscillations in a burner with the flame held by 
a bluff body were found to be transverse in nature. They are 
driven by a variation in flame area with time. Flame-area varia- 
tion is caused by the flame front being drawn into vortexes which 
are shed from the bluff flameholder with the frequency of the os- 
cillation, 

For a given burner an oscillation limit exists. This limit is, to a 
first approximation, independent of fuel type and whether the 
limit is lean or rich. For the burner tested, the region of oscilla- 
tion was described by S,U' greater than a constant. 
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Discussion 


P. L. Buacksuear, Jr. The authors are to be commended for 
their imaginative approach to a difficult subject. The photo- 
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graphic demonstration of the existence of a transverse oscillation 
is convincing and the correlating parameter should prove useful. 

It is difficult, however, to accept the statement that the trans- 
verse oscillations “are driven by a variation in flame area with 
time.” To amplify, consider the ingredients necessary to 
demonstrate the validity of the statement. One would need to 
know the distribution of pressure in space and time, flame area 
in space and time, and the local phase relation between pressure 
and flame area. Then using the Rayleigh criterion, previously em- 
ployed by Dr. Kaskan,* that the flame drives if heat be added in 
phase with pressure, damps if out of phase, the integrated effect 
could be computed. 

Concerning the pressure measurement in space and time, the 
deduction of pressure distribution from a single-point measure- 
ment seems a little risky in view of the large number of modes 
of oscillation that could yield about the frequency and gas motion 
near the flameholder as reported. Further, the nonuniform axial 
temperature distribution would seem certain to cause axial shifts 
in phase that the assumed idealized mode would not predict. 

If we grant that the pressure is as shown in Fig. 3 of the paper, 
there results a mode of driving by area change that runs like this: 
The flame area is disturbed at the flameholder at ~4000 cps; 
this area disturbance propagates downstream at 100 — 300 fps, 
i.e., with wave lengths of area fluctuation of 0.3to 1.2 in. Since 


6 Author's bibliography, reference (2). 
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for the assumed mode there will be negligible phase shift in pres- 
sure in such lengths, the flame at one axial station may be dr'ving 
the oscillation but at 0.15 to 0.6 in. on either side of this station 
would be serving to damp the oscillation. 

There are other disagreeable aspects of the picture of area 
fluctuations driving a transverse mode. 

Rather than labor the point let’s turn instead to the more 
felicitous mechanism offered by Smith and Springer in the Fourth 
Combustion Symposium. There it was argued that the pressure 
and temperature rise accompanying the acoustic wave increases 
the reaction rate in phase, or nearly so, with the pressure. 

By this means the phase relationship between pressure and heat 
addition is a function of reaction kinetics, and the response rate of 
a flame to a pressure pulse is conceivably high. 

It is of interest to find if a mechanism of this sort would pre- 
dict an oscillation threshold dependent upon U'-*S, as found by 
the authors. Such a threshold presumably would depend upon the 
heat release in the turbulent-flame burning in the wake of the 
bluff body. No information on turbulent-flame velocities for such 
a high-blockage flameholder is available but Wohl, et al. (again in 
the Fourth Symposium on Combustion) correlated turbulent- 
flame velocities in the wake of small rods by 


S, = S, + 1.40(U/24)"-48, 


for negligible upstream turbulence. The effect of velocity should 
be larger for high-blockage flameholders. 

To summarize these comments: The excellent photographs 
establish the existence of a transverse mode. Neither these nor 
the correlation parameter obtained for the oscillation threshold 
establish that the oscillation is driven by an area change. 


A. A. Putnam.’ To add some more weight to the authors’ 
argument that oscillations can be driven as a result of changes in 
flame area, there are at least four other reports of this general type 
of driving, beyond those the authors mentioned. 

Gaydon and Wolfhord discuss some tests in which this type of 
driving occurs in their recent book.* Another report® available in 
the literature covers a type of driving influenced by both the 
changing density of the combustion gases and the changing flame 
area. The last two reports,'® ' will appear shortly in the litera- 
ture. They concern systems in which changes in flame area, alone, 
are the source of driving. 

Rayleigh"? advanced the hypothesis that heat-driven oscilla- 
tions occur when a component of varying rate of heat release is 
in phase with the pressure. On the basis of this hypothesis, it 
would be interesting to weight the areas at various sections of the 
combustion chamber in accordance with the corresponding pres- 
sure amplitude. In the authors’ opinion, would such a weighting 
procedure improve their result, have negligible effect, or make 
them worse? 

It is difficult to make any direct comment on the dimensional- 
analysis argument presented. The result shown in (their) Equa- 
tion [10] would fit practically any observed relation between the 
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flame speed and the flow velocity as the limits of the oscillation. 
In a sense, then, little has been proved. This, of course, is a weak- 
ness of dimensional analysis. On the other hand, the dimensional 
analysis indicates further factors to be studied. Have the 
authors checked (their) Equation [10] for other than the threshold 
amplitude of oscillation? Also, have variations been made in the 
size of the unit (dimension y)? If so, what are the results? 

There is always a possibility in a combustion unit of obtaining 
coupling between two types of oscillations. Considering the 
natural vortex shedding of an obstacle as a type of oscillation, it 
is of interest to inquire as to whether this is a factor in the ob- 
served oscillations. It is readily ascertained, however, that any 
normal vortex-shedding frequency is too low to couple with the 
high-transverse frequency. However, there is a possibility that 
it could couple with the lower-axial frequency. Mention is made 
by the authors of such oscillations, but the ranges are not given. 
Are these ranges such that they might indicate a coupling mecha- 
nism; that is, is the velocity an important factor in determining 
both an upper and lower limit to the range in which the axial 
oscillations occur? 


A. O. Tiscuier™ and Carmon M. The authors 
have attempted to traverse, experimentally, a field of considerable 
conjecture and argument. These arguments center about the 
driving mechanism for the combustion oscillations observed in 
various burner configurations. An understanding of this mecha- 
nism is important in advancing the development of the various 
jet-propulsion engines which use high-output burners. 

At least three mechanisms have been proposed to explain 
flame-driven oscillations. The change of heat release observed 
may be due to the following: 


1 Change of flame area. 

2 Increased burning per unit volume during high-pressure 
phase of cycle. 

3 Increased chemical-reaction rate due to increased tempera- 
ture during high-pressure phase of cycle. 


In any case the change in heat release resulting from one or a 
combination of the causes outlined (or to more complex causes) 
gives rise to pressure and velocity pulses which sustain the oscilla- 
tions. The authors of this paper accept cause (1) and this may 
indeed be the principal factor in low-pressure low-velocity flames 


such as dealt with here. For high-pressure burners, cause (3) is 
favored by some authors.'* In every instance the entire loop of 
the feedback system of any burner must be considered before a 
probable perturbation-sensitive heat-release mechanism can be 
decided. 

The question then becomes—have the authors experimentally 
proved their contention that the driving of these oscillations is 
accomplished by the changing area of the flame. That the flame 
area changes in a periodic manner with the oscillations is cer- 
tainly evident in the photographs. However, the lack of agree- 
ment between the experimentally measured flame areas and 
flame velocities at the oscillation limit and Equation [5] of the 
paper may indicate that the flame-area change, while real, is not 
the singularly important driving force. The authors have pointed 
out their experimental difficulty of measuring changing flame 
area. Any flame wrinkling, for example, would escape detection 
in a one-directional photograph. Further data on these flame- 
area changes would be desirable. 
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The fact that the equation S,U' = K marks a lower limit of 
oscillations in this burner shows that the driving force must in some 
way be tied up with the reactivity of the mixture and the flow 
conditions. This suggests still another mechanism, as follows: 
Assume a relationship between heat release and the intensity and 
scale of turbulence, the greater the turbulence, the greater the 
rate of heat release. At the boundary S,U'* = K mixtures of 
given S, become capable of driving oscillations when the approach 
velocity U is such that oscillations between low-turbulence and 
high-turbulence burning can occur to give varying heat-release 
rates on a scale large enough to drive waves which can overcome 
the natural damping of the system. Variations in turbulence 
scale and intensity are induced by the varying heat-release rates. 
The periodicity of this mechanism is dictated by the feedback 
loop. 

Some further notes on details of the paper: Equation [1] for 
the frequency of the oscillations in a rectangular duct is not com- 
pletely general since it omits one of the transverse dimensions of 
the duct. As applied to the first transverse oscillation (actually 
one of two such possible modes) the value n = 1 is incorrect. For 
all pure-transverse modes the value of n (the longitudinal or axial 
component) is zero. 


J.C. Truman.® The existence of an oscillation limit is indeed 
interesting, and its definition in terms of flow and combustion 
parameters should be extremely valuable for establishing the re- 
gion in which a burner can be operated oscillation-free. As the 
authors state, the equation for the limiting line in the flame-speed 
versus flow-velocity field, given by Equation [10] with r = 1.6, 
applies only in the case of the burner investigated. This follows 
from the representation of flameholder and burner size and shape 
by the single parameter y in the dimensional analysis. 

A functional relationship involving other size and shape 
parameters, such as flameholder blockage, angle inside the flame- 
holder V, and burner and flameholder cross-section shapes, pre- 
sumably would become quite complicated, and the authors are 
justified in limiting their present investigation to a single simple 
geometry. This limitation must be borne in mind, however, in 
attempting to apply these results to another burner. 

The authors state that oscillations occurred whenever the 
burner was operated at conditions described by points to the right 
of the limiting line of Fig. 4 and never when operated to the left. 
Assuming that all tests which were made are represented by the 
points shown in Fig. 4, it would be interesting to know whether 
any point can be found in the region to the right of the curve at 
which oscillations do not occur. This question is raised for the 
following reason: In a previous investigation of combustion os- 
cillations,’* it was found that oscillation and nonoscillation re- 
gions could be defined experimentally in the inlet-mixture tem- 
perature versus inlet-flow-velocity field. However, it also was 
noted, in a rather extensive testing program, that while oscilla- 
tions were never observed in the nonoscillation region, oscillations 
sometimes did not occur in the so-called oscillation region. This 
may indicate an unfortunate choice of co-ordinates for purposes of 
representing oscillation and nonoscillation regions, but it would 
be of interest to see whether further tests would show similar re- 
sults in the present study. 

The formation of vortexes at the flameholder tips during oscilla- 
tion is excellently illustrated in the photographs which the 
authors present. The writer has had opportunity to examine the 
photographs of oscillatory combustion made by C. D. Miller, 
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E. M. Bash, and R. T. Newton, reference (8) of the paper, and 
the results of the two investigations compare favorably. The 
periodic formation of vortexes during oscillation, which was 
strongly suspected in early work, is established beyond doubt. 

One comment may be made on the use of the term “transverse”’ 
in describing the mode of oscillation pictured in Fig. 3. Trans- 
verse oscillation, as the term is often used, would imply the ab- 
sence of any longitudinal mode, making n = 0 in Equation [1]. 
For this case, Equation [1] yields a resonant frequency not 
significantly different from the value calculated forn = q = 1. 
It may be preferable, however, to refer to the mode shown in Fig. 
3 as the combined first transverse and first longitudinal mode. 


Avutuors’ CLosURE 


The authors wish to thank the discussers for their interest and 
searching comments, questions, and suggestions. A reply to 
some of these, in the limited space available, may be helpful. 


Flame-Area Variation as a Source of Driving. 


We did not make the a priori assumption that flame-area 
variations were the cause of oscillation in our burner. Rather, 
we had reason to believe that they might be important; we 
looked for and found them; and then finally made the assumption, 
for reasons stated in the paper but ultimately to be justified by 
the results obtained, that the observed flame-area variations 
were the principal source of driving. We still believe that the 
results of our admittedly crude treatment essentially support 
this thesis, and that the discrepancy between theory and ex- 
periment is not so much lack of agreement as an indication of the 
difficulty of proving this or any other mechanism to be the 
correct one, 

The principal reason for thinking that flame-area variation 
might be important is that it is almost certainly the source of 
driving in one particularly simple case. This is when a flame 
propagates through a quiescent, premixed, combustible gas 
contained in a tube closed at one end and open at the other, with 
propagation toward the closed end. In such a tube flames 
vibrate only in the middle part of the tube, never near or at the 
closed end, even though this portion of the gas column is the one 
which experiences the largest amplitude temperature and pressure 
oscillation. Thus, for this case, the last two mechanisms in 
Tischler’s and Auble’s list are ruled out, leaving only the first, 
providing we accept this list as complete. We believe that this 
list is complete for the situation under discussion. Thus the 
case for flame-area variation is firmly established for this 
one case. We are not aware of any situation where either or 
both the second and third mechanisms have been established 
with comparable certainty. 

To return to the burner which provided the data for our paper, 
we quite agree with the statement made by Blackshear and 
implied by Putnam that one needs to consider the entire flame- 
area-pressure-position history of an element of flame in order to 
determine whether driving will occur. 

The data we obtained do not allow such a treatment to be 
made, since a few cycles after their formation the vortexes are no 
longer two-dimensional, due presumably to turbulence. ‘Ve 
did make some measurement of flame area as a function of ume 
which, as stated in the paper, indicated that the flame areas in a 
vortex grew rapidly during the first half-cycle of formation and 
then continued to grow more slowly after that. This relatively 
rapid growth during the first half-cycle caused a pressure wave of 
a certain amplitude to be radiated, and the slower growth during 
the second half-cycle caused another pressure wave of lesser 
amplitude to be radiated. If the first of these waves drove, the 
second of course damped, and so on to the third and succeeding 
half-cycles if the flame area continued to grow. We made the 
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assumption that only the first and largest wave need be consid- 
ered, primarily because the scatter in our few measurements in 
flame area indicated that no more could profitably be done. To 
answer Putnam’s question, however, we cannot say what in- 
clusion of, say, the second half-cycle would have done to our 
results. If the flame-area growth curves were all of the same 
form, their histories during the first half-cycle might be good 
indicators of their driving power and inclusion of succeeding 
half-cycles might affect only predicted amplitudes. However, 
we admittedly do not know. Further investigation of the 
contribution of half-cycles after the first to oscillation driving is 
in progress. 

Mode Assignment. 

The model chosen for the resonant chamber appeared to us to 
be the most reasonable simple model one could construct for our 
burner. However, its use involved several assumptions which 
we perhaps did not spell out with sufficient care. It was assumed 
that: 


(a) The oscillation was two-dimensional. 

(b) The gas in the duct was at a uniform time-average 
temperature. 

(c) The time-average flow was zero. 

(d) The duct was closed at the upstream end at the flame- 
holder. 


Assumption (a) was suggested by symmetry and justified, we 
believe, by the two-dimensional nature of the photographs. 
Assumption (b) was suggested by the fact that most of the duct 
was filled with burned gas, and even more so by the fact that the 
problem would be greatly complicated by not making it. As- 
sumption (c) is like (b) a simplifying assumption which is justified 
by the fact that the Mach numbers in the 2 X 4 duct were always 


relatively low. Assumption (d) was suggested by the fact that 
it is characteristic of this type of burner to oscillate more easily 


the larger the area blocked by the flameholder. This in turn 
suggests that the unblocked area may be considered as only a 
source of damping for a resonant oscillation which is otherwise 
confined to that part of the duct downstream of the flameholder. 

One might also have included in the list of assumptions the fact 
that the downstream end of the duct was taken as open. How- 
ever, if assumptions (6) and (c) are accepted, this becomes correct 
except for an end correction which was neglected. 

For the model chosen the resonant frequencies are given by 
Equation [1] of the paper, with the limitations that q may be 
zero or any integer, and n may be any integer but not zero. It 
is impossible to satisfy the boundary condition that the oscil- 
lating pressure be zero at the open end for n equal to zero, i.e., for 
what might be called a ‘“‘pure-transverse’’ mode. Our use of the 
word “transverse’’ for an oscillation that has a longitudinal 
component may have been unfortunate; perhaps it would be 
better to use the term “combined mode” for one which requires 
two “quantum” numbers to characterize it. However, since it 
will generally be true that pure transverse modes do not occur 
in burners with one open end, the term as we have used it would 
seem to be an obvious simplification. 

One further point regarding Equation [1] should be made. 
It is true that values for n of 2 or 3 would have resulted in cal- 
culated frequencies in poorer but almost as good agreement with 
the observed frequency as did n equal to 1. However, as can 
be ascertained by constructing diagrams like that in Fig. 3, our 
qualitative construction of the oscillating flow field near the 
flameholder tips would not be changed materially. 


Other Mechanisms of Driving. 


We, of course, considered the possibility suggested by Black- 
shear and by Tischler and Auble in the discussion, and earlier 
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by Jost (1),!?7 that the reaction rate (i.e., burning velocity) was 
increased due to the increased temperatures and pressure in 
the compression wave. In order to test this idea one might use 
data obtained in a steady state on the effect of temperature and 
pressure separately on burning velocity. Increased temperatures 
can be expected to increase burning velocity (2) but the effect 
of increased pressure is not so clear. Recent data suggest that 
over most of the range covered in our work the effect of in- 
creasing pressure will be to decrease burning velocity, (3, 4). 
Since these two effects may be antagonistic, it will be particu- 
larly important to know them both to apply this method. 

In the present case, however, it is questionable whether these 
data, obtained under essentially steady-state conditions, are at 
all meaningful. This is because the time of one cycle of oscil- 
lation is of the same order of magnitude as the time required for 
the combustible gas to react. As an example, for a stoichio- 
metric propane-air flame, using the flame-thickness data of 
Fristrom, et al. (5) and a burning velocity of 40 cm per sec, we 
calculate that it takes a given small volume element of gas 
about 300 microsee to pass through the laminar flame front. 
With slower-burning mixtures the reaction time is larger. The 
time of one complete cycle of oscillation at 4 KC is 250 micro- 
sec. Thus, for most of the mixtures employed, perhaps 
one or more complete cycles of oscillation oceur in the time it 
takes a given volume element to react. Under these cireum- 
stances it is difficult to state how rapidly the flame will respond 
to compression, and in particular it is doubtful whether steady- 
state data can be applied. Establishing a mechanism depending 
upon increase of reaction rate with increase of pressure and 
temperature in the compression wave would appear to be an 
extremely difficult problem. 


Generality of the Results. 


As Truman has pointed out, the results presented are a func- 
tion of the particular geometry employed. The important 
question is, apart from the validity of our proposed driving 
mechanism, are these results general in the sense that an ex- 
pression of the form of Equation [10] of the paper will describe 
the oscillation limit for other similar geometries. 

Perhaps at this point the word “similar’’ should be qualified. 
By similar burners we mean ones in which an essentially premixed 
flame is held by a flameholder or bluff body. We are already 
convinced, for example, that the driving of oscillation by a 
flame propagating in a tube is a quite different phenomenon from 
that in our 2 X 4 burner. In a like manner, there is no a priori 
reason to believe that flame-sustained oscillation in a rocket or 
turbojet combustion chamber can be described in a similar way. 
On the other hand, we do think it likely that the longitudinal 
oscillation we observed can be so described, primarily because it 
is also characterized by vortex formation. There is still no 
further data available on this point. 

Some recent data obtained with the burner of this paper but 
with a different flameholder indicate that K; in Equation [10] 
is a function of blockage area but r is not. As for burners of 
quite different geometries, no data appear to be available. 
However, it is common knowledge that in many quite different 
burners in which flame is held by a bluff body, oscillation limits 
do exist and they are functions of fuel-air ratio. Because of the 
simplicity of Equation [10] it would appear to be fruitful to 
determine the conditions under which it applies. 
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The Influence of Tap-Drill Size and Length 
of Engagement Upon the Strength 
of Tapped Holes 


By C. J. OXFORD, JR.,' anv J. A. COOK? 


The influence of tap-drill size (minor diameter) upon 
the strength of threaded assemblies has been the subject 
of much speculation, analysis, and testing, but the results 
presented generally have been inconclusive or have not 
covered all of the many possible types of thread failure. 
This paper reports the results of a series of correlative 
tests and supporting analysis performed in an attempt to 
solve this problem. Failures can be of three types: Break- 
age of the external-thread member; stripping of the ex- 
ternal thread; or stripping of the internal thread. The 
effect of drilled-hole oversize is examined and is found to be 
a significant variable in some cases. Formulas are de- 
veloped which extend the experimental data to permit 
analysis of most practical thread-element combinations. 
For assemblies of usual proportions and materials, it is 
found that 60 per cent thread height is adequate. 


INTRODUCTION 


HE adoption of the Unified Screw Thread Standards in 

1948, and the current increased application of these stand- 

ards in industry has raised anew the question of the in- 
fluence of tap-drill size (minor diameter) upon the strength of 
tapped holes. In the interest of maximum strength, the product 
engineer is often tempted to specify high percentages of thread 
height in tapped holes. On the other hand, these higher per- 
centages of thread height cause higher tap torques and more tap 
breakage so the production engineer favors the minimum per- 
centage of thread height, especially when high-strength materials 
are involved. Further, it has been suggested that some new non- 
standard tap-drill sizes would be required to permit development 
of maximum strength in screw-threaded fastenings. Because of 
their interest in the manufacture of drills, taps, and screw- 
threaded fastenings, the authors’ companies established a research 
program to determine if the problem of required percentage of 
screw-thread height in tapped holes could be resolved analytically 
or experimentally. 

A survey of available literature disclosed very little published 
data, although it is certain that much experimental work has been 
done through the years. Most analyses of the minor diameter 
of internal threads appear to be based upon a National Bureau of 
Standards Memorandum of 1927 (1)* This memorandum de- 
velops formulas for the shear areas of external threads which are 
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substantially the same as those published in the recent ASME 
Screw Thread Manual (2). In the tests conducted it was found 
that mild-steel threads with a length of engagement of one diame- 
ter develop full strength at approximately 40 per cent thread 
height and the conclusion is reached that for this length of engage- 
ment 65 per cent of thread height is adequate, if both elements 
are of equal strength materials. 

In 1950, the National Screw Machine Products Association pub- 
lished a report (3) purporting to show the relationship between 
percentage of thread height and strength of tapped holes. Here 
again, the conclusion was reached that 65 per cent thread height 
is adequate if both internal and external threads are made of the 
same material. However, it appears that the supporting tests 
actually were run with hardened external threads, soft internal 
threads, and short lengths of engagement. Thus failure may 
have been by stripping of the internal thread. Later in this 
paper it will be shown that this type of failure is substantially in- 
dependent of percentage of thread height for any height in excess 
of 50 per cent. Unfortunately, this report is so vague that it is 
not possible to deduce which thread element actually failed by 
stripping. It is regrettable that the supporting data and obser- 
vations were not reported in greater detail. 

A recent article (4), published after completion of the manu- 
script for this paper, is worthy of note. Begeman and Chervenka 
describe a series of tests on the stripping strength of SAE 1018 
steel-hexagon cap screws with various percentages of thread height 
in the mating internal thread. They conclude that, for a length 
of engagement of one diameter, the full strength of the cap screw 
is developed at 30 to 35 per cent thread height. Making allow- 
ance for experimental error and their observations of the normal 
oversize of drilled holes, they suggest a series of tap drills to ac- 
tually produce 40 to 45 per cent of thread height in tapped holes. 
These observations are consistent with those reported in reference 
(1) for a one-diameter length of engagement. However, later 
in this paper, it will be shown that their suggested percentages 
of thread height may be too low for general-purpose usage. 


EXPERIMENTAL PROCEDURE 


In the investigation to be described, it was decided that 
several combinations of materials would be checked and that an 
experimental program would be required as a check on any 
theoretical analysis. Accordingly, external-threaded members 
were made of hardened high-speed steel, hardened AISI-C1137 
(or AISI-C1040) steel, and soft AISI-B1113 steel. The internal 
threads were made of hardened AISI-C1137 steel, soft AISI- 
B1113 steel, and gray cast iron. Two diameters with both 
coarse and fine threads on each were used: #/,-16 UNC, */,-24 
UNF, UNC, and UNF. Eight different percent- 
ages of thread height were checked ranging from 25 to 95 per 
cent by 10 per cent steps. In most cases the length of engage- 
ment was equal to the height of a standard nut—slightly less 
than one major diameter. In addition, on one size, */,-24 UNF, 
an additional series of tests were run with both variable per- 
centage of thread height and variable length of engagement— 
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100, 75, 50, and 25 per cent of the height of a standard nut. 
In the entire experiment nearly 500 pairs of specimens were tested. 

In preparing the internal-thread specimens, special care was 
taken to insure squareness. The surfaces were ground parallel, 
the holes were drilled and reamed carefully to size, and the threads 
were tapped on a lead-screw tapper. All tapped holes were 
gaged to class 3B limits. The blanks were at least 1 in. diam 
for the */s-in. threads and at least 1'/,-in. diam for the 5/;-in. 
threads to minimize any distortion of the blank itself during the 
strength tests. The holes were not chamfered to eliminate an- 
other variable; the effective length of engagement is thus sub- 
stantially equal to the thickness of the blank. 

The external-thread specimens were made with ground major 
diameters and ground threads. Their minor diameters were care- 
fully held very close to the basic value, well within the allowable 
limits of the standards. The major diameters were held from 
basic size to 0.001 in. undersize and the pitch diameters were held 
to class 3A limits. Ground threads were selected because they 
offered the best dimensional control, particularly with regard 
to lead error on the hardened steels. It is recognized, however, 
that rolled threads, in some cases, may develop slightly higher 
thread strengths. 


TESTING MACHINE 
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TESTING MACHINE 
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CIAL LOADING BLOCK 
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Fig, 1 Dtacram or Setup Usep ror Putt Tests or THREADED 


SPecIMENS 


Except in the case of the hardened high-speed-steel external 
threads, all of the tests were conducted by pulling the ex- 
ternal thread through the mating blank with a setup as shown in 
Fig. 1. The hardened high-speed-steel external threads were 
pushed through the mating blank with a setup as shown in Fig. 2. 
The push test for these specimens, which is somewhat easier to 
perform, was adopted only after a comparison of both push and 
pull tests which showed identical results for either type of test be- 
cause the failure is by stripping of the internal thread and the 
external thread is not damaged or deformed. With softer ma- 
terials, the push test is not feasible because of transverse expan- 
sion of the external thread and, obviously, it will not show ex- 
ternal-thread-member breakage reliably. 
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TESTING MACHINE CROSSHEAD 
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HSS 
THREAD 
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ESTING MACHINE TABLE 
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Srrippine STRENGTH OF INTERNAL THREADS 


Where the failure load did not exceed 60,000 Ib the tests were 
conducted on a Detroit Testing Machine Company Model UT-6, 
60,000-lb testing machine. The few tests requiring higher loads 
were run by a commercial testing laboratory. 

In conducting the experiments most combinations were tested 
two to four times. In a few cases, limited amounts of specimens 
restricted the work to one test per combination but these data 
are presented only if the results followed an orderly progression 
with increasing percentage of thread height; irregular results 
were rechecked with additional tests. 

With a maximum of four test points per combination it is not 
possible to determine statistically the best or most probable value 
of strength for each combination so all test points or the range 
of data are indicated in the presentation. 


or Tests AND Discussion 


Soft (AISI-B1113) External Versus Soft (AISI-B1113) Internal. 
In Figs. 3 (A) through (D) are plotted the results of tests on this 
combination of elements. The combination of high-speed-steel 
external with AISI-B1113 internal is also plotted. Note that 
the length of engagement for the ®/,-11 UNC threads is 0.489 in. 
instead of 0.540 so that the maximum strength developed with 
the high-speed-steel external thread should be multiplied by 
0.540/0.489 = 1.105 to put them on a comparable basis with 
the °/s-18 UNF threads. If this is done, the corresponding maxi- 
mum strengths become 40,800 Ib for the ®/;-11 UNC and 40,000 
Ib for the °/s-18 UNF; i.e., the values are substantially identical 
which would be expected because the major diameter-shear areas 
in the internal thread are substantially identical for a given 
diameter and length regardless of thread pitch. 

With both thread elements made of AISI-B1113 the failure is 
shifted to the external thread. The failure is by stripping in line 
with the internal-thread minor diameter up to about 50 per cent 
thread height with breakage of the external-thread member 
occurring at higher percentages. The fine pitch threads de- 
velop slightly higher loads as would be expected because they 
have slightly greater tensile-stress areas. To correct for the 
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shorter length of engagement on the */.-11 UNC threads, the 
values plotted in the region of thread stripping should be increased 
about 10 per cent; the effect is to cause external-thread-member 
breakage at slightly lower percentages of thread height than 
plotted on the graph. The ratio of strength developed by the 
assembly to the stripping load of the internal thread is between 
0.44 and 0.58 for these specimens. 

Moderately Hard (AISI-C1137) External Versus Moderately 
Hard (AISI-C1137) Internal. Test results for this combination 
are plotted in Figs. 4 (A) through (D). It will be observed that 
the graphs show substantially the same types of failure at the 
same points as were observed on the AISI-B1113 tests. The 
corrected value of internal-thread stripping load for the short 
5/s-11 UNC specimens would be 68,000 lb as against 70,000 lb 
for the */;-18 UNF, again substantially identical, as would be ex- 
pected. 

With this combination the ratio of assembly strength to the 
stripping load of the internal thread is between 0.57 and 0.65. 
These ratios are slightly higher than those observed for AISI- 
B1113 steel, probably due to a slightly higher ratio of tensile 
strength of the external-thread material to tensile strength of the 
internal-thread material as indicated by the hardness values noted 
on the graphs. 

Moderately Hard (AISI-C1040) External Versus Sofi (AISI- 
B1113) and Moderately Hard (AISI-C1137) Internals. Results 


of these tests are plotted in Figs. 5 (A) through (D). In these 
tests AISI-C1040 was used in place of AISI-C1137 for the ex- 
ternal-thread member. Unfortunately, the heat-treatment of 
these members was not very uniformly controlled so that their 
hardness is somewhat different for the different sizes. However, 
the actual hardness for each size is noted on the graphs. These 
tests do bring out clearly that the strength of the external mem- 
ber is the controlling factor in any ordinary combination of thread 
elements of these proportions. It will be noted that actually 
slightly higher strengths were developed with the soft internal 
threads than with the heat-treated internal threads. The reason 
for this is not immediately apparent, particularly in the case of the 
5/s-11 UNC where the spread is about 20 per cent. With the 
3/,-16 UNC and the */s-24 UNF the curves are close enough 
together that a single curve would have sufficed as it did for the 
5/s-18 UNF where there was complete overlapping of the data 
points. Again, with these combinations, the maximum strengths 
were developed at about 50 per cent thread height. 

Soft Steel (AISI-B1113) External Versus Gray Cast-Iron In- 
ternal. For this combination only the */s-11 UNC and 5/,-18 
UNF threads were tested, yielding the results plotted in Figs. 
6(A) and (B). The failure loads for this combination are almost 
identical with the tests run with both members of AISI-B1113 
steel. While the hardness of the cast iron is approximately the 
same as that of the AISI-B1113 internal threads, Figs. 3, the in- 
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ternal-thread stripping load (as shown by the test against high- 
speed-steel external threads) is only about 80 per cent that of the 
soft steel. Hence the ratio of assembly strength to stripping 
load of the internal thread is higher, approximately 0.70 to 0.75. 

Conclusions Drawn From These Tests. The foregoing clearly 
indicates that the maximum strengths of all of the combinations 
tested are developed at approximately 50 per cent thread height. 
This is true regardless of the relative strengths of the materials 
from which each element is fabricated. However, the type of 
failure is dependent upon the relative strengths of the internal 
and external-thread materials. Most often, the maximum- 
strength failure is by breakage of the external-thread member, 
but if the strength of the external-thread material is very much 
greater than that of the internal-thread material, the failure can 
be by stripping of the internal thread. This latter case is that of 
the hardened high-speed-steel external threads tested; it is 
representative of such practical applications as that of a steel 
screw mated with a brass or aluminum nut or tapped hole. The 
curves presented and the conclusions drawn are valid only if the 
length of engagement is approximately 85 per cent of one major 
diameter. If the length of engagement is increased sufficiently, 
all failures will be by breakage of the external thread and maximum 
strengths will be developed at lower percentages of thread 


height. If the length of engagement is reduced, the failure can 
involve stripping of the external thread at all percentages of 
thread height, a case which will be discussed in a later section of 
this paper. 

These tests support the conclusions drawn by other inves- 
tigators that 65 per cent of thread height is adequate for most 
standard threaded assemblies, but is subject to the limitation that 
the effective length of engagement be at least 85 per cent of the 
major diameter. The effect of reduced percentage of thread 
height on tapping torque should be noted here also. In a recent 
publication (5) the Metal Cutting Tool Institute reports that a 
reduction of thread height from 75 to 65 per cent on a #/s-16 NC 
thread reduced tapping torque by 28 to 45 per cent when tapping 
various types of steel. 


Size or Dritiep Hotes 


In the preceding sections it has been shown experimentally that 
when a threaded assembly of the proportions tested fails by break- 
age of the external-thread member or by stripping of the internal 
thread, maximum strength is developed at around 50 per 
cent thread height, and for these cases the exact tap-drill size is 
relatively unimportant so long as the resulting thread height is at 
least 55 to 60 per cent. This is fortunate since the exact size of 
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holes produced by a twist drill of given size is relatively difficult 
to predict. Drilled-hole size is a function of drill size, centrality of 
drill web, accuracy of drill point, material drilled, coolant used, 
condition and accuracy of drilling spindle, rigidity of drilling ma- 
chine and work-holding fixtures, alignment, and whether the drill 
is guided by bushings—to name the most obvious. Even when 
reasonable care is taken, the variation in drilled-hole size can be 
significant. 


+ 


AVERAGE MAXIMUM 


AMOUNT OVERSIZE 


ORILL DIAMETER 


Fic. 7 Mean Oversize AND or Oversize or Hotes 
In STEEL AND Cast IRON 


(Based on 2808 holes, 468 each of 6 sizes. Courtesy of Metal Cutting Tool 
Institute, reference 5.) 


Fig. 7 is a chart, reproduced by permission from a Metal 
Cutting Tool Institute publication (5), showing the variation in 
hole size encountered while drilling steel and cast iron with drills 
in the '/j;-in. to l-in. size range. These tests involved six drill 
sizes and the data presented consolidate the results of duplicate 
tests run by several twist-drill manufacturers. In all, 2808 
holes were drilled with the six sizes. It will be noted that 
the holes are always larger than the drill size with the mean over- 
size being about 0.0016 in. for the '/i.-in. drills increasing to 0.0048 
at '/; in. and to 0.0068 in. for the 1-in. size. The range of over- 
size is more important than the mean oversize since it is unpre- 
dictable and cannot be compensated for by changing drill size, 
The '/j-in. holes were from 0.0007 to 0.0021 in. oversize, a range 
of 0.0014 (or 2.2 per cent); the '/:-in. holes were from 0.002 to 
0.008 oversize, a range of 0.006 (1.2 per cent); and the 1-in. holes 
were 0.0038 in. to 0.0092 in. oversize, the range being 0.0056 
(0.6 per cent). The variations in oversize range undoubtedly 
were influenced by the relative lengths and stiffness of the various 
drill sizes as well as by the different-size machines used in covering 
the size range. 

Another complicating factor is taper or bellmouthing of the 
drilled hole, a condition which usually is encountered to some 
degree. The taper commonly extends for '/2 to 1 diam from 
the start of the hole. It is caused by the instability of the drill 
point during entry into the material, coupled with the normal 
torsional and transverse flexibility of the drill. Accurate drill 
sharpening, and rigid, well-aligned, close-fitting drill bushings 
will minimize bellmouthing. When tapped, such holes will have 
a variable percentage of thread height along the length of the 
hole. This variation may be significant in the case of short 
lengths of engagement and fine pitches. 

Although the range of oversize is generally less than 2 per cent 
of the nominal hole diameter, the effect on percentage of thread 
height is much greater, particularly with the fine and extra-fine- 
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thread series. Double nominal thread height can be as low as 9.3 
per cent of nominal diameter for the fine-thread series (1 in. — 
14), and 6.5 per cent of nominal diameter for the extra-fine-thread 
series (1 in. — 20), considering only sizes under 1 in. diam. Table 
1 shows some representative screw-thread sizes, the nominal tap- 
drill size, the theoretical percentage of thread height, the proba- 
ble average percentage of thread height and the variation in 
thread height to be expected if the holes are drilled in steel and 
cast iron. 


TABLE 1 REPRESENTATIVE SCREW-THREAD DATA 
Percentage of thread height— 
Nominal tap Theo- Probable Expected 


Size Series drill size® retical average variation 
No. 5-40...NC No. 38 (0.1015) 72 65 59-70 
No. 5-44...NF No. 37 (0.1040) 71 63 56-68 
No. 10-24..NC No. 25 (0.1495) 75 69 65-72 
No. 10-32..NF No. 21 (0.1590) 76 68 63-72 
UNC No.7 (0.2010) 75 70 66-73 
1/e-38..... UNF No.3 (0.2130) 80 72 67-77 
1/¢-32..... NEF 7/2 (0.2188) 77 67 61-72 
UNC (0.3125) 77 72 69-75 
Ye-Bt..... UNF (0.3320) 79 71 66-76 
NEF (0.3438) 77 66 59-73 
UN (0.4219) 78 73 70-76 
8/e-30..... INF /a (0.4531) 72 65 61-69 
*/e-28..... UNEF (0.4687) 67 56 2 
UNC (0.6563) 72 68 66-70 
UN (0.6875) 71 67-75 
3/¢-20..... UNEF (0.7031) 72 64 59-69 
UNC (0.8750) 77 73 71-75 
F (0.9375) 67 61 58-64 
1-20......- UNEF (0.9531) 72 62 57-67 


* Largest standard drill giving theoretical percentage of thread height 
under 80 per cent except for No. 5 and No. 10 where drill gives theoretical 
percentage nearest to75 percent. These particular sizes are used only to give 
numerical values to the thread-height percentages. They are not necessarily 
best sizes for general-purpose usage. 


Table 1 clearly points up the difficulty in holding a precise per- 
centage of thread height if the holes for tapping are prepared only 
by drilling. Another factor, not encountered in these tests but 
common in some materials, is cold flow of metal during tapping 
(spinup) which acts to reduce the effective minor diameter of the 
tapped hole. This is very hard to predict since it is somewhat de- 
pendent on the sharpness of the tap and the chip load per tap 
tooth. 

The obvious conclusion from this discussion of the size of drilled 
holes is that if, for any reason, the percentage of thread height must 
be controlled to precise limits, the hole should be finished by 
reaming, boring, or other precise sizing operation. 


Errect or LENGTH OF ENGAGEMENT 


It has been shown that for standard lengths of engagement 
(slightly less than one diameter), screw-threaded fastenings will 
fail by breakage of the external-thread member unless the ex- 
ternal-thread material is of very much greater strength than the 
internal-thread material, or unless the percentage of thread height 
is very low. A high-strength external thread can cause stripping 
of the internal thread, and low percentages of thread height usually 
yield failure by stripping of the external thread. This latter con- 
dition suggests that for shorter lengths of engagement, failure by 
external-thread stripping would occur at higher percentages of 
thread height. If this does occur, the effect of tap-drill size on 
strength of the assembly could become significant because of the 
relatively large variations in effective thread height obtained 
under usual drilling conditions. 

To explore this possibility another set of */;-24 UNF-3 speci- 
mens was prepared with thicknesses of 100, 75, 50, and 25 per 
cent of the 0.3125-in. thickness of a standard nut. The minor 
diameter was varied to give thread heights from 25 to 85 per cent 
in 10 per cent steps for each thickness. Both internal and ex- 
ternal-thread specimens were made from AISI-B1113 steel of 
approximately equal hardness. 
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The results of these combined thread height-length of engage- 
ment tests are plotted in Fig. 8. 

The failure with the full nut-height internal-thread specimens 
(L, = 0.3125 in.) is substantially the same as that shown in Fig. 
3(B) as would be expected. Stripping of the external thread oc- 
curred at 25 and 35 per cent thread height with breakage of the 
external thread starting at 45 per cent thread height. With the 
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Fic. 8 Errecr or Leneto or ENGAGEMENT AND PERCENTAGE OF 
TureAD Heicut ON STRENGTH OF THREADED ASSEMBLIES 


75 per cent nut-height internal threads (L, = 0.2344 in.) stripping 
of the external thread was encountered up to 65 per cent thread 
height (at 65 per cent some specimens stripped and some broke). 
The 50 per cent (L, = 0.1562 in.) and 25 per cent (L, = 0.0781 
in.) nut-height specimens caused failure of the external thread by 
stripping at all percentages of thread height. The solid lines on 
the graph are computed failure loads based on simple shear of the 
external threads in line with the minor diameter of the internal 
thread, using an ultimate shear stress of 53,500 psi in connection 
with formulas to be presented in the next section of the paper. 
The assumption of shear failure in line with the internal-thread 
minor diameter was found to be very good; measurement of the 
diameter of the stripped external threads showed their diameters 
to be within 0.001 in. of the reamed-hole size in the internal-thread 
specimens. The lack of agreement with the formula values for 
failure load with the 25 per cent height specimens was disturbing 
when compared with excellent agreement for the 50, 75, and 
100 per cent specimens until it was found that these thin speci- 
mens had deformed into the clearance hole around the external- 
thread member. This apparently relieved slightly the contact 
between the internal and external threads at one end of the en- 
gagement, giving the lower loads found in the test. Thus it ap- 
pears that the simple shear analysis is adequate for any regularly 
used lengths of engagement. 

When failure by stripping of the external thread is encountered, 
the exact size of the minor diameter can be of some importance. 
Where extreme loading of short lengths of engagement is en- 
countered, a case can be made for the use of high percentages of 
thread height. For example, in Fig. 8, for the 0.1562-in. length of 
engagement of the */;-24 UNF-3 threads, the failure load for 85 
per cent thread height is approximately 6800 lb, while the failure 
load for 65 per cent thread height is 5550 Ilb—18.5 per cent less. 
However, when it is considered that the failure load can be in- 
creased to approximately 8500 lb for 65 per cent or greater thread 
height by increasing the length of engagement only 0.0781 to 
0.2344 in. the wisdom of designing for such short lengths of 
engagement appears questionable. The 0.2344-in. length of en- 
gagement would increase the strength of assembly 53 per cent for ' 
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65 per cent thread height and 25 per cent for 85 per cent thread 
height and, additionally, the necessity for precision hole sizing is 
eliminated. If, for some reason, short lengths of engagement are 
necessary, reaming or other precision sizing of holes before tap- 
ping becomes mandatory to attainment of maximum strength of 
the threaded assembly. 


THEORY AND Design METHODS 


After examining the experimental data described in the fore- 
going sections, it is of interest to see if the failure loads can be re- 
lated to dimensional and material parameters to provide a basis 
for threaded-assembly design. The following nomenclature will 
be required in the formulas to be introduced. This is substantially 
the same nomenclature used in the ASME Screw Thread Manual 


(2). 


A, = stress area of external thread 
AS, shear area of internal thread 
AS, shear area of external thread 
major diameter of external thread 
basic pitch diameter 
pitch diameter of internal thread 
pitch diameter of external thread 
percentage of thread height—expressed as a decimal 
fraction 
basic thread height = 0.6495/n for UN and N form 
threads 
minor diameter of internal thread 
minor diameter of external thread 
length of engagement 
number of threads per inch 
'/, included angle of thread form (i.e., pressure angle) 
7, = failure shear stress 
P, = failure load 


Since this treatment is primarily concerned with tapped holes, 
the various shear areas are of primary concern. In this paper 
and in references (1) and (2) it is assumed that stripping failure 
occurs by simple shear in line with the major diameter of the ex- 
ternal thread or in line with the minor diameter of the internal 
thread. Measurement of failed specimens indicates that dimen- 
sionally, at least, this is reasonably correct. 

The shear area of internal threads is simply expressed as 


AS, = + (D,— By) tan 


which is seen to be independent of percentage of thread height, a 
premise which has been found to be valid experimentally if the 
thread-height percentage is greater than 40 to 50 per cent. For 
standard 60-deg threads with Class 3 Fits (and with fair accuracy 
for Class 2 Fits) only negligible error is introduced by assuming 
all dimensions to be basic. Then Equation [1] reduces to 


which is convenient for preliminary calculations. 

The failure of Equations [1] and [2] to hold for low percentages 
of thread height can be explained by theorizing that failure must 
occur in such a manner as to reduce the shear area. This can 
happen only if the shear failure is along a line other than that con- 
necting the crests of the external thread. Such reasoning leads to 
a direct analogy to the metal-cutting process—which is really 
what is involved here. Fig. 9 shows diagrammatically how this can 
happen. The undeformed shallow internal thread is shown by 
the dotted lines while the solid lines show the deformed thread 
after failure has started. The shear failure must occur along a 
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Fic. 9 Dtacram or SucGesTteD MECHANISM OF STRIPPING IN- 
TERNAL THREADS AT Low PERCENTAGES OF THREAD HEIGHT 
(Under 40 to 50 per cent.) 


shear plane C-D which is seen to be much shorter than the line 
A-B. The deformed metal (the chip in metal cutting) is indi- 
cated by region C-D-F-E. With shallow internal threads there is 
sufficient space in the external thread to permit this plastic flow 
without undue restraint. The load required to cause this flow is 
made up of components of the shearing force along shear plane 
C-D and of the friction force along the thread flank E-C. As the 
percentage of thread height increases, the shear plane becomes 
longer and the space available for plastic flow becomes limited so 
that very little flow may occur before the restraint applied to the 
deformed metal becomes so great that it is easier to shear the 
metal along line A-B joining the crests of the external threads. 
Above about 50 per cent thread height the plastic flow becomes 
negligible. The foregoing is at least a qualitative explanation of 
what may happen. Unfortunately, this condition was not sus- 
pected when the low thread-height tests were run and the sheared- 
out metal was not saved for examination. Since this type of 
failure occurs only at seldom used low percentages of thread 
height, an immediate reinvestigation of this phenomenon was not 
deemed worth while. 

The shear area for the external thread is more complex since 
this is a function of the percentage of thread height. In general 
form, the expression is 


AS, = rnL,K,, [ 
2n 


+ (E,— K,) tan [3] 
For standard 60-deg threads, h = 0.6495/n and tan ¢'= 
0.57735 and 
K, = + 
so Equation [3] becomes 


AS, = E + (1— 2n | 


1 0.6495 
E + 0.57735 — E, {1 — [4] 


For Class 3 Fits E, > E,, = E, approximately, so Equation [4] 
becomes 


0.6495 ] 1 0.375 


4s, 1,[ _ 12992] + on 
8 n n 


or approximately 


J 


+ [1 + 6f]... .15) 
n n 


AS, = 0.39 L, E 
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6495 
but E+ —_ =E+h=D 
ob AS, = 0.39 L, [> fi+@]........ [6] 


Equation [6] is a particularly useful form for preliminary in- 
vestigations and is quite accurate if the thread form is reasonably 
close to standard proportions. 

To determine the failure load P,,, for stripping, the shear area of 
the affected member is multiplied by its failure shear stress 7,._ In 
general form, for stripping 


It is common practice to assume that 7, is '/; of the engineering 
ultimate stress. Reference (2) states that this allows a small! fac- 
tor of safety. This empirical assumption appears to be reasona- 
bly safe since the experimental data of these tests indicate that 
7, is between 47 and 58 per cent of the engineering ultimate stress 
for the materials used. It would be interesting to try to correlate 
screw-thread shear stresses with the corrected true stress-strain 
curve for the material through use of the maximum-shear theory 
(6). This undoubtedly would indicate that the assumption of 
simple shear is not valid and that there are appreciable stress con- 
centrations present which initiate failure before the average shear 
stress reaches the theoretical '/; the corrected true-fracture ten- 
sile stress, 

It is also likely that the thread-contact load distribution is not 
uniform over the entire length of engagement due to variable 
elongation of the thread members as the tensile load is trans- 
ferred to the internal thread along the length of engagement. In 
three-dimensional photoelastic studies of thread loading, Hetényi 
(7) found evidence of both nonuniform thread-contact loading and 
stress concentrations in the elastic range. The load may tend to 
equalize in the plastic range but this would depend upon the ma- 
terials involved and the precision of the thread elements. The 
magnitude of this effect is not known. 

The tensile strength of an external thread is even more difficult 
to predict accurately. There are variable stress concentrations 
introduced by the sharpness of the thread at the minor diameter, 
and method of thread production and heat-treatment have some 
effect on the residual surface stresses. Further, the amount and 
type of necking before fracture seem to vary considerably even in 
carefully prepared specimens such as those used in these tests. 
Thus the published formulas (2, 8) for tensile-stress area, assum- 
ing uniformly distributed stresses, of external threads are neces- 
sarily empirical and appreximate. The most common formula is 


The assumed stress area is seen to be equivalent to a circle having 
a diameter equal to the mean of the pitch and minor diameters. 

The use of this mean diameter appears to be based upon the 
work of Slaughter (9) who conducted carefully controlled tensile 
tests of standard threads of various sizes with both the external- 
thread specimens and the tensile-test specimens machined from 
the same bar of steel. He found that the mean diameter gave 
results which agreed with the tensile tests within about 3 per cent 
while the error at the pitch or minor diameters was about 15 per 
cent. 

When the data of the authors’ tests were correlated with the 
engineering ultimate tensile stress for the materials used here, it 
was found that Equation [8] is a fair approximation but that the 
apparent diameter of the stress circle varied from somewhat 
under the minor diameter to somewhat greater than the diameter 
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used in Equation [8]. It would seem that using the minor diame- 
ter to determine the assumed engineering stress area would be 
safer. However, since the use of generous safety factors is 
common in design, there is probably little real difference in the 
end result. 

It is seen that there are three possible types of failure; in case 
of doubt as to the type of failure it may be necessary to check all 
three to see which element will contro} the strength of a proposed 
assembly. 


CONCLUSION 


This investigation has shown that for threaded assemblies of 
usual proportions, maximum strength is developed with 50 per 
cent of thread height and that exact tap-drill size is relatively un- 
important so long as the percentage of thread height is greater 
than 60 per cent, but tapping costs are likely to be lower if the 
lowest possible percentage of thread height is used. For excep- 
tionally short lengths of engagement, or when less than 50 per cent 
thread height is used, the minor-diameter size has a significant 
effect on assembly strength and precision hole-sizing methods 
should be used. This investigation has been based upon essen- 
tially static loading, approximating most common usage, and the 
conclusions should not be applied indiscriminately to assemblies 
subject to severe vibration unless confirmed by further tests. 
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Assoc. Mem. ASME. 
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of tapped holes. The influence of tap-drill hole size upon the 
strength of bolted assemblies has long been a subject of discussion 
by production men. Ideally, the per cent of thread height need 
not be any greater than to provide a thread strength equal to that 
of the engaging bolt. This situation permits a low percentage 
of thread height and a great saving in possible tap breakage. 

In the paper, reference is made to an article we published (4) 
and a statement is made that our “suggested percentages of 
thread height may be too low for general-purpose usage.”” No 
definition was given as to what constituted general-purpose 
usage. Our tests pertained only to SAE 1018 steel hexagon-head 
cap screws and, in each size tested, the thickness of the threaded 
nut was equal to the bolt diameter. The tests showed con- 
clusively that for a length of l-bolt diam the full strength of 
the cap screw is developed at 30 to 35 per cent thread height. 
After allowing for various possible errors, such as oversize drilled 
holes, it was suggested that tapped holes which produced 45 to 
53 per cent thread height would provide ample strength for 
assemblies of the size and material specified. 

It also is noted that the authors confined their investigation to 
internal threads with lengths of engagements equal to the stand- 
ard-nut thickness or a fraction thereof. Although this may be of 
interest to nut and bolt manufacturers, their results do not provide 
ready information for those who often tap holes into metal which 
is at least equal in thickness to the bolt diameter. Referring to 
Fig. 8 of the paper, if a curve for a length of engagement of 1 
diam were indicated, the maximum strength would occur at 
approximately 33 per cent of thread height, indicating a result 
substantially as we found it in our tests. We believe the results 
and conclusions of this test are correct, but suggest that the 
authors should have extended them to apply to 1-diam 
lengths of engagement with recommended thread-height per- 
centages. 


R. F. Hotmes.* The paper reports a number of tests and the 
results under static tension for various combinations of ma- 
terials used for the tapped hole and bolt. In some of the tests 
the length of engagement is reduced from the thickness of stand- 
ard nuts and the results reported. In all the tests the percentage 
of thread in the tapped hole is varied and the results reported. 
The procedures followed and the many varied tests show a com- 
plete understanding of the objective which the authors were seek- 
ing. The results reported are generally similar to those shown in 
several previous articles which were more general and not fully 
detailed. They also generally parallel the results shown in a 
British paper by C. W. Smith and A. C. Low.’ 

The percentage of thread required in the tapped hole to de- 
velop the full strength of the screw or bolt has been the subject 
of much discussion in articles and tap drill-size recommendations. 
Before this can be discussed without bias, the materials used for 
the tapped hole and bolt as well as the length of engagement of 
the mating parts must be understood. The general understand- 
ing is that the internal-thread (tapped hole) maximum-minor 
diameters as shown in ASA B1.1-1949, Unified and American Screw 
Threads, are for use with materials of equal strength for the 
tapped hole and bolt, and a length of engagement equal to the 
nominal diameter. This combination is considered to give a factor 
of safety which will assure developing the full strength of the 
bolt such that it will break before the threads in either the 
tapped hole, or on the bolt, will strip. This is accomplished by 
considering that the shear area of the external thread at the diame- 


*AC Spark Plug Division, General Motors Corporation, Flint, 
Mich. 

7 “The Effect of Fit and Truncation on the Strength of Whitworth 
Threads Under Static Tension,””’ by C. W. Smith and A. C. Low, 
British Machinery, June 16, 1949. 
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ter equal to the maximum-minor diameter of the internal thread 
should be twice the tensile-stress area at a diameter of the ex- 
ternal thread equal to the mean of the basic pitch and minor 
diameters. This considers the strength of material in shear to be 
one half the strength of the same material in tension. 

It was the foregoing understanding which substantiated the 
change in per cent of thread of the number sizes in ASA B1.1- 
1935, American Standard Screw Threads, from 62 to 67 per cent 
for the coarse-thread series and 66 to 70 per cent for the fine- 
thread series, as recommended by the National Screw Thread 
Commission, to 53 to 65 per cent for both the coarse and fine- 
thread series. In ASA B1.1-1949, Unified and American 
Screw Thread Standards, for the fractional sizes in the coarse and 
fine-thread series the per cent of thread varies from 65 per cent 
at '/, in. to about 74 per cent at 1 in. and over, which does not 
permit use of standard drills for some sizes. 

In order to use standard drills and drilled-hole tolerances for 
the most sizes practical, the per cent of thread must be reduced to 
approximately 65 per cent for sizes above '/, in. This would be 
permissible if the same strength material is used for the tapped 
hole and bolt and if the length of engagement is equal to the nomi- 
nal diameter. For other applications the actual conditions must 
be taken into consideration. 

The use of larger internal-thread (tapped hole) maximum-minor 
diameter, the use of shorter than standard-nut-thickness length of 
engagement, or the use of a higher strength material for the 
tapped hole than for the bolt, taken individually or in combi- 
nation, lower the factor of safety which will assure developing the 
full strength of the bolt before stripping the thread in either the 
tapped hole or on the bolt. With this in mind, the less percent- 
age of thread in the tapped hole the more limited the application 
becomes to lengths of engagement under the thickness of standard 
nuts. 

The use of less percentage of thread in the tapped holes will 
allow the use of more standard drill sizes and larger drilled-hole 
tolerances under conditions where this is permissible. Tapped 
holes in lower strength materials than that for the bolt, where 
longer lengths of engagement are necessary to develop the full 
strength of the bolt, also can use less percentage of thread for 
shorter lengths of engagement where the full strength of the bolt 
will not be developed. This is because the shear area is consid- 
ered to be in the internal thread at a diameter equal to the major 
diameter of the external thread. 
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Autuors’ CLOSURE 


The authors wish to thank Messrs. Begeman, Chervenka, 
and Holmes for their remarks and suggestions. 

Professor Begeman and Mr. Chervenka suggest that the 
authors’ experiments should have been extended to cover the 
one diameter length of engagement. In view of the excellent 
conformity of the experimental data for L, of .42D, .62D, and 
.83D with formulas [6], [7], and [8] of the paper, the authors 
feel that the modest extrapolation of this data to L, = D is 
quite safe. As one of the authors pointed out in a letter to 
Professor Begeman prior to presentation of the paper, application 
of these formulas to the data of Fig. 8 indicates that at L, = D, 
maximum strength would be developed at a thread height of 33 
per cent of basic, and that for L, = 1.1D, maximum strength 
occurs at 28 per cent. The use of these formulas amounts to the 
same type of extrapolation used by Professor Begeman and Mr. 
Chervenka in plotting the curves of Figs. 3 and 4 in their article, 
reference (4) of the paper. Their curves are equivalent to a plot 
of our Equation [7], using Equation [6] for AS with L, = D. 
Their critical percentage of thread height would be the value of 
f at which these external-thread shear-strength curves inter- 
sect the breaking strength of the external-thread member. 

While fairly long lengths of engagement are common in the 
construction of industrial machinery and toolroom products, 
there is an increasing interest in shorter engagements in many 
products where weight, size, and costs are important factors; 
they are by no means limited to the fastener’s industry. 

Long lengths of engagement further require much closer atten- 
tion to thread-lead error in both the internal and external threads 
if assembly is to be achieved without excessive clearances. 

The authors see little chance of adoption of thread heights less 
than 55 per cent of basic. If the thread height is reduced to 
less than 50 per cent of basic, the pitch diameter no longer exists in 
the internal threads and accurate gaging becomes increasingly 
difficult. Further, at very low thread-height percentages 
tapping can become more difficult in that the tap may ream in- 
stead of cutting a thread unless great care or lead-screw tap 
control is used. 

Mr. Holmes’ discussion of the reasoning behind recent changes 
in thread-height percentage requirements of the American 
Standards is interesting. It is encouraging to see reductions in 
required percentages of thread height to bring them more nearly 
in line with the strength requirements of ordinary usage. 
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The Design of the Expanding-Shoe 
Friction Clutch 


By M. J. COHEN,’ LONDON, ENGLAND 


The following development gives a complete and exact 
treatment of the problem of the design of friction clutches 
of the expanding-shoe variety. The method followed is 
one which, ab initio, takes all the relevant parameters of 
the clutch, such as dimensions, elastic properties, and the 
forces-moment system to be arbitrary and then proceeds to 
relate them by a set of equations that illustrate the final 
equilibrium of the system. From the three basic equa- 
tions derived, a simple and very rapid design technique is 
evolved which can be used reliably by technicians for the 
design of one such clutch to transmit a required torque. 
Section 10 incorporates the complete technique of design 
and can be interpreted simply without reference to the 
theoretical considerations leading to it in the preceding 
sections. 

NOMENCLATURE 


The following nomenclature is used in the paper: 


= upward force on wedge 
= reaction of wedge on shoe 
= horizontal and vertical components, respectively, 
of R 
inner and outer radius of shoe before engaging 
mean radius of shoe before engaging = (Rh, + 
R-)/2 
mean radius of shoe after engaging 
semithickness of shoe in radial direction 
breadth of shoe in axial direction 
Bo + tan po 
semiwedge angle 
coefficient of friction between wedge and shoe 
coefficient of friction between drum and shoe 
tan~! 
spacing between unexpanded shoe and drum, 
Young’s modulus for shoe metal 
moment of inertia of shoe section for bending in its 
plane 
reactions and moment at clutch hub 
a = angle of contact between half-shoe and drum 
tf] angle subtended at center by any point A of shoe 
rim 
do angle to initial contact point in process of engag- 
ing 
So extension of locus of centroids of sections in 
Winkler’s expression for the BM of a beam 
with curvature 
t 
Xo =. f where is distance of 
—t/2 (: + 
R,’ 


Por 


x’, ¥’, 


1 Queen Mary College. 

Contributed by the Machine Design Division and presented at the 
Annual Meeting, New York, N. Y., November 28—December 3, 1954, 
of Tue American Society or MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, October 5, 
1953. Paper No. 54—A-86. 


an area element of breadth b from centroid of section 


1 and 2, as suffixes, relate to each of the two halves of the shoe, 
unless otherwise stated 

A* symbolizes the forces (Y + ux)/R; acting on the expanded 
shoe tips on each of its halves 


1— INTRODUCTION 


Of the three types of friction clutches currently in use, the ex- 
panding-shoe type has received little or no attention in so far as a 
design technique is concerned. The usual procedure has been to 
rely on precedent and empirical formulas to evolve a clutch to 
transmit a required torque. This can only lead to overstiff 
clutches with the resultant loss of utilization of full capacity or, 
complementarily, to a waste of material, space, and, possibly, a 
superfluity of effort in the process of engaging the clutch. 

With the expanding-shoe clutch in fairly wide usage it becomes 
useful to derive an accurate method of analysis which will lead to 
a logical and simple design technique for clutches and brakes of 
this type. To the author’s knowledge this problem has not been 
tackled seriously and none of the few available analyses can lay 
claim to mathematical rigor. In America, a problem of the 
same nature has been treated by A. C. Rasmussen (2 to 6),? and by 
O. von Mehren (7). Both these authors restrict their analysis to 
the case of the internal-shoe clutch with fixed and floating 
anchors, both pivoted. These cases, of course, considerably 
simplify the analysis. The analysis in this paper relates to 
clutches whose shoes have rigidly fixed anchors. This leads to a 
statically indeterminate system and accordingly an energy 
method is used to deduce the unknown reactions at the supports. 
The loading function on the rim, initially assumed arbitrary, is 
shown to be exponential. 


2—DEscRIPTION OF EXPANDING-SHOE CLUTCH 


This type of clutch consists of a drum free to rotate about a 
shaft—either driver or driven—with a spider keyed to it and 
developing solidly and symmetrically into two quasi-semi- 
circular shoes close around the inner wall of the drum. These 
shoes can be forced against the inner wall of the drum by means 
of a lever-and-wedge mechanism (only partly shown in Fig. 1) 
thus effecting a frictional engagement between drum and shaft, 
Fig. 1. 

The composition of the material of which most of these units 
are made is that of a good cast iron, i.e., 3 per cent C with about 
1 to 2 per cent Si as an impurity. The usual coefficient of 
friction of a cast-iron contact surface is 0.15. The analysis, 
however, will assume an arbitrary coefficient of friction yu. 

It will be shown in the next sections that the nondimensional 
(EIAzr)/(AR") which, as one would expect, incorporates the 
clutch’s essential dimensions, Az, t, and R’ (see nomenclature), 
together with the elasticity factor Z for the material, and the 
symbol A, introducing the external force applied to the clutch 
through the lever-and-wedge mechanism, completely defines the 
clutch. It is thus a clutch characteristic. 


2 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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3—SuMMARY 
The only restrietion imposed on the validity of the solutions 
derived in the following sections is that resulting from the 
assumption that both Az and ¢/2 are much smaller than R’, the 
mean radius of the expanding shoe, and hence that the Winkler 
expression for the bending moment in a beam of considerable 
curvature 


M = ER, (2: (1 + 
EI Ax 


R,'R,’ 


reduces to M = 


It may be pointed out that Winkler’s expression is a more general 
and more accurate one than the more common one of Timoshenko. 
It is reducible to the latter if so is assumed zero and —AR’/R’ re- 
placed by (Ad ¢)/(d¢) to which it is identical. 

In Equation [14], as a consequence of the forgoing assumption, 
R’ has been replaced by R:, the radius of the outer shoe wall and 
M simply equated to EJ Ax/R,?. If, in some of the more extreme 
cases, this seems unjustified, the more accurate expression E/ Ar/- 
R;'* can be substituted for M in Equation [13] and Equation [15] 


becomes 
+ 00s) — (* 5) sin @ 


-—cos a — t/R,’ 


Mie 


neglecting squares of t/2R’. 

It will be found, however, that for practical purposes the use of 
Equation [15] gives results with errors of less than 5 per cent in the 
worst cases. In Sections 4 and 5, the load function on the rim of 
the expanding shoe is derived. Then the reactions and moment at 
the support are found in terms of a and a, the angles of contact 
of each half of the shoe with the drum, and the latter finally ob- 
tained by an energy method in Section 6. In Section 8 an appar- 
ent singularity in the general solution is clarified and, as a corol- 
lary, the minimum upward force on the wedge necessary to en- 
gage the clutch is found in Section 9. Finally in Section 10 an 
actual example of design of an expanding-shoe clutch to required 
specifications is worked out. 
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4—DenrIvaTIon or LOAD-FUNCTION ON Riu 


A load-function f(@) is assumed normal to the rim. Conse- 
quently, a friction force uf(@) is distributed tangentially over the 
contact area. The bending moment at a section A is (Fig. 1) 


M, = M+ RAY + — cos 0) 
* sin (8 — w)dw 


+ Rf(w)[1 — cos (@ — w)]dw...[1] 


and M, = M throughout the length of contact since the curva- 
ture and hence the bending moment are constant for 0 < @ < a; 
the + or — signs being operative when considering the left-hand 
and right-hand halves of the expanding shoe, respectively, Fig. 1. 
Differentiating Equation [1] twice with respect to 0 we obtain 


RAY + wX) cos + sin (0 — w)dw — Rs*f(9) 
+ cos (8 — w) dw = 0.... [2] 
Adding Equations [2] and [1] there obtains 
RAY + wX) — + Rep 
Differentiating Equation [3] with respect to 9 once more, we 
obtain the first-order differential equation 
f'(0) F = [4] 


whose solution is 
f(0) = Ae*“? 


If Equation [5] is now substituted in Equation [3] we obtain for A 
the value 


and hence 


A* can, alternatively, be expressed as 


P cos (8 ¥ 
2R; sin B cos r 
where 
P = upward force on wedge 
8B = By + tan~! 
= tand 


5—REACTIONS AND MoMENTs aT Hus or CLutcH 


We now proceed to find the reactions and moment at 0, which 
for convenience, we have chosen at the hub of the clutch. Re- 
solving horizontally, vertically, and taking moments we obtain 
in succession (Fig. 2) 


¥’+4*R, + A*uRs cos 40 — A*Rs 
sin 040 = 0 
—X’'+A*uR, sin 6d0+A*R, 


M’+M + A*R?*pR2A* a0 =0 


bag 
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Evaluating the Integrals [7] immediately give X’, Y’, and M’ 1 * ) 
Y’ = —A*Rye*** cos a El ox’ 
X’ = A*Re*™sinaqa py... [8] 
M' = + A*R,*%e***) #- (M’ + X’R, sin 6’ + Y'R, cos sin |. . 


With Y’, X’, and M”’ known in terms of a, as yet undeter-  -7),, expression in parentheses in the second integrand is equal to 


—M — A*R,*%e*"*[1 + cos (a + 


from Equation [8]. 


Also M, in the range r — a < 6’ < m is independent of X’, 
and therefore 0Ma/0X’ = Oin that range. Equation [12] is now 
simply 


f {—M — A*R,%e*** [1 — cos (a + 6’)}} sin 0’ d6’ 


and performing the integration, this reduces to 


—M(1 + cos a) 
— (1 + cos a) — sin a| 
2 R;? 
Fie. 2 The expression for M is in the foregoing range 
mined, and the known M and A, the total forces and moment at re 1 
the hub at 0 due to both halves of the expanding shoe are M = ER, Ry’ Re’ (1 + %)Xe 
Total Xp = Xi’ + Xs’, bee the direction of X,’ which is Winkler’s expression. However, following the argument 
Total Yp = Y,’ — Y%’, in the direction of Y,’ of Section 3, assuming 8» small and neglecting squares of t/2R,’ at 
Total My; = M,' — M,’, in the direction of M,’ most, this reduces to 
where the suffixes 1 and 2 refer to the left-hand and right-hand ElAr ElAr 
half of the expanding shoe, respectively. Hence the total forces M = RR! " Rf’ if t/2R,’ is small....... [14] 
and moment transmitted to the shaft will be equal in magnitude sh ie ‘ 
and opposite in direction to the foregoing, i.e. Substituting for 4, from Equation [14] in [13] and solving for 
X, = sin a; + sin ae), (EIAX)/(A*R;*) we obtain 
in the direction of X,’ -pty 
1 + cos a) — sin @ 
Y, = cos a, — A~e~*™ cos az), >... [9] EIAX 
in the direction of Y;’ —cos @ A+R, 
M, = R:XAt+e*™ — A-e~*™), in the direction of M,’ ] or if t/2R,’ is not small, but neglecting squares of ¢/2R,’ 


6—DETERMINATION OF AND 
(1 + cos a) — sin @ 
From energy considerations ElAz (15a) 
("Ma —cos a — t/R,' A*R?R," 
—Ar = — | — Redf............ [10] 
ox’ 2EI 7—Discussion oF SoLuTION DeRIvED 


From the Expressions [15] and [15a], we notice immediately 


But also the bending moment at A, Fig. 2, is 
. ” that @ is always greater than 7/2 since Az is essentially positive; 


M, = M’ + X'Rysin + cos the numerator of the 1:A ratio varies between 2 and 0as0 < a < 
e noe KS . m, and the ratio itself assumes all positive values between 0 and 
+ sin — w)dw as cos! — t/R,’ < a What in fact happens is that the 


a | rim of the expanding shoe first touches the outer drum at some 
[1 — cos (6’ — dw @ = and, then, under the effect of A —is further forced into 
¥ ' : > contact with the inner wall of the drum along a greater are of its 
And performing the integrations circumference until the equilibrium state expressed in Equation 
M, = + sin 6’ + Y’R; cos 0’ x [15b] which follows, is attained. 
4 The Expression [15a] shows that, in general, there are two dis- 
. ePeners: * tinct values of a, one for each of the halves of the expanding shoe, 


Hence Equation [10] becomes when the full torque is applied, as was expected. The actual proc- 
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Fie. 3 Symmetricat Friction LoapING on 
ENGAGING CLUTCH 


ess of engaging, however, is finally static and results in equal 
values of @ for both halves, the value given by 


2 ElAz 


(1 + cos a) — 


... [155] 

—cos 
since the frictional loading is then directionally symmetrical about 
the vertical axis, Fig. 3. With the full torque applied the loading 
becomes, of course, directionally antisymmetric, resulting in two 
different values of a, one for each half of the shoe, Fig. 4. In the 
design technique to be described and illustrated in Section 10, 
Expression [15] will be used throughout as being of sufficient 
accuracy for all practical cases. 


8—ConpiT1ons Arrer CLuTCcH ENGAGEMENT 


Expression [15b] for the ultimate a after engaging the clutch 
seems to be singular when A — = 0. In this case with no load 
acting we seem to get an angle of contact of w/2 (or more ac- 
curately cos~! — t/R,’). The fallacy in this objection is that as 
long as R, the total force exerted by the wedge on the tip of the 
shoe are, is less than some Rmin, the minimum force necessary to 
establish contact between the expanding-shoe are and the drum, 
the foregoing analysis does not hold, because no part of the shoe is 
yet in contact with the drum. However, as soon as this Rmin for 
engagement is reached, the conditions of loading change com- 
pletely; in fact, there is a discontinuity in the loading process of 
the arc, at this point in time. Almost immediately after the first 
contact is made, the vertical component X vanishes, the horizon- 
tal component becomes Y — wX, a new moment M is set up at the 
tip; then, no matter how small Y — uX is or whatever the value 
of Bo the semiwedge angle, provided the former is > 0, the angle 
of contact shoots off from zero to a value > 7/2 almost in- 
stantaneously. If ¥ — uX is <0, which can happen if {ois large 
enough, then the Expression [155] can assume negative values in 
the range for a of 0 < a < cos~!—¢/R’;. This will be the case if 
Y — pX < 0, ie., since Y = R cos 8B and X = R sin 8, if 


(cos 8 — w sin B) < 0 
ie., if 
Bo > w/2 — — 
Since \ and tan~!yo are small, i.e., of the order of 10 deg, this 


ease practically never occurs. Hence, provided R > Rmin, the 
Expression [156] is valid for all values of the various parameters. 
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9—EVALUATION OF Rmin 


This is found by using a minimum-energy technique. In this 
process the first point of contact between rim and drum is deter- 


Fie. 5 


mined as the angle from the vertical @o. Referring to Fig. 5, the 
bending moment at A is 


M,/R:z = [X sin 0 + Y(1 — cos + F sin (6 — ¢) 
or [16] 
M,/Rz = R{sin sin B + (1 —cos) + F'sin'(6 — 


since Y = Reos Band X = Rsin 8. 
Also since the displacement of F in the direction of its line of 
action is Ar = 0U/dF, we obtain, using Equation [16] for M, 


0 2EI 


ao = J, 


M, 2M, 
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Hence finally, substituting for Ma 


AzEI sin B 
-f [008 (20 — + 


+ cos sin (0 — {sin (20 — — sin ao 


[1 — cos(20—@)] d0.... [17] 
2 Jo 


Evaluating the integrals and solving for R 
2EI Az 
sin (8 + 


R is a minimum if the denominator is a maximum, i.e., if @ = 
8B. Then 


R 


letting F — 0 


2EI Ax 


in = “aR! 


The foregoing value of @p is the angular distance of the first point 
of contact between rim and drum from the vertical. 


10—Tue Desten TECHNIQUE 
In the following B, Gi, G2, F:, and F: are identified with 


E + cos a) — "= sin a| 
B=- 


—cos 


TABLE 1 VALUES OF 3,,G:/G: VERSUS a 


0.15 0.20 0.25 0.30 
1.4090 1.5797 1.7709 1.9854 
0.7135 0.6375 0.5697 0.5090 
1.4126 1.5853 1.7786 1.9958 
0.7153 0.6398 0.5722 0.5117 
1.4163 1.5908 1.7864 2.0062 
0.7172 0.6420 0.5746 0.5144 
1.4201 1.5963 1.7941 2.0168 
0.7191 0.6443 0.5771 0.5171 
1.4238 1.6018 1.8020 2.0274 
0.7210 0.6465 0.5796 0.5198 
1.4276 1.6076 1.8099 2.0380 
0.7229 0.6488 0.5821 0.5225 
1.4313 1.6129 1.8278 2.0486 
0.7248 0.6510 0.5847 0.5252 
1.4351 1.6187 1.8258 2.0594 
0.7267 0.6533 0.5833 0.5279 
1.4388 1.6244 1.8338 2.0702 
0.7285 0.6555 0.5899 0.5308 
1.4426 1.6300 1.8419 2.0810 
0.730% 0.6576 0.5925 0.5335 
1.4462 1.6357 1.8499 2.0920 
0.7323 0.6601 0.5951 0.5363 
1.4502 1.6415 1.8580 2.1030 
0.7342 0.6625 0.5977 0.5391 
1.4538 1.6472 1.8662 2.1140 
0.7362 0.6648 0.6002 0.5420 
1.4578 1.6530 1.8743 2.1250 
0.7381 0.6674 0.6028 0.5448 
1.4618 1.6588 1.8824 2.1360 
0.7401 0.6700 0.6055 0.5477 


= etua 


G: = e~ 


T 
(1 + a) — 


— a 


2 


a 


= G,Bi = 
—COs 


7 


—COS 


Let M, be the required torque to be transmitted by the clutch. 
Of the clutch parameters involved, uw and £ are functions of 
the material used and are thus fixed by strength and wear con- 
siderations. The three basic equations derived in the previous 
sections 


ElAz 
El Ac 
fos 


show that R.A +, R2A~, and the are still undetermined. 
Since there are three equations but five groups of unknowns, it is 
necessary to assume either of the pair (R,A*, R2A~) or (a, a2) 
known. Although the choice of either will determine the clutch 
uniquely, an easier and possibly more justifiable technique will 
result from assuming a constant mean value of (a, + a@)/2 for all 
uw. This is done here and a constant mean value of 130 deg is 
assumed, a value which takes as large an arc of contact as is com- 
patible with acceptable strains in the expanded shoe near its 
anchor. Thus for all clutches of this type, if a2 = 124 deg, say, 
then a; = 136 deg giving a mean (a + a:)/2 of 130 deg. Since 
this assumption only relates a, and a, a further relation is needed 
to make the problem determinate. This is obtained as follows 


F,/F, = A*+/A~ = (Y + uX)/(Y — from Equation [15], 
Since Y = R cos 8, and X = Rsin B, with wu = tan X, this can be 
written 
F./F, = A*/A~ = cos (B — )/cos (B + d) 
TABLE 2 VALUES OF F;/F: VERSUS am 


He0.10 0.15 0.20 0.25 0.30 0.35 


1.0595 
0.8698 
0.7132 
0.5867 


0.4792 
0.3918 
0.3203 
0.2605 
0.2117 


0.1698 
0.1382 
0.1130 


911 
| El Ax 
Rul 
| 
13r| 0.0325 | 1.2569 2.2258 
0.0395 | 0.7984 0.4549 | 129 
- 1327 0.0294 | 1.2590 2.2395 
0.0435 | 0.7998 0.4577 | 12¢ 
133°| 0.0265 | 1.2611 2.2531 
0.0380 | 0.8012 0.460% 
134°] 0.0239 | 1.2634 2.2669 
0.0527 | 0.8026 0.4632 
135"| 0.0216 | 1.2656 2.2807 
0.0581 | 0.8040 0.4661 
0.0195 | 1.2679 2.2947 
| 0-0639 | 0.8054 0.4690 131% - - 
137 0.0175 | 1.2701 2.3087 1328 132° 
0.0703 | 0.8068 0.4718 ~ =, 
- 133 133 
0.0774 | 0.8083 0.4747 134 me 
~ J39"| 0.0140 | 1.2745 2.3372 135 135° 
0. 0849 | 0.8097 0.4776 - - 
0.0125 | 1.2767 2.3514 136° 0.6012 0.7543 0.9462 1.1873 - | 136° 
0.0932 | 0.8111 0.4805 |126 137°| 0.4916 0.6167 0.7737 0.9708 1.2179| 137° 
141} 0.0111 | 1.2790 2.3660 138°} 0.4019 0.5083 0.6326 0.7937 0.9958| 138° 
139°| 0.3268 0.4101 0.514% 0.6455 0.8098| 139° 
we 140° 0.2656 0.3333 0.4181 0.5246 0.6581 | 140° 
143 1a? 0.2131 0.2674 0.3354 0.4209 0.5280| 141° 
142° 0.1734 0.2176 0.2729 0.3425 0.4296] 142° 
0.1362 | 0.8167 0.0928 J1d 143° 0.1418 0.1779 0.2232 0.2800 0.3513| 143° ; 
14571 0.0070 | 1.2880 2.4246 14a?) - 0.1147 0.1440 0.1806 0.2266 0.2843] 144° 
0.1500 | 0.8182 0.4954 145°} - 0.1150 0.1442 0.1810 0.2270| 145° 
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This last relation relates A* and A~ once the wedge angle and yu 
are fixed. Tables of B, G,, Gz, and F/F; against @ are given here- 
with for six values of uw, namely, wu = 0.1, 0.15, 0.20, 0.25, 0.30, 
0.35. They are used for the design of a clutch as follows: 


(a) Having chosen the material for the clutch and hence fixed 
mu and £, choose a reasonable value for the semiwedge angle {o. 
Also R, will be determined by housing considerations. 

(b) Since cos (8 + cos (8 — A) = = A~/A*, 
is now determined and using the tables the corresponding values 
of a, and hence a: are known. 

(c) a and a being now known, G,, Gz, and hence, F; = G,B, 
and F; = G,B; for the relevant u are determined from the tables. 

(d) M./R, = A*G, — A~G:) is transformed to M,/R; = 
R,A*(G, — F\G2/F 2) using the result of (b). Assuming R; to have 
been fixed by housing considerations, 1/,/R, and the expression in 
parentheses being known, R.A * and hence R,A ~ follow. 

(e) JAx = A*R;F,/E = A~R,‘F,/E, and the splitting of 
the product / Az is left to the judgment of the designer. 


Example. To design a friction clutch of the expanding-shoe 
type to transmit a maximum torque of 200 ft-lb, maximum hous- 
ing space 14 in, 

Method (a) We chose a cast-iron material with u = 0.15, and E 
= 16 X 10* psi. Also we take the semiwedge angle to be 45 deg 
and po = 0.15. Housing considerations limit R, to 6 in. 

(b) The foregoing choice of Bo, 4, and jo, leads to 

cos (B +X) _ cos (62°04’) 

cos (8 — A) cos (45°) 
The tables give for this value of F/F: a value of a of 135°32’. 
Hence a, = 260° — 135°32’ = 124°28’. 

(c) The values of a; and a: being now known, the tables give in 
succession 


= 0.6654 = F,/F,; = A~/A* 


G, = 1.4258, G@, = 0.7220 


For a = 135°32’ 

B, = 0.0205 
For a: = 124°28’ 

Bz = 0.0610 


and 
F, = G,B, = 1.4258 X 0.0205 = 0.0292 


F, = G,By = 0.7220 X 0.0610 = 0.0440 


F 
From the foregoing (« —C, ) = (1.4258 — 0.7220 
2 
X 0.6654) = 0.9454 


(d) Hence M,/R. = — = 0.9454R,A+, 
and 
200 x 12 


6 
R.A 09453 423 lb 
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Also R,A = (F,/F:)R:A* = 0.9454 X 423 lb = 281.5 lb. 
(e) Finally 


R,AtF, 


= 0.167 10-% 
E 0 x 


= 


(With Az = '/y in. andJ = #/12, assuming a breadth of | in. for 
the shoe, we finally obtain 


t = W/12 X 32 X 0.167 X 10-8 = 0.4005 in. 


With Ar = '/y in. there results ¢ = 0.3175 in. In (d) Rz:A* and 
R,A~ can be written, ¥Y + wX and Y— pX, respectively. Hence 


Y + wX = 423 lb 
Y — wX = 281.5 lb 


Therefore Y = 352.25 lb. Since R = Y sec B, R = 592.66 lb. 
From P = 2R sin 8 we finally get for the upward force on the 
wedge necessary to engage the clutch fully, P = 953.25 lb. The 
desirable maximum pull on the engaging lever will thus im- 
mediately determine the leverage ratio of the lever-wedge mecha- 
nism. 


CONCLUSION 


The foregoing analysis does not take into account certain prac- 
tical aspects of the problem such as the effect of the differential 
thermal expansion of drum and shoe, due to the heat generation 
during engagement, which is a rather important factor in the 
seizure aspects of the problem, nor has the effect of wear with use 
been considered. Since there is little data available on both these 
aspects of the question, the incorporation of these factors in a 
technique of result correction must be left to the future when 
more ample data on these will be at hand. With these factors 
neglected the present technique of clutch or brake design should 
enable a designer to work out by a rapid and simple process a unit 
to transmit or brake a desired maximum torque. 
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A Theory of Fatigue-Damage 
Accumulation in Steel 


By D. L. HENRY,' DAYTON, OHIO 


At present, there is no theoretical method for predicting 
the change in the endurance limit of steel specimens sub- 
jected to various numbers of cycles of overstressing at dif- 
ferent stress levels. The theoretical and most of the ex- 
perimental work accomplished thus far has been con- 
cerned with studying the change in endurance life at some 
stress level resulting from the accumulation of various 
amounts of overstressing at other stress levels. It is the 
purpose of this paper to present a simple theoretical model 
for predicting the change in endurance limit resulting 
from the accumulation of overstressing cycles at moder- 
ate levels of overstress and for moderate degrees of fatigue 
damage. Review of the literature indicates that it is 
reasonable to assume that fatigue damage occurring prior 
to the formation of a visible crack is equivalent to an in- 
crease in a “stress-concentration factor” associated with 
the particular defect in the specimen which will form the 
fatigue nucleus. The application of simple notch-factor 
concepts and the use of an empirical formula for the S-N 
curve for steel resulted in an equation for predicting the 
change in the S-.V curve when specimens are subjected to 
overstressing histories producing moderate amounts of 
fatigue damage. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


D = “damage ratio,” dimensionless ratio of change in en- 
durance limit with accumulation of damage to original 
endurance limit 

number of cycles of loading required to produce fatigue 
failure at some given stress level 

cycles of loading at some stress level, not necessarily to 
failure 

endurance limit (in psi) prior to accumulation of fatigue 
damage 

endurance limit (in psi) after accumulation of a certain 
amount of fatigue damage due to overstressing 

alternating stress amplitude (in psi) 

cycle ratio (dimensionless) corresponding to ith stress level 

overstress ratio (dimensionless) corresponding to ith stress 
level 

constant characteristic of a particular steel and type of 
specimen (cycles times psi) 


When referring to the S-N curve the number of cycles N, of 
life expected at a given stress level S, is called the “endurance life” 
at that stress. The “endurance limit” is that stress level for which 


1 Propeller Laboratory, Wright Air Development Center, Air Re- 
search and Development Command, United States Air Force, Wright- 
Patterson Air Force Base. 

Contributed by the Machine Design Division and presented at a 
joint session of the Machine Design and Applied Mechanics Divisions 
at the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Tae American Soctety or MeEcHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 3, 
1954. Paper No. 54—A-77. 


the endurance life is very long or “‘infinite’’ for practical pur- 
poses. Note that the endurance limit may be defined in terms of 
stress at some reference location in the specimens even though the 
fatigue fractures occur at points far removed from the reference 
location. ‘“Stress,’’ or “stress level,’”’ refers to the amplitude of a 
stress variation which is sinusoidal. ‘‘Overstress’”’ is defined as 
the ratio of the amount by which the stress exceeds the endurance 
limit to the endurance limit. 

The numerical value of fatigue life depends on the definition of 
failure. ‘Failure’ as normally used denotes that condition of the 
specimen for which there is a definite fatigue crack or fracture ob- 
servable by the ordinary means of detection, such as magnaflux, 
x-ray inspection, use of dye penetrants, visual inspection using 
low-power magnification, etc. The mathematical definition of 
failure used herein is that the endurance limit of the specimen is 
zero. 


Fatigue DAMAGE 


The conventional S-N curve as usually obtained predicts 
average fatigue behavior only for the relatively simple case of 
operating at a fixed amplitude of alternating stress, By itself 
this curve cannot be used to predict the fatigue behavior of speci- 
mens subjected to various stress levels of operation during their 
lifetimes with varying time of operation at each of the stress 
levels. This latter type of prediction requires the use of some sort 
of fatigue-damage theory. 

In the case of steel, overstressing manifests itself in one of two 
general ways in so far as its effects on subsequent fatigue behavior 
are concerned: 

1 It reduces the endurance life at all stress levels which are 
sufficiently high to produce failure. 

2 It affects the endurance limit, thus affecting the ability of 
the specimen to withstand subsequent stressing. 

Miner (9)? has discussed a simple theoretical technique for 
evaluating or summing the effects of short periods of overstress- 
ing. Miner’s data obtained in support of the theory were derived 
from tests conducted solely on aluminum-alloy specimens. 
Although this theory has been used to predict fatigue damage in 
steel, an objection to applying the theory to steel is that it does not 
consider there is any change in the basic endurance limit of the 
specimen after the various periods of overstressing have been 
accomplished. Any change in this basic endurance-limit value 
might be critical for a machine part subjected to cyclic loading of 
varying amplitude because a higher proportion of subsequent 
stressing thereby might become damaging. 

Another objection to applying the foregoing theory to steel is 
that several sets of experimental data indicate that, at least in 
general, the order of application of stress cycles at the various 
stress levels affects the value of the damage sum accumulated at 
failure (5, 10, 11). 

Other models to explain experimental fatigue data have been 
proposed by Newmark (11) and by Marco and Starkey (14). In 
each of these models the definition of “damage”’ is given by the 
condition that D (damage) equals unity for failure of the speci- 
men. No feature or measurable property of the fatigue specimen 


2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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is specified as changing with the accumulation of fatigue damage; 
i.e., intermediate degrees of damage are not defined. 


Tueory FoR FatTiGuUE-DAMAGE ACCUMULATION IN STEEL 


General. The development of a mathematical model to calcu- 
late fatigue damage in steel will be based on the following assump- 
tions: 


1 The S-N curve for a steel specimen can be suitably repre- 
sented for moderate overstressing values by the empirical equa- 
tion N = k/(S — E), where both the k and the Z value will de- 
pend on the type of steel, the specimen configuration, the severity 
of the worst flaw or defect present in the specimen, ete. 

2 When fatigue damage accumulates, both the k and the E 
in general will be affected. Thus damaged specimens will have 
a new endurance-limit value and a new endurance life at every 
stress level above the new endurance-limit value (the damaged 
specimen is assumed still to have an infinite life for stresses be- 
low the new endurance-limit value). 

3 The k value for any degree of damage is assumed to be pro- 
portional to the new specimen endurance limit corresponding to 
the degree of damage. 


The assumption that the S-N curve for steel can be repre- 
sented by an empirical equation of the form N = k/(S — EB) is 
not new. Weibull (3) has used a general equation of the form N 
= k/(S— E)™. It has been the author’s experience that setting 
m equal to unity gives an equation which in general will represent 
S-N curves satisfactorily for steel specimens and structural 
components, provided the highest stress level considered is not 
more than about 1.5 times E. Note that the equation yields an 
infinite life for a stress level equal to the endurance limit. The 
equation is not to be used for S < EZ. It should be further 
pointed out that the relation will not represent steel S-N data 
satisfactorily for a range of stress levels such that general yielding 
is occurring in the vicinity of the fatigue fractures occurring at the 
higher stress levels. 

When fatigue damage accumulates it will be assumed herein 
that both the k and the Z-values are affected. This is equivalent 
to assuming that a specimen which has accumulated a certain 
amount of fatigue damage has a new S-N curve—different from 
the original curve for the virgin specimen. Clearly the endurance 
life at the damaging stress level has been reduced by the number 
of damaging cycles at that level, but it is not so clear what the 
effects of this overstressing have been on the life at other stress 
levels and also what its effect on the endurance limit has been. 
It does seem reasonable, however, that for steel overstressed 
within the elastic range and not subject to appreciable ‘‘coaxing”’ 
effect, the endurance life at all other overstress levels will be 
lowered and also that the endurance limit will be lowered. 

Now consider the assumption that the k-value will be propor- 
tional to the specimen endurance limit corresponding to the de- 
gree of damage which has been accumulated. Assume that a 
certain specimen has an original endurance limit EZ, and a charac- 
teristic constant k. The value of endurance limit is, of course, de- 
fined in terms of stress measured at some reference location. Now 
let a hypothetical notch be introduced at the expected point of 
initial fatigue fracture such that the significant stress is increased 
by a factor C. Thus the new endurance limit would be £/C in 
terms of stress at the reference location. But, discounting yield- 
ing effects, all stress levels at the expected failure location would 
be increased by the factor C—the concentration of stress is not 
limited to that stress level corresponding to the endurance limit. 
Therefore it follows that 


N = k/C(S— E) = (1) 
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where k’ = k/C. But 


where E’ is the new endurance limit corresponding to the degree 
of damage which gives the additional stress-concentration factor 
Cc. Thus 


From the foregoing it is clear that the third assumption is 
merely a mathematical formulation of the assumption that fatigue 
damage in steel (stressed within the elastic range) introduces an 
additional stress-concentration factor C at the location of the in- 
cipient fatigue crack in the specimen. 

Note, the fact is recognized that the mechanism of propagation 
of a fatigue crack probably involves microscopic yielding imme- 
diately adjacent to the crack. However, this process involves 
only a very small part. of the working section of a typical struc- 
tural part and hence does not cause serious error in using the 
nominal stress as a measure of the stress field responsible for 
propagating a very small fatigue crack. General yielding in the 
region of the incipient fatigue crack, however, would invalidate 
completely the assumption of a linear relation between nominal 
stress and stress at the location of the incipient fatigue crack. 

Theoretical Damage Model. The mathematical model is de- 
veloped as follows: 

Assume that the S-N curve for the specimen prior to applica- 
tion of the damaging cycles of overstress is given by 


Next assume that n cycles of overstress are applied at some 
stress level S, where S is greater than E. 
Then the endurance life at S reduces to 


Now assume that both the k and the Z for the specimen are 
modified as a result of the accumulation of the damage correspond- 
ing to the n cycles of stressing at S. As discussed previously, this 
is equivalent to assuming that the damage results in an increase 
in stress concentration at the location of the incipient fatigue 
fracture in the specimen. 


Thus 


where k’ and E’ are the modified values of k and E, respectively. 
Dividing by N on both sides of the equation and using the third 
basic assumption gives 


k’ S—E E’ 
1— N= = ——— 7 
(S — —n/N) = _ is] 
or 
9] 
S—E 
+ (1— n/N) 
E 
S(1 — n/N) 


E — S— E+ E(1— n/N) — S(1 — n/N) 


.. 


E S—E + 


4 
“i 
| 
| 
/E’ 
| 
x 
2 4 
| | or 
a 
4 
4 


(S — E)n/N 
(Ss — EB) —n/N) 
Finally 
n/N we 
E Py — n/N) 
S—E 


Now let (E — E’)/E be called damage and be represented by 
D. Note that for D equal to unity, E’ = 0. This will be used as 
the mathematical definition of failure of the specimen. Further 
let (S — E)/E be called the ‘“‘overstress ratio” and be represented 


by y. Also let n/N be referred to as “‘cycle-ratio damage.’”’ This 
ratio will be represented by @ in what follows. With these 
definitions the ‘(damage equation’? becomes 
D= " [14] 


Calculated values of D versus 8 for various values of y have 
been tabulated in Table 1, and the corresponding ‘‘damage 
curves” are shown drawn in Fig. 1. 

Deductions From Damage Equation. From the damage equa- 
tion derived in the preceding section the following general deduc- 
tions can be obtained: 

1 The rate of accumulation of damage D, with respect to 
cycle ratio 8, at a given stress level increases with increase in 


TABLE 1 THEORETICAL CEA Tene TO DEFINE DAMAGE 


Values of D 
B For y = 
(cycle ratio) 0.05 0.10 0.20 0.30 0.40 0.50 
0.00 0.000 0.000 0.000 0.000 0.000 0.000 
0.10 0.005 0.010 0.018 0.025 0.031 0.036 
0.20 0.012 0.022 0.040 0.055 0.067 0.077 
0.30 0.020 0.038 0.067 0.090 0.109 0.125 
0.40 0.031 0.057 0.100 0.133 0.160 0.182 
0.50 0.046 0.083 0.143 0.187 0.222 0.250 
0.60 0.067 0.120 0.200 0.258 0.300 0.333 
0.70 0 100 0.175 0.280 0.350 0.400 0.438 
0.80 0.160 0.267 0.400 0.479 0.533 0.572 
0.90 0.300 0.450 0.600 0.677 0.720 0.750 
0.95 0.475 0.634 0.762 0.812 0.844 0.864 
1.00 1.000 1.900 1.000 1.000 1.000 1.000 
1.0 
SE 
E 
8 
4 
ge .4 
V4 
2 
0 2 8 1.0 
Cycie Ratio 
Fic. 1 THeoreticat Fatiagve-Damacr Curves 
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accumulated cycle ratio (for D = 1, the rate is 1 + 1/y and for 
B = 0, the rate becomes 1 — 1/(y + 1). 

2 For high overstress values there is approximately a linear 
relationship between D and cycle ratio 8, accumulated at a given 
stress level. 

3 The equivalent cycle-ratio damage at a given stress level 
due to cycles of damaging stressing at some initial stress level de- 
pends on whether the given level is higher or lower than the 
damaging level. For a given level higher than the initial damag- 
ing level, the equivalent cycle-ratio damage at the given level will 
be less than the actual cycle-ratio damage accumulated at the 
initial stress level. For a given stress level lower than the initial 
damaging level, the equivalent cycle-ratio damage at the given 
level will be greater than the actual cycle-ratio damage accumu- 
lated at the initial level. 


PREDICTION oF EXPERIMENTAL RESULTS 


Bennett's Damage Tests on SAE 4130 Steel. Bennett (7) has 
conducted tests with conditions such that some of the data may 
be compared to results predicted by the damage theory developed 
herein, Equation [14]. Table 2 contains information concerning 
the mechanical properties of the SAE 4130 steel specimens 
tested by Bennett. Fig. 2 is a plot of Bennett’s experi- 
mentally observed reduction in endurance limit of the steel speci- 
mens versus cycle ratio at an overstress ratio of 54 per cent. 
The damage equation can be used directly to predict these re- 
sults. Table 3 contains values of predicted damage for the 


TABLE 2 MATERIAL TESTED BY BENNETT* 


Yield strength Ultimate tensile Elong. in Reduce. of Hardness 
0.2% offset, psi strength, psi lin., percent area, percent Rock. 
62,500 104,200 27 57 90 


* Table from J. A. Bennett (7). 


TABLE 3 PREDICTED DAMAGE FOR STEEL TESTED BY 
BENNETT (7) WITH y = 0.54 


1 
0.2 0.8 2.49 0.080 85,900 
0.4 0.6 2.12 0.189 31,600 
0.6 0.4 1.74 0.344 25,600 
D. L. Henry 
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= Su various cycle-ratio values. The dashed curve shown in Fig. 2 is 


the curve resulting from plotting these values. 


Bennett (7) also reported a number of tests on the same ma- 
Mi ; terial to determine the reduction in endurance life resulting from 
the accumulation of various amounts of cycle ratio at some initial 


a damaging level. For making theoretical predictions of results 
from tests of this type it is convenient to use the damage equation 
as follows: 
Let 
‘ 8; = cycle ratio at the first stress level 
D, = damage due to 
‘ 8; = cycle ratio at second, or final, stress level which would 
give damage equal to D, 
‘Ys = overstress ratio corresponding to final stress level 
Now 
Thus 
Or 
DA + 
Bi + Di [17] 
: : But to get equivalent damage at the second overstress level 
requires 
100 
Exjperiment 
z 
80 
. 
60 
40}— : 
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Bs 
1+ 
Equation [18] will be used to predict the cycle-ratio damage 
experimental results. In Figs. 3, 4, 5, and 6 are four sets of ex- 
perimental results taken from Bennett (7). Using Bennett's 
representation, the median point for each set of data correspond- 
ing to a given initial cycle-ratio-damage value is shown as a small 
circle. The result of each individual specimen test is shown as a 
point and Bennett’s faired curves are shown as solid lines. The 
theoretically predicted relation obtained from the use of Equation 
{18] is shown as a dashed-line curve in each case. As a sample of 
the calculations involved, Table 4 contains the theoretical calcu- 
lations made to obtain the position of the dashed-line curve in Fig. 
3. For this case y; = 3000/39,000 = 0.077, y2 = 9000/39,000 = 
0.231, and = 13. 


TABLE 4 PREDICTED DAMAGE FOR STEEL TESTED BY 
BENNETT (7) WITH y = 0.077 


1- fi 1 + 13(1 — Di Ba 

0.2 0.8 11.4 0.018 0.087 
0.4 0.6 8.8 0.046 0.20 
0.6 0.4 6.2 0.097 0.36 
6.8 0.2 3.6 0.22 0.60 
1.0 0.0 1.0 1.00 1.00 


D. L. Henry. 


Kommers’ Tests of SAE 1030 Steel. Kommers presents a table* 
of experimentally determined values of damage in SAE 1030 
steel specimens subjected to various amounts of cycle-ratio 
damage at each of three different overstress levels, The material 
was tested in the form of 0.33-in-diam standard rotating-beam 
specimens and in the form of square-notched specimens with 


3 Reference (12), p. 757. 
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completely reversed loading. Table 5 gives the mechanical 
properties of the material tested and Table 6 gives the ex- 
perimental results of the fatigue-damage tests for both types of 
specimens. 


TABLE 5 MATERIAL TESTED BY KOMMERS?*? 
Tensile Yield Elong. Reduct. 


strength, strength, in 2 in., ofarea, Rockwell 
ot psi psi per cent percent Hardness 


1030 Steel 80,400 44,600 32.5 62.0 B80.5 


Reference (12) 


TABLE 6 COMPARISON BETWEEN EXPERIMENTAL AND 
THEORETICAL FATIGUE DAMAGE IN SAE 1030 STEEL® 


Standard 0.33-in- Square-notched 
-—diam specimens—. —— specimens ——. 
Overstress ratio, y = 0.10 


Damage-experimental........ 0.02 0.05 0.12 0.038 0.05 0.06 
0.022 0.083 0.27 0.022 0.083 0.27 
Overstress ratio, y = 0.20 
0.07 O.11 O.18 0.05 0.08 0.14 
0.04 0.14 0.40 0.04 0.14 .40 
Overstress ratio, y = 0.30 
Experimental............... 0.14 0.18 >0.32 0.05 0.11 0.18 
0.055 0.19 0.48 0.055 0.19 0.48 


@ Experimental data from Kommers (12). 


The endurance limit of the undamaged 0.33-in-diam round 
specimens was found to be 37,200 psi and that of the square- 
notched specimens, 23,800 psi. 

Included in Table 6 for ready comparison with the experi- 
mental results are the theoretically calculated values of per cent 
damage corresponding to the respective test conditions. 
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SuMMARY AND CONCLUSIONS 


The damage equation derived herein gives a simple usable rela- 
tion between several dimensionless ratios involved in defining an 
overstressing operation. It is presented for consideration by 
other workers in fatigue. The present author has used the 
theory and concepts presented herein to a considerable degree in 
assessing the effects of intermittent overstressing on aircraft pro- 
pellers and rotors. 

No attempt has been made in this paper to cover the statistical 
aspects of fatigue-damage phenomena. Using information on the 
statistical nature of variations in fatigue properties, along with 
the damage theory presented herein, the present author has had 
good success in explaining both qualitatively and quantitatively 
the difference in damage sums for increasing as compared to de- 
creasing load sequences. 
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Discussion 


S. M. Marco.‘ The author is to be congratulated for an im- 
portant contribution to the attempts which have been, and are 
being, made to get a quantitative description of fatigue damage. 

The concept that overstressing at any stress level S reduces the 
remaining life not only at that stress level but at any other stress 
level as well is not new. A reliable quantitative measure of this 
reduction in terms of measurable quantities is relatively new and 
is the objective of the paper. This quantitative determination 
may be obtained from the author’s Equations [2], [3], and [14]. 
The concept that damage reduces the endurance limit is a useful 
concept since it implies that damage at an overstress produces 
new stress risers that are more significant than those already in 
existence. This concept is capable of experimental confirmation 
as has already been indicated in Fig. 2 of the paper. 

It is important to realize that deviations of experimental points 
from the calculated results as indicated in Figs. 2 to 6 may be 
largely due to the statistical nature of fatigue data. These devia- 
tions, however, may result in part from the fact that a better fit of 
experimental S-N data might be achieved with a different em- 
pirical equation than Equation [1]. From a plot of many S-N 
curves it is the writer’s opinion that a somewhat better fit for 
S-N data above the endurance limit would be obtained by an 
equation of the form (in the notation used in the paper) 


~ (S— EP 
where m # 1, but depends on the material and the initial condi- 
tion of the material. A still better fit is given by 


N = k/S* forS,,>S>E..... [20] 


where n depends on the material. A further study of empirical 
S-N relationships which must include the important factor of 
statistical distribution would be of great value in the design of 
machine parts subjected to complex stress-time patterns. 


W. L. Starkey.’ The author is to be highly commended for 
his contribution in the field of cumulative fatigue damage. 
Several of the concepts presented in this paper appear to be 
worthy of emphasis: 

1 The author presents a definition of fatigue damage which 
is not merely an expression capable of having a numerical value, 
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but is also a quantity which has physical significance at all cycle 
ratios between initial stressing and final failure. According to 
this concept, damage may be thought of as a reduction in 
endurance limit, expressed as a fraction of the endurance limit of 
the virgin specimen. 

2 The author presents the concept of damage as the equivalent 
of a stress riser having a determinable stress-concentration factor. 
Thus damage, thought of as a stress riser, reduces the endurance 
limit and also reduces the life at every overstress level in ac- 
cordance with relationships commonly associated with the con- 
cept of a stress riser. This concept of damage permits numerical 
evaluations of the effects of fatigue damage on subsequent stress- 
ing at any level within the limits unaffected by yielding. 

3 It should be noted that the author presents cumulative- 
fatigue-damage relationships in the form of dimensionless ratios. 
The generality of this form of presentation should facilitate the 
application of the method to individual problems. 

With regard to the generality of the method itself it should be 
emphasized that the equations are based on a particular curve 
fitting of S-N data using an equation which is not generally ap- 
plicable. This equation appears to have somewhat unique charac- 
teristics which have enabled the author to derive damage relation- 
ships in terms of the dimensionless ratios presented in the paper. 
It should be pointed out that this curve-fitting equation does not 
necessarily represent the best fitting of an equation to S-N data 
for all materials. The writer has plotted 34 different S-N curves 
on log-log co-ordinates. The results appear to indicate that a 
wide variety of materials, including aluminum alloys, plot line- 
arly on log-log co-ordinates at moderate overstress levels. A 
generalization of the author’s method involving curve-fitting 
equations having wider applicability would be very valuable. 

The trend in the design of modern machinery appears to be in 
the direction of higher and higher performance machines. Such 
machines are required to operate at high power levels but yet 
must be small and light in weight. The designer of such ma- 
chinery is confronted with the necessity of basing this design on 
greatly refined and accurate failure theories and failure data 
using very small factors of safety. The cumulative-fatigue- 
damage relationships presented by the author should be of great 
value to the designer. These equations enable him to utilize re- 
fined theories and data for solutions to critical fatigue problems 
involving unsteady-state stresses. 


AvuTHorR’s CLOSURE 


The discussers have emphasized several of the important 
aspects of the problem of developing a practical theory for cal- 
culating fatigue-damage effects in steel. 

The choice of the exponent m is somewhat dependent on the 
magnitudes of overstress levels for which empirical fitting is de- 
sired. For ranges of overstressing including fairly high overstress 
levels a better fit to the S-N relation would probably be obtained 
by using a relation of the types suggested by Professor Marco. 

While the theory as presented is not universally applicable, it 
is felt that the concepts are useful in approaching many types of 
fatigue-damage-calculation problems. As indicated by Professor 
Marco and Dr. Starkey, there is possible a wide range of choice of 
characteristic constants, exponents, and forms of empirical equa- 
tions to fit S-N data for particular metals and types of specimens. 
For presenting the theory relations were selected which appeared 
to fit data for steels subjected to low levels of overstressing. 

Some work has been done by the present author to apply the 
concepts of damage as presented ir this paper to calculating 
fatigue damage in other metals, particularly aluminum alloye. 
This work has been hampered by the large statistical variations 
in the fatigue properties of aluminum-alloy specimens at low 
overstress levels. 
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Principles of Boiler Design for 
High Steam Temperatures 


By G. W. KESSLER,' NEW, YORK, N. Y. 


For years, engineers have striven for better and more ef- 
ficient boilers in their efforts to produce electric power at 
the lowest possible cost. Their success has been such that 
today the best possibilities for still greater economy lie in 
directions other than increased boiler efficiency. These 
possibilities include improvements in the heat cycle, in 
the methods of firing, in functional operation, and in the 
maintenance of boiler units. As the field for improvement 
narrows, the greatest attention is being focused on in- 
creased cycle efficiency as probably the most promising 
possibility for further reducing the cost of a kilowatthour. 


Patus To INcrEASED CycLe 


HE path to higher cycle efficiency is probably best shown 

by plotting Rankine cycles for various operating condi- 

tions, Fig. 1. If the Rankine cycles are plotted as absolute 
temperature versus entropy, the plots show the total heat which 
must be supplied, the quantity of heat available for useful work, 
and the amount of heat rejected. 
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Fre. Patus To Higher Rankine-Cycis Erriciency 


The quantity of heat rejected depends upon the temperature of 
the cooling medium, the quality of the exhaust steam, and the 
amount of regenerative feedwater heating. With the present 
high condenser vacuums little can be done about decreasing the 
temperature level at which heat is rejected, and maximum re- 
moval of heat from the steam passing through the turbine is re- 
stricted by moisture limits established to prevent turbine-blade 
erosion. However, regenerative feed heating, which utilizes 
steam taken from the turbine before final exhaust to heat the 
boiler feedwater, reduces the heat flow to the condenser cooling 
water and thereby offers a good means for increasing the cycle 
efficiency. Since the improvement in the heat cycle which can be 
obtained by reducing the quantity of heat rejected is limited, 
major improvement in cycle efficiency must result from increased 


1 Chief Engineer, Boiler Division, The Babcock & Wilcox Company. 
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Meeting, New York, N. Y., November 28-December 3, 1954, of 
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of the Society. Manuscript received at ASME Headquarters, Oc- 
tober 21, 1954. Paper No. 54—A-233. 


heat available for work; and this increase can be provided by 
the use of higher steam pressures, higher steam temperatures, 
and steam reheating. 


Apvance To HiegHer STEAM TEMPERATURES 
AND PRESSURES 


The greatest improvements in cycle efficiency are obtained with 
optimum combinations of steam pressures and temperatures. 
Consequently, during the past 50 years steam temperatures 
have gradually increased from approximately 475 F to a high 
of 1100 F and steam pressures have increased from 200 psi to 
2350 psi at the turbine throttle, Fig. 2. 
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Fic. 2 50-Year Trenp or Tursine THrorrie STEAM PRESSURES 
AND TEMPERATURES 


Often, in the advance of steam temperatures toward higher 
levels, it has been necessary to await progress in metallurgy and 
the economic application of these metallurgical advances to boiler 
and turbine development. Because of this, we have had cycle 
trends which temporarily have been replaced by others and then 
reintroduced at a later date as economic and technological con- 
ditions changed. In the 1920’s, a trend toward the use of reheat 
developed; however, this trend was practically abandoned when 
alloys were developed which allowed the use of higher steam 
temperatures, and economic conditions did not justify both an 
increase in steam temperature and the use of reheat. Then, 
about 1940, when temperature ceilings were approached with the 
existing alloys, and fuel costs continued to mount, economic 
conditions dictated the return to the reheat cycle. 


Errect or IMPROVEMENT IN Heat CYCLE ON 
BorLer DesiGn 


Improving the cycle efficiency by increasing the steam pressure 
and temperature, resorting to regenerative feed heating, and using 
one or more stages of reheating, appreciably affects boiler design. 
Boilers not only must be designed to function at these higher 
steam pressures and temperatures but also, and equally impor- 
tant, their design must be such as to facilitate the transfer of 
the greatest portion of the available heat to the high-temperature, 
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heat-absorbing surfaces—superheaters and reheaters. In a 
boiler receiving feedwater at a temperature of 450 F and deliver- 
ing steam at a pressure of 1250 psi and a temperature of 950 F, 
only 28 per cent of the heat absorbed by the water and the steam 
is used to superheat the steam. However, if the pressure is in- 
creased to 2350 psi, the temperature to 1100 F, and the steam is 
subsequently reheated from 700 F to 1050 F, to improve the cycle 
efficiency, 48 per cent of the total heat absorbed is required to 
superheat and reheat the steam; and if, with the same high 
steam pressure and temperatures, the feedwater temperature is 
increased from 450 F to 550 F, to further improve the cycle 
efficiency by additional regenerative feed heating, 52 per cent of 
the total heat absorption must take place in the superheater and 
reheater, Fig. 3. 

In most boilers the superheaters and reheaters receive heat by 
convection heat transfer from the gaseous products of combustion 
and the steam temperature increases with increasing load, Fig. 4. 
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Fie. 3. Inriuence or Steam-Cycie CHARACTERISTICS ON DisTRI- 
BUTION OF HeaT ABSORPTION IN BOILERS 


Fic. 4 Sream-TemMPeERATURE CHARACTERISTICS OF CONVECTION- 
Type SuPERHEATERS 


In these designs, the lowest possible gas temperature leaving the 
superheater would be the same as the inlet-steam temperature if 
an infinite amount of surface could be installed. However, this 
is not practical and in economical boiler designs the superheater 
exit-gas temperatures at full-load rating are approximately 100 
deg F above the inlet-steam temperatures. With the superheater 
exit-gas temperature established, by both economical and practi- 
cal design considerations, an increase in the percentage of the 
heat absorbed in the superheater—resulting from higher steam 
pressure or higher steam or feedwater temperatures—must neces- 
sarily require a higher gas temperature at the inlet to the super- 
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Fic. 6 Errect or Steam Pressure AND TEMPERATURE ON ReE- 
QutRED Gas TEMPERATURE ENTERING SUPERHEATER 


Fic. 7 Dtacrammatic ARRANGEMENT OF SERIES AND PARALLEL- 
FLow SuPEREZATERS AND REHEATERS 


heater, Fig. 5. If convection-type reheaters are installed, in 
series or in parallel with the superheater, Fig. 6, the inlet-gas 
temperature must be further increased, Fig. 7. 

The necessity for placing or shifting the superheater and re- 
heater surfaces into higher gas-temperature zones, as steam tem- 
peratures increase, introduces the major problems of obtaining 
suitable materials, providing adequate supports, and preventing 
slagging and fouling of external surfaces. 
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PRINCIPLES OF DesiGN FoR MODERATE 
Sream TEMPERATURES 


These problems of materials, supports, and cleaning must be 
satisfactorily resolved if advances toward higher steam tem- 
perature, and consequently higher cycle efficiency, are to con- 
tinue. The principles developed for the design of superheaters 
and reheaters in modern units ean be used to help solve these 
problems, but other design concepts—particularly methods of 
control and boiler designs to lower the gas temperatures entering 
convection-type superheaters and reheaters to satisfactory levels 
—must be further developed and their use extended. 

Before establishing the principles of design to facilitate advance 
to higher steam temperatures, the basic principles applicable 
to moderate temperature boiler units should be noted and their 
limits ascertained. In such units, where superheat-and reheat 
steam temperatures generally are obtained by means of con- 
vection heat. transfer, the following design principles, Fig. 8, are 
well established: 


Fic. 8 Srx Basic ConsipERATIONS IN DesiGN or CONVECTION 
SUPERHEATERS FOR MoOpERATE STEAM TEMPERATURES 


1 The gas temperature entering the superheater or reheater 
at the maximum boiler rating should be less than that which 
would result in excessive fouling of the surfaces by the ash 
carried in the gas stream. This temperature will vary with 
different fuels. 

2 The gas temperature leaving the superheater or reheater 
at the maximum boiler rating should be approximately 100 F 
above the inlet-steam temperature. For most boiler designs 
this temperature differential results in an economical balance of 
the surface, draft, and space requirements. 

3 Alloy-material requirements should be minimized to reduce 
costs and to avoid the excessive use of possible strategic materials. 
This can be accomplished by designs which utilize high steam- 
mass flow (and, consequently, high pressure drop) to reduce the 
temperature gradient across the steam film and thereby lower 
metal temperatures, and by designs which utilize to the fullest 
extent the advantages of counter and parallel flow arrangements. 

4 The heat in the products of combustion entering the super- 
heater or reheater should be used primarily to raise the tem- 
perature of the steam. If water-cooled surfaces bound the 
superheater and reheater, the gas temperature entering the super- 
heater must be increased to provide heat for absorption in the 
water-cooled surfaces as well as in the superheater and reheater. 
Therefore, as steam temperatures increase, it becomes more 
essential to use steam instead of water for cooling the boundary 
tubes of the superheater-reheater enclosure. 
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5 The convection heat-absorbing surfaces should be arranged 
to facilitate mechanical cleaning. This involves considerations 
of tube spacings in directions perpendicular and parallel to the 
gas flow for various fuels, temperature levels, heat transfer, and 
optimum cleaning. 

6 The superheater and reheater structural supports located 
in the gas streams generally should be of alloy material, of short 
length to provide maximum strength without excessive material 
thickness, and attached to the superheater and reheater elements, 
if possible, to obtain maximum cooling. The use of pendant- 
type superheater and reheater surface greatly facilitates the 
solution of support problems, since the supports can be located 
outside of the gas stream. The resultant simplifications in these 
designs, as well as the lower alloy requirements, generally are 
reflected in reductions in cost. 

The first, of these principles—the maintaining of a satisfactory 
gas-temperature level entering the convection, superheater—is 
probably the most restrictive in the advance to higher steam 
temperatures. If the gas temperature entering the superheater 
is held at a relatively low level, to prevent excessive fouling, the 
steam temperature will be limited because of the reduced heat in 
the gas; and requiremente-for maintaining full-load steam tem- 
perature at partial loadswill-impose-even lower limits on steam 
temperature. 


DesiGn Liutts Imposep BY ATTEMPERATION AND 
Gas By-PassIna 


In many moderate temperature boiler units, it is customary to 
control or maintain steam temperature by attemperation or gas 
by-passing, Fig. 9. Both methods require sufficiently high gas 


Fic. 9 DiacRAMMATIC ARRANGEMENTS OF STEAM-TEMPERATURE 
ConTROL BY ATTEMPERATION AND Gas By-Passino 


Fig. 10 Sream-TemperatTure ConTrRoOL BY ATTEMPERATION OR 
Gas By-Passina 
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temperatures entering the superheater at some partial or control 
load to obtain the full-load steam temperature. Consequently, 
as ratings are increased to full load, the gas temperatures entering 
the superheater increase to levels higher than those needed to 
obtain the required steam temperature. This results in an ex- 
cess of heat at the superheater inlet. The excess heat may be 
absorbed in the superheater and then removed by attemperation, 
or the required superheater absorption may be maintained by 
by-passing a portion of the gases around the superheater, Fig. 10. 

These methods of steam-temperature control have very definite 
design limitations. Unless the allowable inlet-gas temperature is 
high at full load, or the required steam temperature is relatively 
low, the range of control is restricted. Further, both methods 
require the installation of oversize and costly superheaters and 
reheaters to obtain the required steam temperatures at the control 
load. Therefore, as steam temperatures increase, the general 
principles of design and methods of steam-temperature control 
must be modified and augmented to provide the desired range of 
control with a minimum of high-cost, high-alloy superheater and 
reheater surface. 


Concepts Por INCREASING 

Since the first of the general superheater-reheater design 
principles—the superheater inlet-gas temperature must be such 
as to assure operation with clean convection surfaces—is the 
most restrictive in the advance to higher steam temperatures, it 
naturally should be the base from which design concepts are 
projected. These concepts, many of which are now in practice, 
involve the following: 


(a) Methods of steam-temperature control which maintain 
steam temperature at partial loads without increasing the full- 
load superheater inlet-gas temperature. 

(b) Designs which utilize radiant-heat-absorbing superheaters 
and reheaters and thus make it possible to operate with lower 
gas temperatures entering the convection superheater-reheater 
surfaces, and 

(c) Designs which use both surface disposition and controls 
to obtain lower inlet-gas temperatures to the convection surfaces. 

Generally, these methods of steam-temperature control are 
based upon the principle of reducing furnace heat absorption and 
thus increasing the heat available for superheater and reheater 
absorption. 


Desians MAINTAIN STEAM TEMPERATURE 
BY VARYING FuRNACE HEAT ABSORPTION 


Burner Positioning. One of the methods used to reduce 
furnace heat absorption and provide additional heat to the super- 
heaters and reheaters utilizes burner positioning. In the sim- 
plest designs the burners are arranged singly or in groups at 
different furnace levels. All burners are in use at the top load, 
but as load is decreased the burners at the lowest level or eleva- 
tion are removed from service. This process continues, as load is 
decreased, until only the top burners are in use. Thus, furnace 
heat absorption is decreased at partial loads by elevating the 
firing zone and reducing the effectiveness of the lower furnace 
zones, Fig. 11. The same effect can be achieved by tilting burn- 
ers to elevate the firing zone by flame direction instead of burner 
location. 

The use of burner positioning provides a means for obtaining 
the full-load steam temperature at partial loads, Fig. 12—often 
without increasing the full-load inlet-gas temperature and with- 
out increasing the superheater-reheater surface requirements over 
those normally needed for noncontrolled units. However, the 
full-load steam temperature is limited to that which can be ob- 
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PURNACE EXIT GAS TEMPERATURE ELEVATED 
BECAUSE OF REDUCED FURNACE HEAT ABSORPTION 
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Fig. 11 Spacep Burners To Vary Furnace Heat ABsorPTION 
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Fig. 12 Sream-TemperaTuRE By Spacep BURNERS AND 
Gas By-Passineo 


tained from the heat in the gas when maintaining a satisfactory 
inlet-gas temperature. Therefore, the advance to higher steam 
temperatures is definitely restricted when burning fuels which re- 
quire relatively low inlet-gas temperatures to the convection sur- 
faces to prevent fouling. 

Interstage Firing. Interstage firing can be used to reduce fur- 
nace heat absorption and provide additional heat to the super- 
heaters and reheaters. This method of steam-temperature con- 
trol utilizes multistage furnaces, Fig. 13, or supplementary firing 
in the gas cavities adjacent to the superheater-reheater. At the 
lower rates of operation the burners closest to the superheater 
and reheater are fired and, due to their location, less heat is 
absorbed in the furnace(s). Consequently, a greater amount is 
available for absorption in the superheater and reheater, Fig. 14. 
Surface requirements, with this method of steam-temperature 
control, are of the same order as those required when using burner 
positioning. However, design configurations often restrict the 
use of interstage firing, and its use also has the same limitations 
encountered when using burner positioning for steam-temperature 
control. 

Gas Recirculation. Gas recirculation is another method used 
to provide additional heat for superheater and reheater absorp- 
tion. With this method of control, gas is recirculated from a 
low-temperature zone in the boiler unit—usually the economizer 
outlet—to the boiler furnace, Fig. 15. Gas recirculation employs 
the same fundamental principle as additional excess air, which is 
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Fig, 13 Muttistace Furnace To Vary Furnace Heat Apsorp- 
TION 


Fic. 14 SreaM-TeMPERATURE ConTROL BY INTERSTAGE FIRING 
AND ATTEMPERATION 


often used as a practical operating method for modifying steam 
temperatures. The excess air, over and above that required for 
normal efficient combustion, serves to redistribute heat along the 
entire path of heat absorption. When additional air or recircu- 
lated gas is supplied to the furnace, it results in a shorter gas resi- 
dence time within the furnace, a greater gas-mass flow through the 
convection sections, and greater heat absorption by convection 
surfaces. If supplied with the normal combustion air, the added 
gas or air will also lower the maximum furnace temperature and 


Fic. 15 Gas RecrrcuLatTion Ap- 
PLieD TO Hopper-Botrom RapIANT 
Bo!Ler 


thus reduce furnace heat absorption. The advantage of gas 
recirculation over excess air is the reduction in the loss of sensible 
heat to the stack. 

Preferably, the recirculated gas should be introduced into the 
furnace in a manner so as to avoid interference with the com- 
bustion of the fuel. The gas temperature entering the super- 
heater may be the same as that without gas recirculation, or it 
may be higher or lower depending upon many factors. Although 
the heat content per pound of gas may be less when recirculating 
gas, the total heat available for superheater-reheater absorption 
is greater because of the larger quantity of gas. If gas recircu- 
lation is used to control steam temperature only at partial loads, 
Fig. 16, the superheater-reheater surface requirements are set at 
full load and the surfaces are the same as those required for non- 
controlled units. 

Like burner positioning, this use of gas recirculation to control 
steam temperature affects furnace heat absorption, but the 
increased heat available for superheater-reheater absorption is 
obtained primarily by additional gas weight and not from in- 
creased furnace exit-gas temperatures, as is the case with burner 
positioning. This important difference between gas recircula- 
tion and burner positioning offers a means for obtaining higher 
steam temperatures, even when fuel characteristics limit super- 
heater inlet-gas temperatures. Thus, by recirculating gas at 
full load, Fig. 17, as well as at the partial loads, the necessary heat 
required for higher steam temperature can be obtained with little 
change in gas temperature, and the amount of superheater and 
reheater surface required is reduced. 

All of these methods of steam-temperature control—burner 


Fig. 16 Sream-Temperature Controt BY Gas REcIRCULATION 
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positioning, interstage firing, and gas recirculation—-have ex- 
tended the range of control, facilitated designs for higher steam 
temperatures, and reduced costs as well as surface and space re- 
quirements. However, as fuel costs increase, there is a greater 
desire to use the poorer grades of fuel, and the characteristics of 
these fuels often require operation with relatively low furnace 
exit-gas temperatures to preclude slagging and the fouling of the 
convection heat-absorbing surfaces. Higher fuel costs also 
stimulate the desire to increase the steam and the feedwater 
temperatures so as to improve the cycle efficiency—and the 
necessity for lower furnace exit-gas temperatures coupled. with 
the desire for higher steam temperatures accentuates the need 
for design concepts to meet these requirements. 


Designs Wuicu Provipe Hien Steam TEMPERATURE WITHOUT 
NECESSITATING INCREASED INLET-Gas TEMPERATURE TO 
CoNVECTION-TYPE SUPERHEATERS AND REHEATERS 


Radiant Superheaters and Reheaters. \f the superheater and 
reheater receive heat from only the products of combustion 
(as is the case without gas recirculation), a limit on the furnace 
exit-gas temperature also will place a limit on the steam tempera- 
ture, unless part of the superheater or reheater surface is placed 
in the furnace to receive radiant heat. Radiant superheater 
and reheater surface can be instailed in the furnace by using 
platens, division walls, and boundary walls, Fig. 18; and these 
surfaces can be kept clean by the use of wall blowers, retractable 
blowers, and pellet or gravel blowers. The use of radiant surface 
in conjunction with convection surface offers a means for attain- 
ing higher steam temperatures without requiring excessive gas 
temperatures entering the convection surfaces. Further, if the 
radiant and convection heat-absorbing surfaces are properly pro- 


Fic. 18 Typrcan ARRANGEMENTS OF RADIANT SUPERHEATER AND 
REHEATER SURFACE 
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portioned, the best characteristics of each type can be combined 
to provide a relatively constant steam temperature over a wide 
load range, Fig. 19. 

The installation of radiant-heat-absorbing surface warrants 
considerable thought, since ‘the problems involved are more 
numerdus than those encountered in the design of convection- 
type superheaters and they are more difficult to solve. Design 
considerations include starting-up problems, burner clearances, 
minimum flows, heat inputs, tube-metal temperatures (particu- 
larly at low loads), thermal stresses, supports, and so on. 

Many designs utilize radiant platen superheaters and re- 
heaters placed in the upper zone of the furnace and spaced 
approximately 12 in. to 24 in. apart, Fig. 20. The tubes in 
these platens receive heat around the periphery and are not 
subjected to the high thermal stresses encountered when the 
tubes are placed in the outer boundary walls and receive heat 
from only one side. The use of radiant platens simplifies the 
support problems, reduces thermal stresses, and minimizes the 
problems of starting-up as well as the requirements for burner 
clearances and flame travel. 

Gas Recirculation for Tempering. The problem of supplying 
sufficient heat for superheater and reheater absorption, as steam 
temperatures advance, can be solved without using radiant-heat- 
absorbing surface, since recirculated gas can be mixed with the 
gaseous products of combustion in such a manner that there is 
little or no effect on the heat absorption by the water-cooled fur- 
nace walls, and gas attemperation or tempering is achieved, 
Fig. 21. Gas recirculation, when used for tempering, provides a 
means for limiting the gas temperature entering convection 
superheaters and reheaters to a satisfactory level, and the neces- 
sary heat is supplied by means of greater gas weight at lower 
temperature. With gas tempering, the furnace size will be re- 
duced if the furnace heat absorption must be decreased to provide 
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KESSLER—PRINCIPLES OF BOILER DESIGN FOR HIGH STEAM TEMPERATURES 


the high-heat-content gas necessary for superheater-reheater 
absorption. Gas tempering also reduces alloy requirements, 
particularly the high-grade alloys in the highest steam-tempera- 
ture zones of the superheater-reheater, because the heat is trans- 
ferred at lower temperature levels. 

Gas Recirculation, Gas Tempering, and Radiant Surface. In 
some designs full advantage is taken of the flexibility of gas 
recirculation, and by introducing the gas into different zones of 
the furnace it can be used to control both steam and gas tempera- 


Fig. 21 Gas RecrrcuLaTion ror TemperRING Furnace Exit-Gas 
TEMPERATURES 
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tures, Fig. 22. Thus, gas recirculation is used at top ratings to 
reduce furnace exit gas temperature by tempering, and it also 
is used at partial loads to reduce furnace heat absorption and 
thus provide additional heat for superheater and reheater ab- 
sorption. Some designs utilize gas recirculation in conjunction 
with radiant superheaters and reheaters, Fig. 20. 


MATERIALS 


Although means are available for obtaining higher steam 
temperatures, their use will be largely dictated by over-all 
economics; and these will depend greatly upon the development 
of suitable materials. Steam pressure must advance with steam 
temperature to obtain optimum cycle efficiencies, and conse- 
quently tubes will require thicker walls because of both the higher 
pressure and the lower stress allowed as temperatures increase. 
The thicker tubes result in greater temperature gradients across 
the tube walls, and these temperature gradients are further in- 
creased by the low thermal conductivities of the high-grade 
alloys, Fig. 23. Thus, increased steam pressures and tempera- 
tures, and higher grade alloys, tend to pyramid tube wall-metal 
temperatures, and unless satisfactory and economical solutions 
are found, advancement to higher steam temperatures may be 
impeded by the lack of suitable materials. 

One method used to alleviate this situation has been to place 
the tubes carrying the hottest steam in lower temperature gas 
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zones, Fig. 24. Often, this may be very costly and its use may 
also be limited by heat-transfer considerations. Smaller diame- 
ter tubes, with resultant thinner walls, have been and will be used 
in a number of high-pressure high-temperature installations, 
but their use is restricted, particularly in reheaters, because of the 
increased resistance to steam flow. 

Other possibilities are receiving attention. One is the use of 
heat-treatments to improve the characteristics of the alloys. 
Considerable work has been done in this direction and the results 
are gratifying. However, long-range stress testing under tem- 
perature conditions is needed to provide the assurance that the 
materials will retain their desirable properties after years of 
service. Another possibility, and probably the one receiving the 
most attention, is the development of new alloys. The super- 
alloys, particularly those used in jet engines, are being closely 
studied. These developments take years of research and proving. 
Therefore, studies are being made to develop the full economic 
possibilities of shorter life replaceable superheater and reheater 
components made up of proved alloys. 
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CONCLUSIONS 


The basic principles of superheater and reheater design, which 
have been well established for present-day steam temperatures, 
can be used to form the plateau for advancement to the more com- 
plex designs required for still higher steam temperatures. The 
major obstacle in the advance to higher steam temperatures is the 
restriction necessarily placed on furnace exit gas temperatures to 
assure cleanliness of the convection surfaces. However, boilers 
can be designed around this obstacle by the utilization of gas 
recirculation or radiant heat transfer—which not only provides 
the means for attaining high steam temperature but also facili- 
tates wide-range steam-temperature control. 

The advance to hig’ er steam temperature will depend pri- 
marily upon over-all economics, and material development and 
possible better material usage will be major factors in future 
advancement. 

The design problems are clearly understood and it is believed 
that they can be resolved at costs which will justify the advance 
to higher steam temperatures. 
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CO Boiler and Fluidized-Bed Steam Super- 


heater on Sinclair Refining Company’s New 
Fluid Unit at the Houston Refinery 


By O. F. CAMPBELL’ anp N. E. PENNELS,? EAST CHICAGO, IND. 


Approximately 400,000 lb per hr of 550-psig, 750 F total 
temperature steam production is a unique feature of Sin- 
clair Refining Company’s new fluid catalytic-cracking 
unit at its Houston, Texas, Refinery. Over 300,000 lb per 
hr of 700-psig saturated steam are produced on the oil 
industry’s first direct-fired unit to recover both the sensible 
heat and the heat of combustion from the high-tempera- 
ture regenerator-exit flue gas. The heat of combustion of 
the regenerator-exit flue gas is derived from its CO content. 
Saturated steam produced on the boiler is superheated to 
750 F total temperature in industry’s first fluidized-bed 
respray steam superheater.. The superheater-respray 
feature produces approximately 100,000 lb per hr of addi- 
tional steam and allows simultaneous control of both the 
regenerator-bed temperature and the steam superheat. 


INTRODUCTION 


r I NHIS equipment to be described is a further development of 
Sinclair’s fluid catalytic-cracking operations and augments 
its continued policy of attaining maximum fuel economy. 

All Sinclair fluid units have been of the nonheat-balance type to 

insure better product distribution and more flexible control of 

cracking conditions. Sinclair’s policy of maximum fuel economy 
on previous fluid-unit installations has led to extensive recovery 
of waste heat. However, the unburned carbon monoxide in the 
regenerator-exit flue gas presented a further great opportunity 
to create and utilize additional energy. These policies of fuel 
economy and nonheat-balance-type fluid units are blended into 

a carbon-monoxide boiler to recover both the sensible heat and 

the heat of combustion of carbon monoxide contained in the 

regenerator flue gas and a respray steam superheater in the re- 
generator catalyst bed to superheat the steam, and in turn con- 
trol regenerator-bed temperature. 

The heat input to the waste-heat boiler comes from the sensible 
heat and the carbon-monoxide heat of combustion of the regenera- 
tor exit gases, and from supplementary fuel required tc burn the 
carbon monoxide to carbon dioxide. The waste-heat boiler 
produces up to 330,000 lb per hr of 700-psig saturated steam and 
is called the CO boiler because of its unique function of burning 
and recovering all of the combustion heat in the dilute carbon- 
monoxide-regenerator flue gas. 

The respray steam superheater is immersed in the fluidized 
bed of the regenerator to superheat the steam from the waste- 
heat boiler and to control the fluidized-bed temperature. It is 
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called a respray steam superheater because the steam can be 
superheated and desuperheated as it passes through the super- 
heater for greater flexibility of heat removal from the regenerator 
fluidized bed. Since the steam production from the CO boiler 
and respray superheater is greater than that required to turbine- 
drive all pumps and blowers, the fluid unit and the CO boiler are 
entirely free from upsets in outside sources of steam and energy. 


ComBusTION PROBLEMS OF FLUID 
CaTaLytic CRACKING 


As in any combustion process, complete combustion in a 
fluid-catalyst regenerator is primarily a function of time, tem- 
perature, turbulence, and excess oxygen. The catalyst is an 
added factor which retards complete combustion. However, 
the primary factor leading to CO production is the low regenera- 
tor-bed temperature. It must be remembered that the regen- 
erator is designed primarily to restore the cracking activity of 
catalyst by burning off the carbonaceous cracking deposit of 
carbon and hydrogen (coke). Since cracking catalyst is deactiva- 
ted by sintering at high temperatures the regenerator temperature 
usually is limited to 1100 F for synthetic catalyst and 1070 F for 
natural catalyst. Excess oxygen is ordinarily very low owing to 
the cost of compressing the regenerative air to about 20 psig. 
This factor would make it highly desirable to have an even higher 
carbon-monoxide production since carbon dioxide requires twice 
as much oxygen as carbon monoxide. 


Pivot PLANT 


The main problem in developing a waste-heat boiler to recover 
the combustion heat of the carbon-monoxide-regenerator flue 
gas was to establish whether there were economical conditions 
of time, temperature, turbulence, and excess oxygen at which 
approximately 15 Btu per cu ft of CO-bearing gas would complete 
combustion. Because of the low CO content, it was realized that 
thorough mixing with air at a temperature higher than that of 
the gas available from the regenerator was required. 

The problem was investigated using a small pilot unit, Fig. 1, 
which was installed on Sinclair’s fluid unit at Marcus Hook, Pa. 
The pilot unit was designed in February, 1950, and put into opera- 
tion in June, 1950. The pilot unit was designed to raise the tem- 
perature of the flue gas by firing auxiliary fuel gas with sufficient 
excess air to supply excess oxygen to the CO gas. The vane wheel 
insured intimate mixing of the CO gas and the auxiliary fuel and 
air. Operation of this pilot unit proved that the CO-bearing 
gases could be burned completely with 10 to 20 per cent excess 
oxygen in the exit flue gas and thorough mixing at a temperature 
above 1450 F. With this proof that the low Btu CO gas could 
be burned completely under reasonable operating conditions, the 
development of a commercial design to simulate substantially 


the pilot unit began. 
CO Borter DesiGn 
The basic premises for the CO boiler design were as follows: 
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1 The unit must burn completely all the CO in the regenera- 
tor flue gas. 

2 The design must be such that the capital cost and the oper- 
ating cost could be justified by the fuel savings. 


The pilot-plant work has shown that with thorough mixing, 
the very dilute CO-bearing gas could be burned completely with 
low excess oxygen at a reasonable temperature level. Economics 
dictated thorough mixing for the commercial unit to insure com- 
plete combustion with minimum auxiliary air. The other im- 
portant decision was whether the combustion chamber should be 
a water-cooled or a refractory furnace. The water-cooled fur- 
nace offered a lower capital cost for the combustion chamber. 
However, the heat absorption from the combustion chamber in- 
creased the auxiliary fuel requirements, thereby requiring a 
larger boiler which compensated for the added cost of the re- 
fractory combustion chamber. The refractory furnace offered 
minimum auxiliary fuel consumption with maximum certainty 
of maintaining combustion temperature at a reasonable cost. 

With the decision that a refractory primary combustion cham- 
ber was preferable, the mixing problem was studied. Several 
ideas were examined. The method which seemed to offer the 
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best mixing with the simplest equipment was to inject the CO 
gas into the primary furnace tangentially through several inlet 
ports at different levels. This would set up a swirling action to 
mix the CO gas thoroughly with the auxiliary fuel and air which 
would be fired through several burners located at different levels. 

To be sure that the furnace would burn the dilute CO gas 
completely, it was decided to fire sufficient auxiliary fuel to raise 
the gases to approximately 1450 F without taking credit for the 
heat of combustion of any CO. The CO combustion heat would 
raise the temperature above 1450 F and provide a safe design 
and operating margin. Once the low Btu CO gas was burned 
completely, the problem of recovering the heat could be solved 
easily by a conventional water-tube boiler and economizer. 

With this background of experimental work and basic design, 
Sinclair management approved the construction of a CO boiler 
for the fluid catalytic-cracking unit to be built at its Houston, 
Texas, Refinery. In May, 1951, C. F. Braun & Company was 
chosen as the prime contractor for the fluid unit and The Babcock 
& Wilcox Company was chosen as the CO boiler manufacturer. 
With C. F. Braun & Company and The Babcock & Wilcox Com- 
pany, the final design of the CO boiler was developed. The de- 
tails of the CO boiler and its appurtenances are shown in Figs. 
2 to 6, inclusive. 

The CO boiler consists essentially of a pressurized primary 
cylindrical refractory furnace and a secondary water-cooled 
furnace with an economizer. It includes a by-pass arrangement 
so that the boiler may be shut down without shutting down the 
fluid unit. Even though pressurized boilers were in their early 
stages of development at the time of the design and Sinclair had 
no experience with pressurized furnaces, the very nature of the 
CO boiler dictated pressurized operation. The CO gas was 


already under pressure. The great volume of low Btu gas made 
induced-draft operation excessively expensive. 

Final design of the primary furnace was a cylindrical refrac- 
tory furnace arranged for operation up to 2500 F. This high 


Fie. 2) Rerintnc Company’s New CO Borer PLant aT 
Houston REFINERY 
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CAMPBELL, PENNELS—NEW FLUID UNIT AT THE HOUSTON REFINERY 


Fie. 3) Section DiacGram or CO BolLer 


Fic.5 Sear Tank 


temperature was selected so that the boiler could be fired with 
high excess air to produce 220,000 lb per hr of steam with no 
CO gas for the start-up and shutdown periods of the fluid unit. CO 
gas was injected through 12 tangential-inlet ports symmetrically 
located with four ports at three different levels. Twelve auxil- 
iary fuel burners were located symmetrically with four burners at 
each of the three levels. The top level of burners was located 


Fic. 4 View or Primary Furnace ror CO BoiLer 
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above the top level of CO ports so that the CO-bearing gas would 
have to pass through a top level of fire to leave the primary 
furnace. 

The secondary furnace is a conventional water-tube single-pass 
boiler. The arrangement of the top-supported secondary furnace 
over the bottom-supported primary furnace required a water 
seal to provide for the downward expansion of the secondary 
furnace and the upward expansion of the primary furnace. The 
seal is shown in Fig. 3. 
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To insure continuous operation of the fluid unit, a CO gas by- 
pass system was designed. Fig. 6 shows that the CO gas from the 
regenerator may pass through a water-seal tank to the boiler or 
through a by-pass seal tank directly to the stack. Fig. 5 shows 
a seal tank with the water seal established. When the water is 
drawn out the CO gas passes down through the internal pipe, 
up the annular space, and out the side duct. A multivane damper 
(not shown) is installed above the seal pot to provide partial 
closure so that the water seal may be established. The small 
pipe off the side of the inlet duct was provided to bleed off the 
gas by-passing the damper and make the water seal easier to 
establish. Operation has shown that it was not required. 

Boiler feedwater for the CO boiler is condensate from the 
vacuum surface condenser for the fluid-unit turbine drivers and 
hot lime-synthetic resin treated water from the main boiler- 
house. A deaerating feedwater heater provides final deaeration 
and feedwater storage. 

All controls for the CO boiler are located at the fluid-unit main 
control panel. The boiler feed pumps are pressure-controlled by 
throttling the turbine steam with provisions for starting up and 
shutting down either pump from the board. The pumps are 
protected from low-flow seizing by automatic low-flow recircula- 
tion. The controls include three-element feedwater control and 
automatic combustion control of the auxiliary fuel and air to 
control the primary-furnace temperature. The boiler feed pumps 
and the forced-draft fan are turbine-driven and the controls are 
pneumatic to make operation free from power failures. 


OPERATION 


The CO boiler was brought on stream in October, 1953, with 
the new fluid unit. At this writing the CO boiler has been in 
operation for over two months. The unit has been entirely suc- 
cessful producing over 300,000 Ib per hr of 700-psig steam while 
burning approximately 110,000,000 Btu per hr of auxiliary fuel. 
Combustion of the CO-bearing gas has been complete. 

Tables 1 and 2 summarize four performance tests made on the 
CO boiler during November, 1953. Reference to Table 1 shows 
steam production varied from 303,900 to 315,000 Ib per hr. 
The 990 F CO-bearing gas from the regenerator varied from 
650,000 to 679,000 lb per hr. CO content on the total gas was 


TABLE 1 CARBON-MONOXIDE BOILER TEST DATA 


Test no. 1 2 3 4 
CO Bearing Gas: 
uantity M Ib/hr............. 650.4 650.9 679.2 678 
emperature, deg F........... 990 990 993 993 
Composition, mol per cent: 
OSs 8.2 8.1 7.8 7.8 
Carbon monoxide........... 4.8 4.8 4.7 4.9 
4.5 4.5 4.5 4.5 
15.0 15.2 15.3 15.0 
100.0 100.0 100.0 100.0 
Auxiliary Fuel (natural gas) : 
emperature, deg F........... 73 76 78 80 
Higher heating hen, Btu/lb... 23186 23178 23391 23351 
Auxiliary Air: 
Quantity M Ib/hr............. 108.0 103.7 106.7 111.4 
Moisture M lb/hr............. 1.6 1.5 0.5 0.7 
72 74 66 66 
Flue 
Guantity 764.75 760.85 791.03 795.33 
emperature, deg F........... 503 511 530 530 
Composition, mol per cent: 
Carbon dioxide............. 12.3 12.3 12.0 12.0 
Carbon monoxide........... 0.0 0.0 0.0 0.0 
69.6 69.5 69.9 70.0 
Water 15.5 15.7 15.5 15.3 
Siemens temp, deg F..... 1815 1825 1775 1775 
Primary-furnace press, in H:0.... 13.1 13.1 13.1 13.0 
Steam (saturated) : 
uantity, M | Se 305. 303.9 315.0 313.2 
710 710 15 710 
Boiler Feedwater: 
328.0 340.0 338.0 


uantity, M Ib/hr............ 330.0 
235 235 235 235 


TRANSACTIONS OF THE ASME 


AUGUST, 1955 


4.8 volume per cent. Complete combustion was obtained with 
a primary furnace temperature of 1775 to 1825 F with an oxygen 
content of 2.5 to 2.7 volume per cent in the total boiler-exit flue 
gas. 

Reference to Table 2 shows a total heat input to the CO boiler 
of approximately 430,000,000 Btu per hr. Of this, approximately 
180,000,000 Btu per hr is the sensible heat of the CO gas, 
140,000,000 Btu per hr is the combustion heat of the CO, and 
110,000,000 Btu per hr is the auxiliary fuel and air. Thus 320- 
000,000 Btu per hr or 74.5 per cent of the heat input is waste 
heat. Table 2 includes heat balances of both the gas side and the 
steam side of the CO boiler. The steam side indicates a higher 
heat absorption than the heat given up by the gas side in all 
cases. The difference varies from 0.4 per cent to 3.3 per cent. 
It is felt that this is a good check. A mistake of 0.1 per cent in 
the orsat analysis for the CO content of the regenerator flue 
gas is equivalent to 2,500,000 Btu per hr. 

There were several interesting developments in the initial 
operation of the CO boiler. The tangential entry of the CO 
gases produced the desired mixing as evidenced by the com- 
plete combustion of the CO at 1800 F with 2.6 per cent oxygen 
in the flue gas. The swirling action was more pronounced than 
expected, producing a cyclonic effect which increased the pres- 
sure at the face of the furnace to as much as 8 in. of water 
pressure above the pressure in the center of the primary furnace. 
The pressure in the center of the primary furnace was 3 to 4 in. 
of water pressure less than the pressure in the secondary furnace. 
The turbine-driven forced-draft fan had to be speeded up to 
provide the necessary static pressure to force the auxiliary air 
through the cyclonic wall of gases. 

One other interesting feature is the use of Diamond IK re- 
tractable soot blowers to keep the boiler and the economizer 
clean. During the design stages there was considerable discus- 
sion as to whether the catalyst fines would collect on the boiler 
tubes. It was decided to install 12 IK retractable soot blowers, 
eight in the boiler passes and four in the economizer. Operations 
have shown that the catalyst fines definitely collect on the boiler 
and economizer tubes. The soot blowers have been completely 
successful in keeping the tubes clean when used on a once-per-shift 
cleaning schedule. There has been no collection of catalyst 
fines in the primary furnace. 

Control of the CO boiler has been very easy. However, 


TABLE 2 CARBON-MONOXIDE BOILER—TEST HEAT BALANCES 
(Million Btu per Hr—Datum deg F) 


Test no. 1 2 3 4 
Gas 
Heat In: 
CO-beari 
pause 175.26 175.38 183.95 183.53 
Combustion heat................ 135.40 137.60 141.39 144.09 
Auxiliary fuel: 
Combustion heat................ 110.16 110.12 108.28 108.09 
Auxiliary air: 
1.93 1.90 1.69 
Heat Out 
—— eee 2.11 2.13 18 2. 
115.29 116.47 124.60 125.95 
Total heat absorbed............. 62 .70 310.89 311.71 
Sream Sipe 
Heat In: 
312.00 90 321.47 319.62 
Heat Out: 
Total Heat Absorbed 
307.62 308.70 310.89 311.71 
i 312.00 309.90 321.47 319.62 
4.38 1.20 10.58 7.91 
Per cent difference. ............. 1.4 0.4 3.3 2.5 
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automatic control of the primary-furnace temperature has proved 
unnecessary. The quantity, temperature, and CO content of the 
regenerator flue gas are so consistent that the primary-furnace 
temperature does not have enough variation to permit automatic 
control. Asa result, boiler operation to date has been on man- 
ual control. High and low-temperature alarms are provided to 
warn of abnormal conditions. 


Respray STEAM SUPERHEATER 


Prior to the decision to install the respray steam superheater 
in the regenerator fluidized bed, test work was conducted to 
determine the heat-transfer rate and the feasibility of such an 
installation. Test work consisted of inserting a l-in. water- 
cooled bayonet or probe into the fluidized bed of an existing 
fluid unit. The quantity of circulating water was weighed, the 
water-temperature rise was taken, and with a known heating 
surface and the temperature of the fluidized bed, a heat-transfer 
rate was established which was reasonably close to the data availa- 
ble in the literature. 

Before operating the Houston respray steam superheater, 
Sinclair had obtained valuable experiences in fluidized-bed heat 
transfer at its Wood River Refinery. When the company pur- 
chased the Wood River Refinery from Wood River Refining 
Company, the operating equipment included a heat-balance- 
type fluid unit. To increase capacity and improve yields and 
obtain better control of cracking conditions, a forced-circulation 
boiler was designed with the heating surface immersed in the 
regenerator fluidized bed. This was the only practicable way to 
remove heat from the regenerator since the regenerator was so 
close to the ground that there was no room to use a conventional 
recycle boiler. 

Fig. 7 shows the general arrangement of the Wood River 
forced-circulation boiler which was placed in operation November 


Fie. 7 ror Fiuip-Unit REGENERA- 
Tor-Bep TEMPERATURE CONTROL aT Woop River REFINERY 


12, 1952. Fig. 8 shows the superheater coils at time of erec- 
tion. Operation of the Wood River unit substantiated the known 
data which later were confirmed on the new Houston fluid unit. 
This boiler is equipped with ten coils having a total heating sur- 
face of about 600 sq ft. Heat-absorption rates of approximately 
50,000 to 60,000 Btu per sq ft per hr have been obtained with a 
temperature differential of approximately 700 F. The heat ex- 
traction can be controlled by only 10 per cent increments by 
cutting coils in or out of service, one coil at a time. At the end 
of a year’s continuous service, no repairs were required on the 
Wood River forced-circulation-boiler coils. 


SUPERHEATER 
HEADER 


REGENERATOR 


SUPERHEATER 
COILS 
Fic. 8 Genera ARRANGEMENT OF STEAM SUPERHEATER COILS 


Process DESCRIPTION 


One of the operating variables to be controlled on a fluid unit 
is the regenerator-bed temperature. The burning of coke from 
the catalyst releases tremendous quantities of heat. Part of 
this heat passes out with the products of combustion to the CO 
boiler. Another part is removed by catalyst circulation from the 
regenerator to the reactor since the catalyst enters the regenera- 
tor at about 900 F and leaves at about 1100 F. The balance of 
the heat must be removed by other means or the temperature in 
the regenerator would rise to a temperature well above 1100 F. 
This would sinter and deactivate the catalyst. To remove this 
excess heat and make it possible to control the regenerator-bed 
temperature, this unit is provided with four heat-exchange coils, 
in series, immersed in the bed. The general arrangement of the 
coils in the fluidized bed is shown in Fig 8. Fig 9 is a photo- 
graph taken during construction. The saturated steam from the 
CO boiler passes through these coils and by removing the excess 
heat from the regenerator the steam is superheated. 

Just as the CO boiler is a “‘first’”’ so is this method of controlling 
the fluidized-bed temperature by superheating steam a first. 
Actually, it is merely a heat exchanger in which the coils are the 
tubes and the regenerator is the shell. The coils are construc- 
ted in a similar manner to a superheater on a fired boiler. The 
superheater material is ‘‘Croloy 5’ and has an indefinite life 
under conditions inside the regenerator with no steam flow 
through the coils. The general design of the superheater is 
shown in Fig. 10. 

The difference between this type of superheater and a super- 
heater in a boiler is the medium surrounding the coils. In a 
boiler the hot flue gases flow past the tubes, whereas these coils 
are immersed in the fluidized bed. The superheater tubes are 
bombarded with very fine hot catalyst particles and the heat- 
transfer rate is greater than in a conventional boiler. The 
heat-transfer rate in the fluidized bed as compared with a steam 
superheater of a fired boiler appears to be from five to seven 
times greater for the same temperature differential. It appears 
that consideration should be given to this method of superheating 
steam for public-utility stations that use reheat. 

The ideal design for this system would be to have an exact 
balance between the quantity of steam available and the quantity 
of heat to be removed from the regenerator so that when the 
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Fie. GENERAL ARRANGEMENT OF SUPERHEATER Corts Durtne ConsTRUCTION 


Fie. 10 Section or SuPERHEATER CoILs 


steam was passed through the coils it would remove the desired 
amount of heat from the regenerator and the steam would be 


superheated to the desired temperature. This, however, is not 
the case. For normal operation the quantity of heat to be re- 
moved from the regenerator is greater than is required to super- 
heat the available steam from the CO boiler to the desired tem- 
perature of 750 F. Therefore a system of desuperheating sta- 
tions has been provided so that the steam can be superheated 
and desuperheated alternately. The schematic flow diagram of 
the respray steam superheater is shown in Fig. 11. With these 
superheaters, both the regenerator-bed temperature and the 


steam temperature may be controlled over a wide range of steam 
flows and required heat removals from the regenerator bed. 


SupERHEATER PERFORMS DovuBLE Duty 


The respray steam superheaters perform two functions—that 
of controlling the regenerator-bed temperature and that of super- 
heating the steam from the CO boiler. The regenerator-bed 
temperature is controlled at any point below a maximum of 
1100 F and the superheater steam temperature at 750 F. Pro- 
visions have been made to do both automatically. 

Saturated steam from the CO boiler passes through the super- 
heater coils or through the by-pass around the coils. The more 
steam that flows through the coils the more heat will be removed 
from the bed. Based on this fact, the regenerator-bed tempera- 
ture controller varies the quantity of steam passing through the 
coils by controlling a motor valve in a by-pass steam line around 
the coils. Thus the flow through the coils is controlled indirectly 
rather than directly by a valve in the line to the coils. This is 
the automatic control of the regenerator-bed temperature. 

From the schematic flow diagram of the respray steam super- 
heater, Fig. 11, it is noted that there are desuperheating stations 
at the inlet and outlet of each section of the superheater. At the 
outlet of the first, second, and third coils (the desuperheaters at 
the inlet of the first coil and the outlet of the fourth coil are for 
different purposes), desuperheating stations have been provided 
to spray the superheated steam with condensate. This reduces 
the temperature of the steam and increases the temperature 
differential between the steam and the catalyst bed. Since the 
condensate is vaporized to steam, it also increases the quantity 
of steam flowing to the following coils. Both the reduced steam 
temperature and the increased quantity of steam make it pos- 
sible to remove more heat from the regenerator. It is thus seen 
that if the regenerator-bed temperature controller will not hold 
the bed temperature by varying the by-pass steam because con- 
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Fic. 11 Scuematic Frow Dracram or Respray STEAM SUPERHEATER 


ditions are out of its range, conditions can be brought into range 
by spraying condensate into the superheated steam at these 
desuperheating stations. 

After the steam passing through the coils and the by-pass are 
mixed, the blend temperature must be 750 F. This is controlled 
by a temperature controller which can vary the condensate 
flow to the desuperheater at the outlet of No. 4 coil, to control 
the mixture of coil steam and by-pass steam at 750 F. This 
steam-temperature controller also can vary the condensate flow 
to the desuperheater at the inlet of No. 4 coil between certain 
limits. Thus the control of the final steam temperature is ob- 
tained by controlling the temperature of the superheated-coil 
steam so that it will blend with the by-pass steam to a final tem- 
perature of 750 F. The controller is so set that it will first in- 
crease or decrease the condensate to the outlet of No. 4 coil. If, 
however, the maximum quantity of condensate to this desuper- 
heater will not control the blend temperature, the temperature 
controller will then start condensate to the desuperheater at the 
inlet of No. 4 coil. The temperature controller at the inlet of 


No. 4 coil is designed to prevent this condensate from lowering 
the temperature of the steam to No. 4 coil below a minimum of 
530 F. 

The minimum temperature of 530 F was chosen arbitrarily as 
being a satisfactory control point to prevent ever reducing the 


temperature to steam-saturation temperature which is 505 F at 
700 psig. This was done to prevent condensate evaporation in 
the coils where evaporation would cause any soluble salts that 
might be present to be deposited. When conditions are such 
that the temperature controller on No. 4 coil inlet overrides the 
main steam-temperature controller and the steam temperature 
is not under control, then the quantity of condensate to the other 
desuperheater must be increased manually to bring the tempera- 
ture under control. 

It was noted previously that the desuperheater on the inlet of 
No. 1 coil was for a different purpose than the other desuperheat- 
ers. During normal operation this will not be in use since the 
steam from the CO boiler is already saturated steam. However, 
in the event that it is necessary to operate the fluid unit with the 
CO boiler shut down, the steam for bed cooling is the plant 
550-psig steam which already has been superheated to 750 F. 
During this period the first desuperheater would be used to de- 
superheat this steam to 530 F and the other desuperheaters would 
be adjusted in the same manner as for normal operation. 

The operation of the respray steam superheater is controlled 
entirely from the main fluid-unit control board. The desuper- 
heating or respray water is condensate which comes from the 
main condenser for the condensing turbines of the fluid unit. 
The condensate is heated to approximately 240 F in a separate 
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section of the main CO boiler feedwater heater and is pumped by 
turbine-driven desuperheating pumps to the desuperheating sta- 
tions. These turbine-driven pumps are controlled automatically 
from the main control board and can be taken in or out of serv- 
ice from the main control board. In the event that these de- 
superheating pumps fail, desuperheating water can be taken 
from the main boiler feed pumps for the CO boiler. This is done 
automatically by an automatic cut-in valve when the desuper- 
heating water pressure falls below a set pressure. Only in an 
extreme emergency will boiler feedwater be used for desuper- 
heating because the soluble salts in the boiler feedwater would 
foul the superheater. 


OPERATIONS TO DaTE 
Table 3 gives the results of actual field tests. It is noted that 


TABLE 3 FLUIDIZED-BED RESPRAY STEAM SUPERHEATER 
TEST DATA 


Test no. 1 2 3 4 
Steam to Superheater: 


710 710 715 710 
Temperature, deg F............... 507 507 
Respray Condensate to Superheater: 
emperature, deg F............... 235 235 235 235 
Superheated Steam: 
Quantity, 386.7 390.9 409.0 400.2 
540 540 540 540 
Temperature, deg 750 750 755 760 
Total heat absorbed, M Btu/hr....... 150. 157.6 169.1 161.6 
Regenerator-bed temp, deg Ao re 1067 1066 1059 1058 
Log mean temp diff, deg F........... 362 368 386 365 
Effective surface, sq ft............... 6000 6000 6000 
Over-all heat-transfer rate, Btu/hr/- 
sq ft/deg F 69.3 71.3 72.8 73.7 


a transfer rate of approximately 70 was obtained. The design 
was based on a transfer rate of 67.5. It is noted from the table 
that the maximum heat absorbed to date was approximately 
169,000,000 Btu per hr. The amount of heat required to super- 
heat the steam produced from the CO boiler to 750 F would be 
approximately 80,000,000 Btu per hr. Therefore the heat 
absorbed by the respray steam superheater will vary between 
approximately 80,000,000 Btu per hr and 170,000,000 Btu per 
hr. It will depend upon the amount of heat that is required to 
be extracted from the regenerator bed to hold the regenerator-bed 
temperature at its desired level. The operations to date have 
been better than expected. The CO boiler produces steam at 
substantially a constant pressure and rate and under these con- 
ditions even manual control of the regenerator-bed temperature 
is satisfactory. 
ConcLUsIONs 


The installation of the combination CO boiler and respray 
steam superheater is the natural outgrowth of Sinclair’s general 
policy to operate fluid units on a nonheat-balance basis and con- 
servation of fuel and electric energy. This combination allows 
for maximum flexibility of operation of a fluid unit to produce 
more and better products and, at the same time, provides 
maximum conservation of fuel. 

In addition to the foregoing, there are several other advan- 
tages such as the following: 


1 Being independent from outside sources of steam and energy 
during operation, shutdown, or start-up. 

2 Complete control of steam production for the fluid unit 
under the supervision of the fluid operators. 

3 Steam can be produced at high pressure and temperature 
which decreases the steam requirements per horsepower for fluid 
unit prime movers. 

4 Prevents the CO gas from escaping and possible pollution of 
the atmosphere. 

5 Precludes the possibility of unburned hydrocarbons or 
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malodorous gases, or other gases that may cause air pollution, 
from escaping to the atmosphere. 

6 Conditions the flue gases for subsequent removal of par- 
ticulate matter. 

7 Produces excess steam for other refinery uses and reduces 
the output of the refinery-fired boilers. 

8 Eliminates the necessity of an added fired boiler to start 
up and shut down the fluid unit. 

9 The cost of the CO boiler and its appurtenances is no 
greater than a fired boiler of equivalent output. 


Successful operations of the CO boiler and the respray steam 
superheater have been extremely gratifying experiences which are 
typical of progress in a competitive industry. Competition re- 
quires maximum product quality and quantity with minimum 
operating expense. The CO boiler, to minimize fuel consump- 
tion by utilizing waste heat, and the respray-steam-superheater 
coils, to provide optimum catalytic cracking, are new tools to 
meet these goals. 
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Discussion 


D. S. Franx.* The authors are to be congratulated 91 their 
very fine paper and their company is to be commended for th» 
first installation ever to be made. 

As pointed out in the paper, the data are for a nonheat-balance 
type unit and this discussion will be confined to the possible in- 
stallation of a CO boiler on a heat-balance-type unit. The use 
of a heat-balance-type fluid unit versus the nonheat-balance-ty pe 
unit is determined primarily on the basis of unit flexibility. In 
the heat-balance-type unit the heat liberated from the burning of 
the coke on the catalyst is used to preheat the incoming feed and 
supply all heat necessary for the cracking reaction. This calls 
for a high circulation of catalyst in order to heat the feed ente”- 
ing the reactor to cracking conditions. As the name implies, no 
outside source of heat is required. In the nonheat-balance-type 
unit a furnace is required to preheat the charge to the desired 
temperature and supplemental heat is furnished by the smaller 
amount of catalyst circulation. 

We operate four fluid-cracking units of the heat-balance type 
using synthetic catalyst and one nonheat-balance-design unit 
using natural catalyst. In most cases we use steam generators 
which utilize the sensible heat from the flue gas leaving the re- 
generators. No effort in the past has been made to recover the 
heat of burning of the CO gas. This paper casts a different 
light on the economics of this procedure. 

On a unit of 20,000 bbl per day fresh feed capacity using syn- 
thetic catalyst, calculations show that approximately 95,000 Ib 
of 450 psi pressure 650 F temperature steam could be generated 
per hour from the sensible heat and the carbon-monoxide heat of 
combustion on this unit. This is an appreciable volume of steam 
to obtain free and by burning sufficient auxiliary fuel to bring 
the flue gas up to 1450 F, the total steam generated would amount 


3 Assistant Technical Manager, The Pure Oil Company, Chicago, 
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to approximately 110,000 Ib per hr, the auxiliary fuel accounting 
for 15,000 Ib of the total production. 

With fuel at 16 cents per million Btu a total volume of 110,000 
Ib of steam per hr would be obtained at a fuel cost of 3.6 cents 
per 1000 Ib of steam or approximately 15 per cent of what the 
cost would be when generated on a conventional boiler. The 
large volume of steam generated from the carbon monoxide is 
considerably higher on this unit than is shown in the paper be- 
cause of synthetic catalyst. The analysis of flue gas obtained 
from synthetic catalyst operation shows a lower carbon dioxide- 
carbon monoxide ratio or the CO content is higher and corre- 
spondingly the recoverable heat of combustion of CO is higher. 
The choice between natural and synthetic catalyst is generally 
governed by the desired product distribution from each unit. 

As mentioned, in some of our units the installation of a waste- 
heat generator to utilize only the sensible heat of the flue gas from 
1050 down to 600 F has been used. With this installation ap- 
proximately 25,000 lb of steam per hr could be generated on a 
20,000-bbl-per-day unit, but a separately fired superheater would 
be required in order to obtain the desired steam temperature. 
This installation is considerably less expensive than the boiler 
described in the paper. However, the main disadvantage to 
this type of installation is that when the fluid unit is taken off 
line, steam generation ceases; the CO boiler, on the other hand, 
can be operated at rated capacity as an entirely separate unit 
with the use of auxiliary fuel. This means that the CO boiler 


has a continuity of steam generation independent of the fluid 
unit operation. 

From an economical basis the installation of a CO boiler has 
very good pay-out and the decision as to whether to install this 
type of boiler depends entirely on whether the steam is required 


over existing boiler capacity. If the steam condition is such that 
an additional boiler is required then it appears desirable to in- 
stall a CO boiler. This statement is made on the basis that 
whereas a conventional boiler would cost in the neighborhood 
of $5 per lb installed, the CO boiler will run approximately 
$8 per lb of installed capacity. It is true that the additional 
$3 cost per lb has a very rapid pay-off, but justification has to 
be made for the original $5 cost per pound. It can be seen, there- 
fore, that with all the good features of the installation the final 
conclusion depends on the steam picture in a particular plant. 


R. C. Lasstat.‘ At Sun Oil Company, where we were among 
the first to utilize catalytic cracking, we have been cognizant of 
the waste of energy resulting, in the various catalytic-cracking 
processes, from the very substantial amount of carbon monoxide 
liberated by the combustion of coke on spent catalyst and from 
the sensible heat of the flue gas rejected to the air. 

As a matter of fact, we have determined that the potential 
energy thus available, as of the beginning of 1954, from all cat- 
alytic-cracking plants, was of the order of 10,000,000 bbl of fuel 
oil per year. These figures were presented in a paper given at 
the 1954 mid-year meeting of the American Petroleum Institute. 

We have approached the problem in two ways. In those units 
where it is desirable to produce only the amount of steam 
corresponding to the energy available in the flue gas, after 
thorough large-scale testing, we have used a new oxidation 
catalyst of the type developed originally to oxidize carbon mon- 
oxide and unburned hydrocarbons from lift trucks. We are 
presently erecting two new waste-heat boilers—one at our Toledo 
Refinery and one at our Marcus Hook Refinery, in connection with 
the construction of new catalytic-cracking units of the Houdri- 
flow type. Flue gas will be passed through ‘‘Oxy-Cat’”’ elements, 
arranged in a shallow stack at the bottom part of a boiler of more 
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or less conventional design. Combustion of carbon monoxide 
will raise the temperature of the flue gas from 900 to approximately 
1500 F. The sensible heat, recovered in the boiler-economizer 
system, will result in the production of some 45,000 lb of super- 
heated steam per hr. Conventional burners installed in the 
boiler provide the full start-up capacity. 

The Babcock & Wilcox Company has designed and is erect- 
ing the boilers. The design of the flue-gas system, including the 
lower Oxy-Cat furnace, has been developed by the Oxy-Cat- 
alyst Manufacturing Company at Wayne, Pa., the Alcorn Com- 
bustion Company of Philadelphia, and Sun Oil Company. 

In addition to the waste heat-recovery units, we also will in- 
stall a secondary waste heat-recovery system operating on a 
small fraction of the flue gas which is kept under a pressure of 
2 to 3 psi in order to supply the prime mover for pneumatic lift- 
ing of the catalyst. Again, a bed of Oxy-Cat elements will 
insure combustion of the carbon monoxide, liberating about 
10,000,000 Btu per hr. The sensible heat, from 1500 to 1000 F, 
will be recovered by a forced water-circulation continuous coil 
connected in parallel with the water-circulating system control- 
ling the temperature of the catalyst in the regenerator according 
to conventional practice in units of the Houdriflow type. 

The design of this latter unit has been developed by the Alcorn 
Combustion Company and Sun Oil Company and will use cata- 
lyst furnished by the Oxy-Catalyst Manufacturing Company. 

In another development connected with our Toledo operations, 
we were faced with having to produce substantially more steam 
than the potential energy available from our existing catalytic- 
cracking unit. We arrived at the same conclusion as Sinclair, 
that, with little excess air, if enough outside heat was supplied 
to the flue-gas stream to increase its temperature to the range of 
1500 F and the products of secondary combustion were mixed 
thoroughly with the incoming flue gas, then combustion of car- 
bon monoxide would take place. 

Since the steam requirements were substantially above this 
minimum point, we arrived at a design where the flue gas is in- 
troduced at a multiplicity of points at the bottom of the boiler 
and mixed with the products of additional fuel combustion in the 
firebox itself, rather than in a separate furnace. 

This boiler was brought on stream in March, 1954, and has 
performed to our complete satisfaction. The total steam gen- 
eration (450 psi, 550 F total temperature) has been, as per de- 
sign, 190,000 lb per hr, some 50,000 generated from the carbon 
monoxide and the sensible heat of the flue gas. The major part 
of this steam is expanded in a 3000-hp back-pressure turbine 
driving a centrifugal gas compressor associated with another 
process unit. Steam at 175 psi from the turbine is furnished to 
the refinery system, where it is used for the various requirements 
of the oil-refining processes. We have shut down the old low- 
pressure boilers which formerly were used to supply steam to our 
175-psi system. When the catalytic-cracking unit is shut down 
for cleaning, the boiler can be fired at a total output of 225,000 
lb of steam per hr, providing easily the starting-up requirements 
of the cat cracker in both low-pressure and high-pressure steam. 
The operation of the CO boiler has thus served the dual purpose 
of utilizing substantial amounts of waste heat, as well as making 
available high-pressure steam for a back-pressure turbine which 
has inherently the highest thermal efficiency attainable. 

The design of the CO boiler was developed by The Babcock & 
Wilcox Company and Sun Oil Company, the former company 
having built and erected the boiler proper. 

The authors are to be congratulated for their very valuable 
paper. 

It is gratifying that, through independent thinking, we solved 
the problem of waste-heat recovery by different methods, arriv- 
ing at the same final result. 
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The development of temperature control in the fluid-bed cat- 
alytic cracker at Houston by direct cooling coils is a real con- 
tribution to the art of catalytic cracking. 


E. H. Manny. Sinclair Refining Company’s policy of maxi- 
mum fuel economy has paid off once again with a calculated fuel 
savings of approximately $300,000 in the first year of operation 
of the CO boiler installation at its Houston Refinery. The suc- 
cess of this installation is a personal tribute to Mr. Campbell, 
who conceived the idea and spearheaded the project, and Mr. 
Pennels, who aided in bringing the project to completion. With 
the success of this unit, it is now definitely established by experi- 
ence that recovery of both sensible heat and heat of combus- 
tibles from the CO gases from a fluid-catalytic unit is not only 
possible, but economically desirable. 

The authors describe in considerable detail the background 
leading to the development of the CO boiler and the performance 
data obtained. A few comments will be made on the ease of 
operation and some of the things anticipated in the design stages. 
On any new and untried application of this sort it can be expected 
that difficulties will arise when starting up and it is significant that 
the things we anticipated might be troublesome simply did 
not materialize. For instance, we thought it might be rather 
tricky to admit the CO gases to the boiler but actually it was a 
very simple operation. 

It was anticipated that we might have trouble with ignition 
of the CO and flame stability but, thanks to the cyclonic action 
and turbulence of the gases in the furnace, excellent stability of 
combustion conditions was realized. 

Thermal stresses and erosion caused by the 1000 F CO gases 
were expected to be severe on the CO duct lining, and a costly 
application design was used. Actual results, however, showed 
that the lining held up much better than anticipated, although 
there can be considerable improvement in the design. 

The most severe service probably occurs in the water seals 
when switching from by-pass to main-line operation or vice versa, 
requiring draining of one seal, filling the other, introducing hot 
gas over wet insulation, or quenching hot insulation. As was 
expected, this proved to be one of the greatest weaknesses, but 
the insulation stood up remarkably well, requiring only one large 
patch in the area near the outlet of the main-line seal. Improve- 
ment in insulation for this service is desirable. 

In the design stages, erosion was considered a very definite 
possibility but did not prove out under actual conditions, as evi- 
denced by the catalyst accumulation on the economizer tubes and 
some of the rearmost tubes in the boiler bank. Incidentally, 
because of the erosion possibility, it was originally considered that 
soot blowers might be unnecessary but actual results now prove 
otherwise. However, we feel that the catalyst adhering to the 
economizer tubes can be eliminated by raising the steam blow- 
ing pressure, although it might be necessary to revise blower 
spacing and increase their number. 

The writer’s company now has in service, or on order, seven CO 
boilers; the Sinclair Boiler described in this paper, a sister boiler 
of about the same size and design at the Watson Refinery of Rich- 
field Oil Corporation which has been in satisfactory service since 
June, 1954, a more conventional furnace design at Sun Oil Com- 
pany’s Toledo Refinery in service since March, two oxy-catalyst- 
type recovery units presently in advanced erection stages, one 
at the Marcus Hook Refinery and the other at the Toledo Refinery 
of the Sun Oil Company, a new special design, circular, water- 
cooled CO boiler at Sinclair’s East Chicago Refinery in prelimi- 
nary erection stages; and a similar but smaller circular boiler 


5 Project Engineer, Boiler Division, The Babcock & Wilcox Com- 
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for Imperial Oil Company’s extension to the Halifax, Nova Scotia, 
Refinery. 

Some time ago the company studied the potentiality of this 
new field of boiler application and concluded that the advantages 
were sufficient to warrant a boiler designed especially for this 
type service. Because design, fabrication, support, and insula- 
tion of the CO ducts is expensive and the ducts themselves re- 
quire maintenance, our first objective was to eliminate as many 
of these ducts as possible. We were successful in doing this by 
combining the CO plenum chamber in a water-cooled “‘bustle’’ 
on the lower portion of the furnace formed by bending out every 
other tube and eliminating all but one CO duct connection from 
the main-line seal to the plenum chamber, thereby reducing 
greatly the number of expansion joints and purge air consumption. 
This same bustle also combines with it the wind box for the 
auxiliary burners, simplifying its construction. 

The excellent combustion features obtained at Houston were 
maintained in the circular boiler, which we believe is essential in 
this type unit. 

Also, since the entire furnace-wall enclosure is circular it pos- 
sesses the inherent strength of a cylinder, eliminating the neces- 
sity of expensive buckstays and simplifying the casing design 
while, at the same time, improving the general appearance. 

The authors are to be congratulated for their excellent presen- 
tation on this timely subject. 


L. N. Scuaryserc.® The thermodynamics of oil refining are 
interesting in that they seem to resolve themselves into a series 
of anomalies. For instance, tremendous quantities of heat are 
required to raise the temperature and pressure of crude oil re- 
ceived to extremely high levels in order to separate, distill, crack, 
or reform into the various grades of gasolines, oils, greases, etc., 
required by the customer. It then seems necessary to expend 
additional heat energy to recool these various products down 
to atmospheric temperatures, and pressures, in order to deliver 
to the customer. In like manner, more heat is utilized in the 
form of power, either steam or electrical, to transfer the crude 
oil into the stills, through the stills, recycle various stocks, and, 
finally, transfer the various resulting products to storage tanks 
and ultimately to ships, tank cars, or trucks, or all three. More 
power is required to pump the great quantities of cooling water 
and cooling air required. Additional heat energy is needed in 
the form of steam for decreasing vapor tension of boiling oil, re- 
heating various components for close quality control, for strip- 
ping, for fuel atomization, for fire quenching, and ultimately for 
“steaming out’’ for safety, vessels ready for inspection and clean- 
ing. The source of all of this heat energy required is the per- 
centage of the original barrel of crude that is used for fuel. This 
runs as high as 10 per cent in some of the older refineries. 

The reduction of this fuel requirement is the realm of the re- 
finery combustion engineer. Equipped with a knowledge of 
thermodynamics equal to or exceeding that of the process de- 
signer he must further be an expert in physies, chemistry, mechan- 
ics, combustion, heat transfer, design, water treating, power 
generation and usage, operation, human understanding of both 
labor and management, economics, finance, and finally salesman- 
ship, to accomplish reduction in the fuel consumed in a refinery. 
Such engineers have cleverly used heat exchangers, condensers, air 
coolers or heaters, waste products such as sludges, cokes, tars, 
pitches, sour gases, waste-heat boilers, radiant-cracking still fur- 
naces, back-pressure turbines where heat balance permitted, and 
other ingenious applications of their particular science. It is be- 
lieved that a certain fixed-bed type of catalytic-cracking unit so 


® Supervisor of Utilities, Gulf Oil Corporation, Pittsburgh, Pa. 
Mem, ASME. 
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CAMPBELL, PENNELS—NEW FLUID UNIT AT THE HOUSTON REFINERY 


popular during World War II would not have been economically 
feasible except for the application of the gas turbine to this unit’s 
cycle of operation converting the large amount of heat liberated 
in revivifying the catalyst to supply the enormous power require- 
ments. 

This paper describes another forward step in attaining maximum 
fuel economy. The adaptation of a practically standard boiler 
equipped with a special pressurized primary refractory furnace 
carefully designed to handle the great quantities of low Btu gas 
is carefully and skillfully laid out. Its adaptation to the fluid 
catalytic-cracking unit should and did give the expected results 
in recovering both the sensible heat and the heat of combustion 
of the carbon monoxide contained in the regenerator flue gas. 
The result (including the superheater ) of more than enough steam 
production to turbine drive all pumps and blowers at a primary 
fuel cost of about '/, of that required to make that same amount 
of steam in a regular boiler is very impressive and gives alert 
management another means of reducing operating costs with in- 
crementally small investment increase for CO ducts, seal tanks, 
and primary refractory furnace. 

Engineers are usually very cautious in working out a new idea 
and these men have followed that pattern in the installation of 
unnecessary automatic-control equipment for primary furnace 
temperature. It is now easy to see that with a unit like a fluid 
catalytic-cracking unit, manual operation would be all that was 
required. Doubtless this decision had as much discussion as that 
which resulted in the installation of retractable soot blowers. 
Results doubtless would have been quite different had soot blow- 
ers been omitted. 

It seems to the writer that the decision to make only saturated 
steam from this boiler was a wise one, particularly since wide 
variations in volume of gas when burning all fuel oil or gas and 
when burning maximum CO through asimple superheater would re- 
sult in wide variation in exit steam temperatures. He, therefore, 
regards the installation of the respray steam superheater in the 
regenerator fluidized bed as an excellent additional tool for op- 
erator control of regenerator-bed temperature. The idea of using 
forced-circulation water and a boiler for this control is not new 
and most problems have been found and conquered. However, 
the use of a superheater for this total control is, we believe, com- 
pletely new and a seemingly logical step. The superheater coils 
are simple in construction, the use of Croloy 5 seems to have been 
correct. The use of automatic controls and desuperheating 
stations appears well thought out and with known standard con- 
trol equipment should offer no problem. 

We understand, however, that in their 1955 model now being 
installed at the East Chicago Refinery, Sinclair is installing a 
standard “attemperating’”’ type of desuperheater directly in the 
CO boiler instead of the dual-purpose type in the fluidized bed as 
described in the paper. Will the authors explain why such 
change is being made? 


B. E. Varon,? The CO boiler now in operation at the Watson, 
Calif., Refinery of the Richfield Oil Corporation is essentially the 
same model as the Sinclair, Houston, boiler. Richfield decided 
to invest in this radically new type of heat-recovery equipment 
long before the Sinclair project was completed, as a part of its 
new $40,000,000 refinery-expansion program. 

Several changes were made to suit the Richfield design before 
the unit went into construction. In addition to the nine tan- 
gential carbon-monoxide and nine refinery gas burners in the lower 
furnece, there were six combination B&W gas and oil burners in 
the upper conventional boiler. The combination of the two 
furnaces was designed to supply the total output of 340,000 Ib 


7 Richfield Oil Corporation, Wilmington, Calif. 
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per hr of 700-psi steam at 750 F, exclusive of any regenerator flue 
gas from the 63,000 bbl per day fluid catalytic-cracking unit. 

The boiler also was equipped with a two-pass pendant-type 
superheater with an interbank attemperator. In addition, a 
Buell electrostatic precipitator was installed after the economizer 
to maintain the amount of catalyst dust to the atmosphere, 
within Los Angeles County limitations. This is 40 lb per hr 
maximum, regardless of the size of the unit. To date, the precipi- 
tator has been meeting these requirements satisfactorily, and is 
operating at 55,000 volts, and handling up to 420,000 cfm of 550 F 
flue gas from the boiler. 

At present, the boiler is operating at a pressure of 15 in. of 
water in the lower refractory furnace which is averaging between 
1650 and 1800 F. With the fluid cracker operating at full rate, 
the boiler has produced 370,000 lb per hr with only the lower 
furnace in operation. As in the Houston boiler, it has been un- 
necessary to use automatic combustion control because of the 
small variation in the amount and temperature of the regenerator 
flue gas. The Diamond IK retractable soot blowers have suc- 
cessfully kept the boiler and economizer clean. We have not 
seen any build-up of catalyst as yet in the boiler, economizer, or 
precipitator, 

Exclusive of any sensible heat, the Richfield CO boiler has been 
saving 147,000,000 Btu per hr from the burning of the carbon 
monoxide, which would have been wasted, in a conventional type 
of unfired waste-heat boiler. The savings in fuel consumption 
from the combustion of the carbon monoxide alone, amounts to 
a total of $1,000 per day, at 28 cents per million Btu. In addi- 
tion, the elimination of large amounts of carbon monoxide, and 
lesser amounts of other combustible contaminants, has enhanced 
the value of the boiler from an air-pollution viewpoint. 

Richfield considers the CO boiler as a successful operating unit 
which has had the approval of civic officials and The Air Pollu- 
tion Control of Los Angeles County. 


Avutnors’ CLosuRE 


Regardless of the economics of the CO boiler of any design it 
is a tool to reduce air pollution. The CO boiler renders harmless 
the poisonous CO gases and completely burns any hydrocarbons 
or unburned gas that may be contained in the CO-bearing gases. 
It appears that the oil industry has an obligation to the public to 
provide cleaner air and the installation of CO boilers to fluid 
catalytic-cracking units is a method to do so. 

In reply to Mr. Scharnberg’s question as to the reason for 
installing a superheater and attemperator on Sinclair's East 
Chicago, Indiana, CO boiler, it can be stated that the East Chicago, 
Indiana, unit was equipped with regenerator catalyst coolers 
when the unit was built and additional catalyst cooling was not 
To provide steam superheat for process turbines a 
superheater was therefore necessary. To control steam tem- 
perature a mud-drum attemperator was installed. A steam 
superheater and spray-type attemperator was installed on the 
Richfield CO boiler because the Richfield fluid catalytic-crack- 
ing unit was of the heat-balance type. 

In regard to Mr. Lassiat’s comments it appears to the author 
that a supplementary direct-fired CO boiler is preferable to a 
Oxy-Catalyst CO boiler to avoid the replacement and mainte- 
nance of the Oxy-Catalyst. The author experimented with an 
Oxy-Catalyst pilot unit and found that the catalyst from a fluid 
unit fouled up the Oxy-Catalyst and ignition was unreliable. 
With cleaner CO-bearing gases the Oxy-Catalyst should work 


required. 


satisfactorily. 

In reply to Mr. D. 8. Frank’s comments regarding economies, 
it is understood that with low-priced fuel it would not be eco- 
nomica! to install a CO boiler where added steaming capacity is 


938 TRANSACTIONS OF THE ASME AUGUST, 1955 


not required but the obligation to provide cleaner air remains catalytic-cracking units to use where added steaming capacity 
unsolved. is required or where it becomes mandatory to provide a cleaner 

In conclusion, it is gratifying to observe that the Sinclair CO atmosphere. The CO boiler may also be a useful tool for fluid 
Loiler is an acceptable tool for oil refineries equipped with fluid coking units to conserve heat and clean up the atmosphere. 
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The Assembly-Line Balancing Problem 


By M. E. SALVESON,' LOUISVILLE, KY. 


An increasing number of industrial problems in pro- 
gramming and scheduling now are being solved by ana- 
lytic procedures. Yet, the almost universal problem of 
balancing an assembly line does not appear heretofore to 
have been so treated, even though the first known assembly 
line was established as early as the War of the Revolution 
by Eli Whitney for the manufacture of muskets. Efficient 
procedures for handling this problem are highly desirable. 
A very large percentage of all commodities, both civilian 
and military, are manufactured by assembly-line methods, 
so that any improvement in these procedures would have 
a very broad urea of impact, in both peacetime and war- 
time production. This paper reports initial results in 
attempting to develop such a procedure. While refine- 
ments are expected with increasing experience and further 
research, it is believed the practical usefulness of the 
analytical, engineering approach to this manufacturing 
problem is demonstrated by present results. Indeed, sub- 
stantial improvements in productivity have been achieved 
in each of several cases in which it was used. In addition, 
the present procedure lends itself to machine computa- 
tion, such that it likely will be possible to compute opti- 
mum balances for assembly lines for many different levels 
of output in advance and thereby permit reduction by two 
to three weeks the lead time required to change the rate of 
production when required by changes in sales. 


INTRODUCTION 


r I NHE assembly-line balancing problem is characterized by 
several challenging properties, including discreteness and 
technological precedence relations among the elements. 

The mathematical problem as usually translated from practical 

context is to minimize a function measuring idle time which is 

defined over a permutation group of work elements, the members 
of which are subject to technologically determined precedence 
relations on their possible temporal sequences. A solution must 
satisfy a system of restricting inequalities on the sums of opera- 
tion-time values for combinations of the work elements. 
Somewhat similar problems have been considered by other 
writers; for the purpose of orienting this paper relative to theirs, 
we mention several. Johnson (1)? considered a two and a three- 
stage “bookbinding” problem which appears to be similar. 
However, it is concerned with the cases of two and of three sequen- 
tial operations on a series of lots of different commodities, each of 
which is different, but the operations are on the same machine for 
these different commodities; also it allows nontrivial amounts of 
storage of the in-process items, a factor not present here. Baran- 
kin (2), DeCarlo (3), Rothman (4), and Salveson (5) have con- 
sidered the problems of discrete fabrication scheduling. That 
problem allows storage, alternative routings, and different process 


1 Manager, Business Research, Major Appliance Division, General 
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sequences as between different commodities. The problem here 
does not allow these, hence it is both practically and mathe- 
matically less general. 

The “assignment problem’ treated by von Neumann (6) and 
by Votaw and Orden (7) is most similar of all to the assembly-line 
balancing problem. However, it is somewhat less general than 
the line-balancing problem in that the assignment problem is con- 
cerned only with the assignment of one job to each person rather 
than a set of ordered and timed jobs to each person. Muther (8) 
provides several useful suggestions. His is the most systematic of 
the many intuitive analyses of this problem. However, he does 
not seek either mathematical representation or analytic solution. 


ASSUMPTIONS 


The objective here is to develop a procedure for ‘‘balancing”’ 
an assembly line for any commodity, although the particular 
assembly line studied was for one of the major appliances of the 
author’s company. Without alteration, the procedure subse- 
quently has been used also in balancing assembly lines for other 
appliances. In order to restrict the scope of the problem, we 
assume, as given, the demand which is forecast by the marketing 
department and the corresponding production rate necessary to 
meet that demand; i.e., we assume demand is certainly known. 
We do not consider any statistical problems of forecasting or of 
weighting which would arise from over or underproduction in 
relation to the demand that actually might be realized. We as- 
sume that the basic technologies of commodity design and pro- 
duction method are determined and unalterable. We assume 
determinism in the production-rate function (work standard) by 
using company experiential data on allowances for normal sto- 
chastic perturbations in production.’ 


DESCRIPTION OF PROBLEM 


Within these assumptions, the problem in balancing is as fol- 
lows: The commodity to be assembled is comprised of many dif- 
ferent components, each of which typically is a fabricated ‘‘piece 
part”’ or subassembly of piece parts. The fabrication department 
endeavors to maintain a supply of these components on hand 
sufficient at all times to meet the requirements of the assembly de- 
partment. (The problem of supplying these components is the 
“fabrication-scheduling problem’’ mentioned earlier.) 

Because of technical considerations, it is necessary and/or de- 
sirable to assemble the component parts of which the com- 
modity is comprised in some specified sequence or set of sequences; 
that is, there is an ordering upon the sequence in time in which 
the parts may be assembled. For example, in dressing each 
morning (i.e., in assembling one’s clothing onto oneself) it is 
typical to put on one’s socks before one’s shoes, rather than vice 
versa; different functional assemblies would be obtained from 
each alternative. In assembling an appliance (or virtually any 
commodity) it is necessary to observe corresponding precedence 
relations among its component parts. For example, one must 
insert a holding screw before installing and tightening its nut; 
one must position the housing before attaching other parts to it, 
etc. On the other hand, some of the assembly operations are not 
so restricted by a precedence relationship. For example, a name 


3 This assumption caused some difficulty in relation to the inade- 
quacy and incompleteness of most present predetermined motion- 
time data systems for use in more refined programming and schedul- 
ing procedures. 
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plate can be attached at any time between the time at which 
the housing is assembled and the time at which the otherwise 
finished appliance is crated. 

Some parts can be installed with increasing difficulty over a 
range of stations along the assembly line as other parts are 
assembled around their locations and access to them becomes 
increasingly difficult. Some parts can be installed in “logical” 
economic connected sequences. For example, a group of six 
holding bolts can have their nuts tightened by one operator or 
by up to six (or even more) operators. But, each time an opera- 
tor assembles one or more bolts, he must “pick up” the tightening 
tools. Obviously, there is an economy if the same operator 
tightens all bolts and is required to pick up the tool only once. 
Finally, some parts require that the operator stand in a specified 
position relative to the commodity; if he must walk to 
other positions for other tasks, there must be an allowance for 
walk time. 

For technical completeness, we describe the familiar concept of 
assembly-line “cycle time.” If the quantity of production for a 
particular period is specified and, if the rate of production is to 
be uniform over that period, then the unit rate of production is 
determined simply as the desired quantity of production divided 
by the number of units of (effective) production time existing in 
that period. So long as that unit rate of production is met, of 
course, the forecasted sales requirements will be satisfied. How- 
ever, the “method” of assembling the commodity in order to 
meet the demanded rate of production may vary considerably. 
On the one hand, it is possible that one or a small group of opera- 
tors may assemble all component parts of one unit of the com- 
modity at a time while working in a fixed location. Sufficient 
numbers of these groups of operators then are employed and they 
work independently of each other to attain the desired combined 
or total rate of output. On the other hand, and at the extreme, 
it is possible to use the familiar technique whereby all units of a 
commodity are assembled by moving them successively and uni- 
formly along a conveyer in front of a series of operators, each of 
whom assembles one or a small number of parts onto each unit of 
the commodity as it passes in front of him. (This is the familiar 
“mass-production” method for which American industry is cele- 
brated.) The amount of time elapsing between successive units 
as they move along the conveyer is termed the cycle time for 
the assembly line. 

This sequential assembly method has, of course, many impor- 
tant advantages. It often permits more specialization of task 
and more efficient use of personnel and facilities; it minimizes 
handling requirements, ete. However, it imposes an interesting 
requirement—one which is the basis of the balance problem dis- 
cussed here. Each assembly operator must be assigned a number 
and combination of jobs (parts to assemble) such that the sum of 
the times required to carry out his assigned tasks is equal to or 
less than the cycle time. If his assigned work requires an amount 
of time greater than cycle time, he will not be able, obviously, to 
perform all of his tasks or will be unable to maintain his position 
on the line and will have to fall behind. Of course, if the work 
time assigned to any operator is less than the cycle time, he will 
be idle part of the cycle. This, of course, is an individual, an 
enterprise, and a social loss arising from reduction in individual 
and group productivity. Indeed, we seek to minimize this loss.‘ 

If any operator must move parallel to the assembly line while 
performing his task, it is necessary to allow “return to station’ 
time in order to return to the original position so he may begin 
his work on each successive unit at that same position. Of course, 


4 For persons not familiar with methods of determining work stand- 
ards, it is mentioned that these standards already include allowances 
for certain delays, for fatigue, etc. The loss mentioned here is beyond 
these normal allowances. 
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the sequence in which the tasks are carried out at each station 
and the assignment of tasks to stations must be consistent with 
the precedence relations. 

Each collection of elemental assembly tasks is termed an 
“assembly station.” In our case, one operator is assigned to each 
station (although in some instances there may be more, we will 
not consider that case here). 

Certain other technological relations result in the addition of 
some task-performance times being noncommutative. For ex- 


ample, if operations a and b are performed on the top of an 
appliance and c is performed on the bottom, and if (a), &(b), and 
t(c) are the times required to carry out these operations, then 


t(a) + &(b) + Ke) Ka) + Kc) + Kd) 


This is due, of course, to the different amounts of time required 
for the operator to move between the two locations under each 
assembly sequence. In the cases studied thus far, any combina- 
tion of tasks carried out at different locations has been arbitrarily 
excluded as an admissible solution.® 

If the basic tasks characteristic of assembly operations were 
continuously divisible, the problem of line balance would be 
trivial. Hence we explain the necessary and realistic assumption 
of discreteness in assembly (or most any other type of ) operations. 
Consider the following typical operation: 1, Pick up bolt; 2, pick 
up nut; 3, insert bolt in hole; 4, start nut on bolt; 5, pick up 
tightening tool; 6, tighten nut on bolt; 7, put aside tightening 
tool. Clearly, there is a natural consecutive work relationship 
between these elemental tasks, such that they usualiy are per- 
formed most economically as an uninterrupted series. However, 
there is also a logical minimum “‘divisibility”’ of the elements of 
this task. For example, one operator ‘‘never’’ would be assigned 
the task of picking up the bolt and another the task of inserting 
it. Also, while an operator is picking up a bolt, often he also can 
pick up the nut, ete. Similarly, larger assembly tasks often have 
technical requirements which make it uneconomic to divide them 
continuously into arbitrarily short tasks to distribute over two 
or more operators. Hence, if any group of tasks is naturally 
connected, there is a loss-of-time penalty for dividing it. And, 
there is a minimum acceptable divisibility of any manual task. 

The problem in assembly-line balancing arises from the fact 
that the task-performance times are determined as a function of 
their natural or logical divisibilities, yet the stations along the 
assembly line are composed of groupings of these operations with 
no a priori assurance that each station can be assigned a combina- 
tion of operations for which the sum of the operation times is 
exactly, or even nearly, equal to the cycle time. Because the 
conveyer usually moves at a uniform speed there is ordinarily no 
opportunity to store the commodities between stations for allow- 
ing different cycle times at different stations. Hence the assem- 
bly-line balancing problem is to select a permutation of the tasks 
into an assembly sequence and a combination of the tasks into 
“stations” such that (a) the selected combinations of tasks satisfy 
the technological precedence relationships between the tasks, (b) 
the sum of task-performance times assigned to every station is 
equal to or less than cycle time, and (c) the sum of the idle times 
over all stations is minimum. 


5 This point could be extended to touch upon the current, vigorous 
industrial-engineering debate as to whether or not elemental tasks are 
independent in the sense that addition of their operation-time values 
is, in general, commutative. We avoid that argument here by noting 
that dependence has been encountered, but that the advantage of a 
simplified model which assumes independence greatly outweighs the 
computational disadvantage of a mode! which includes dependence. 
Hence the method used here essentially assumes that all combina- 
tions of tasks which result in an error due to noncommutativity of 
more than, say, 5 per cent are excluded from the set of admissible 
solutions. For a more general discussion of this problem, see refer- 
ence (9). 
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SALVESON—ASSEMBLY-LINE BALANCING PROBLEM 


In a slightly more general situation, the problem also includes 
selecting combinations of tasks into stations so that the sum of 
wages paid over all stations is minimized, This problem. arises 
out of the fact that often each operator is paid at the hourly wage 
rate at which the task with the highest pay rate in his set of 
assigned tasks is evaluated. Each task has a different pay rate 
based upon required skill, ete. In the problem studied here, the 
potential savings from this further refinement appeared to be 
insufficient to justify the additional study. In other cases it may 
be worth while. 

NOTATION 


We now develop initial notation for a more formal statement 
and analysis of the problem. Denote by: 


i,i = 1, ..., /—a set of objects called elemental assembly tasks. 
Each task is associated with assembling a particular com- 
ponent part to the commodity, or with a required process 
or operation, 

k,k = 1, ..., K—a set of objects called assembly stations, 
Each station consists of a subset of one or more of the 
elemental tasks. 

i—a time measure on the production period. (In our study, 

the unit of measure is decimal hours.) Let there be 1, 2, 3,..., 
7, units of time in the period. 

a;—a number indicating the number of units of time as measured 
in ¢ which is required to carry out the ith elemental task on 
one unit of the commodity being assembled. 

c—-cycle time of assembly line as measured in number of units of 
time per unit of the commodity being assembled. 

q—forecasted number of units of the commodity to be produced 
and sold during the period. 

J—set of tasks, ie/. 

7,—subset of tasks i, which are elements of, or assigned to, station 
k. 

ANALYSIS OF PROBLEM 


The cycle time for an assembly line is 


A necessary condition that an assembly line can be balanced 
within the cycle time is that 


a;Sci= 


Proof of this concept is partially analytical and partially experi- 
mental. The analytical proof is, of course, self-evident. The ex- 
perimental proof lies in at least two now well-accepted results: 

1 If any task is divided into smaller tasks beyond a certain 
point, the sum of the times required to carry out the smaller 
tasks begins to increase rapidly and becomes much greater than the 
time to carry out the undivided task. This is because any task 
can be reduced to a set of logically discrete tasks which if arbi- 
trarily divided further require additional elements of work to 
interconnect the elements of the divided task. These additional 
elements consume time and increase the work content signifi- 
cantly and it has been found by experience that a cycle time less 
than a specified length simply is inefficient for manual operations, 
especially in relation to boredom of the operators. 

2 If any a; > c, it would be necessary either to use two or 
more lines or two or more operators for that task. The latter 
often is unacceptable (at least in this study) because of operator 
training,® supervision, and other related difficulties. 

The minimum possible number of stations for an assembly line 
is 


6 For example, these operators would learn at rates different from 
rates at which other operators on the line would learn. 


| I 
2 a; 
n n | c 
that is, we consider only solutions with discrete numbers of opera- 
tors. Of course, the maximum possible number of stations, if 
One formulation of the objective in assembly-line balancing is 
to minimize the total amount of idle time, f(t), in the stations on 
the line 
f(t) = a, 
k tel, 
An equivalent statement of the objective is to minimize the num- 
ber of stations on the line; that is, for any given set J of elemental 
tasks ie/ there is a fixed sum 


which we may term the total “work content. 
Rewrite Equation [3] 


where K is the number of stations. 

‘Te = 


Since 


Inasmuch as ¢ and a; are assumed fixed, f(t) assumes its mini- 
mum when K is minimum (within limitations discussed later) 
Any balance with Kmin stations is termed a “minimal balance.” 

It is not necessarily always possible to achieve a minimal bal- 
ance. For example, if n of the tasks i have operation times greater 
than half the cycle time 


{ni 


then the minimum feasible number of stations is at least n. We 
denote this number by Kees. Corresponding observations can 
be made respecting Ktes when a; > c/3, c/4, ete. The precedence 
relations between the tasks may increase further the minimum 
feasible number. For example, consider the following illustrative 
problem: 

Let c = 1.00, and for 


ti=la;=. 


2 


3 
4 
5 


Note 
(1) @ So 
(2) 


(3) Kmin = min {integers n|n > 2.9} = 3 


a; > + = ct 


(4) Ktes = {ni 2 2 | % 


=4 


O41 
| | 
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By criteria established thus far, the actual number of stations 
required is 

K= waz Kun} > 4.............. [8] 
And, there would be the following four-station balances: 


No. 1 No. 2 
Station Idle Idle 
0. Element Time time Element Time time 
1 (1) (.6) (.4) (1, 3) 1-9 .0) 
2 (2) (.7) (.3) (2) -7) fe) 
3 (3, 4) (.9) (.1) (4) 5) 5) 
4 (5) (.7) (.3) (5) +7) (.3) 
Total 1.10 Total 1.10 


Now let us consider the effect of the precedence relations on the 
alternative arrangements of tasks into assembly stations. For 
this purpose, we develop the concept of a “precedence graph.”’ 
It is as follows: Whenever a task, say, g, must precede (be carried 
out earlier in time than) another task, say, h, we write 


and read it “g must precede h.’’ If two tasks are not ordered 
with respect to each other, we do not connect them with a direct 
line. For example 


would be interpreted ‘“‘g must precede both h and i, but A and ¢ 
are not ordered with respect to each other.”’ 

To demonstrate the effect of precedence relations on the fore- 
going illustrative problem, consider a precedence graph as fol- 
lows 


(1) (2) (3) 5 4). 


It is easy to see that both four-station balances are excluded and 
the only possible balance is a five-station balance. 

In general, we wish to be able to balance assembly lines with 
much larger numbers of tasks, with arbitrary partially and 
linearly ordered precedence relations, and with arbitrary task 
work times, A first step in a practical problem is to analyze the 
precedence graph for consistency. In this regard we note that 
the relation “must precede” is transitive, but is not reflexive, 
and is antisymmetric. (Any task is ‘‘unordered’’ with respect to 
itself; it neither must precede, nor must follow itself.) In view 
of these properties and the problems which would arise if the rela- 
tions should not be consistent in any practical context, the first 
requirement is to assure that there are no inconsistencies in the 
precedence relations, such as a precedence graph containing 1, both 


O 


O)—-@); © -@: 3 — @ 


and 


© 


either directly or by successive application of the transitivity 
property. 

Some of the additional requirements which a graph must satisfy 
in order to assure that it is not inconsistent include the following: 
(a) every task appears once and only once, (b) every connecting 
line terminates at each end in at least one task, (c) by successive 
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application of the transitivity principle it is not possible to exhibit 
any inconsistencies, such as in the foregoing paragraph, and (d) 
it is possible to number all tasks in the graph in such a manner 
that the numbers are assigned in ascending order from left to 
right along an unbroken relation line and it is never necessary to 
proceed from right to left along a relation line. Fig. 1 is an ex- 
ample of a graph numbered in this manner and demonstrating a 
set of tasks and relations with no inconsistencies. 

If a commodity has been manufactured, we know empirically 
that it is possible to draw its precedence graph free from incon- 
sistencies. If any exists, it is due to the engineer and not the 
engineering of the commodity. For, if it were otherwise, an 
inconsistency would indicate a ‘““‘Which came first, the chicken or 
the egg?”’ situation, such that manufacture would be impossible. 
On the other hand, if a commodity previously has not been manu- 
factured, it is conceivable that the engineering is poor and is 
made apparent by an inconsistent precedence graph. 

That a graph which satisfies the foregoing requirements is con- 
sistent is assured by Barankin’s’ consistency theorem (10) which 
is based on a precedence matrix as follows: 

Let P = (P;;) be a matrix of zeros and ones where 


P,; = 1 if @)—G@), either directly or by successive 
application of the transitivity principle 
P,, = 0 if © (not ordered) 
orifi =7 
= O-O (antisymmetric principle) 


[13] 


If our numbering and arrangement of the tasks in the graph satis- 
fies the requirements specified earlier, then, where 


(a) i <j (above main diagonal), P;; = 0 or 1 
(b) ¢ = j (main diagonal), P;; = 0 
(c) t > j (below main diagonal), P;; = 0 or —1 


and Barankin’s consistency test is satisfied. (It should be noted 
that Barankin does not use the negative form of the must-pre- 
cede relation. However, we have found it useful here in practical 
applications. For the purpose of his test one needs only to sub- 
stitute zeros for minus ones in the precedence matrix in order to 
obtain Barankin’s matrix form.) 

In order to demonstrate that the balancing problem can be re- 
duced to a combinatorial, rather than a permutations, analysis, 
we now wish to prove that if we partition a consistent set of tasks 
into subsets (stations) so that the precedence relation between 
tasks in different subsets is satisfied, the precedence relations 
between tasks within any such subset also can be satisfied. 

Suppose we partition the set J, of tasks ieJ into three proper 
subsets, Ty such that 


=1 
=¢ 
=¢ 


and such that every ieZ, has its immediate predecessor (s) *ie/, 
or J; and its immediate successor (s) i*e/; or J,, (*i must pre- 
cede i must precede i*). Now, if *iel;, we always can arrange 
the elements of the subset {i, *ie/,} in such manner that *i pre- 
cedes 7. If *ie/,, we arrange so that J; precedes J; and hence *ie/; 
precedes ie/,. If i has two or more predecessors, the same reason- 
ing can be applied. Indeed, the reasoning can be extended to 


7 Appreciation is expressed to Prof. E. W. Barankin for his assist- 
ance and interest in this problem. 
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consideration of i* in relation to i and finally to i in relation to 
i* and *i, simultaneously. This exhausts the possibilities. (Of 
course, if i and *i or i* are not precedence ordered, there is no 
problem. ) 

This result is intuitively expected. However, the reasoning 
might have been based, alternatively, on the precedence matrix; 
that is, by our partitioning rules, if the matrix P has +1’s only 
where i < j, then the corresponding partitioned submatrices P,, 
P,, and P,, will have +1’s only where i < j and hence, will be 
consistent; that is, the tasks can be ordered within each subset 
(station) in a sequence consistent with their set of precedence 
relations. 

For the objective as stated in Equation [3], the problem now 
can be stated as follows: 


subject (a) to satisfying the precedence relations, (6) to having 
each and every task assigned once and only once in the set of 
stations, and (c) the sum of operation times at any station being 
equal to or less than cycle time; that is; the solution is subject to 
the following: 

(a) If any P,;; = 1 and ié/,, then je/, or /,+ where k* > k and 
the 7, are numbered in accordance with the same rules (left to 
right) for numbering the tasks i. 


(b) = 1,6 = 


ane 1 if task 7 is assigned to station k 
” 0 if task 7 is not assigned to station k 
(c) Zana; = 1,...,K 


An alternative objective and formulation of the problem is: 
For any given number of stations K, select assignments z,, of 
the tasks 7 to stations k so as to minimize the maximum total 
work time assigned to any station, that is, minimize 


i 
max {6 = ai, 


t=1 
subject to restrictions (a) and (b) of Equation [15]. 
CoMPUTATION 


Our experience indicates that different computational pro- 
cedures may be desirable for different conditions; that is, a set 
of “loose’’® restrictions may prescribe one procedure whereas a 
set of “tight’’ restrictions may prescribe another. For example, 
a very loosely ordered set of assembly elements often can be 
handled by a procedure similar to those described in (6), Rapid 
Methods for the General (Assignment) Problem, not Necessarily 
Optimal. (Author’s notes: That is, a computational procedure 
that is rapid but does not necessarily lead to an optimal solution. 
Word in parentheses is author’s.) Indeed the assignment prob- 
lem may be considered to be a special case of the assembly-line 
balancing problem in which 


(1) a; = ¢,: i=1,...,7 (2) = 0: ij=1,...,] (3)l=K 


A tight situation often may be handled conveniently by pro- 
cedures approaching exhaustive enumeration of possible combina- 
tions. In between these extremes other compromises may be 
necessary. 

* For convenience if a matrix Pi; has few +1’s and many zeros we 


will say that the tasks are “loosely” ordered or is, simply loose; 
we say it is tight when it has many +1’s. 
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Two possible computational procedures will be given. The first 
is based on given cycle time (rate of output) and the objective 
is to minimize wasted or unused operator time. The other is 
based on the second formulation of the problem and assumes a 
fixed or given number of operators (station). In it, the number 
of operators is varied discretely over a range predetermined so 
as to span the desired rate of output. Then, at each integral 
number of operators within that range, a minimum-maximum sta- 
tion work time is found, and that number of stations selected 
which gives a cycle time or rate of production nearest the desired 
rate of production. (It is obvious in this method that the station 
with the maximum total assigned work time is the “bottleneck”’ 
or limiting station and hence, its work time becomes minimum 
cycle time for the entire line. ) 

Procedure 1. The problem can be translated into a familiar 
mathematical model by a simple change in notation. Let B = 
(b;;) be a matrix of entries 0 or 1 and indicating the following: 
0 if an element 7 is not assigned to the jth column (vector), and 
1 if it is. Each column vector then is a combination of certain 
specified elements and as such we may consider it a “candidate’’ 
for becoming a station. Each such combination will have a 
characteristic delay or idle time denoted and defined here as 


The problem then can be stated as: 
Minimize 


subject to 
(1) = li= 


(2)0<2;S1,j =1,...," 
(3) 0 < 2b; a;; 


The restrictions in this formulation define a convex subset of an 
n-dimensional space, each point in which is specified by an n-tuple 
(x1, X2,..., Zn). The extremes of that subset are those n-tuples in 
which (1) 


0, or . 
{ 


=1,...,” 


(2) for which the restrictions in Equation [18] hold, (3) for every 
i there is exactly one j such that z; b,; = 1; all other j for that i, 
z;b,;; = 0. 

With this formulation, then, one seeks to find at least one 
extreme at which the functional Equation [18] is minimized. 
There are standard procedures available for this, i.e., Dantzig’s 
simplex algorithm (11). Indeed, we have used successfully the 
Project SCOOP, Department of the Air Force, UNIVAC simplex 
routine for solving several small problems. 

However, it should be noted that in order to obtain this con- 
venient mathematical model, one must use a pre-enumerated 
matrix of feasible combinations which can be “enormously large,” 
although due to the precedence and cycle-time restrictions, the 
number often may be considerably reduced. 

Of course, until much better computational facilities are more 
generally available, it is not possible for most persons to handle 
problems which are “large,” using any presently available formal 
mathematical algorithm, such as the simplex method. It is ex- 
pedient, therefore, to develop practical manual methods which 
usually will yield an optimal solution. The method which follows 


* “Nearest’’ may be defined or determined by judgment or by 
statistical-decision procedures. 


Minimize 
— 
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is such an expedient. It is based on the problem as stated in 
Equation [18] except it does not require a matrix inversion 
routine. Since in order to represent the problem as one in a 
continuous variable makes it so large as often to be unmanagea- 
ble, we consider here a method in which the problem is in a 
discrete variable, i.e., as a combinatorial problem. However, we 
still endeavor to use methods that, within certain probability 
limits, assure that an optimum or minimum will be obtained. 
Also, we endeavor to have this method take advantage of the 
alert characteristics of the human mind in handling combinatorial 
problems of reasonable proportions. The method suggested here 
for this purpose handles the. problem essentially by reducing ‘the 
large combinatorial problem to several smaller problems, each of 
which is quite manageable on a systematic basis. Indeed, by 
extending these small problems, one eventually could include all 
the possibilities included in the large problem.. However, we 
have found that it is seldom necessary to eonsider all possibilities, 
since there are many minimal solutions and at least one has been 
found in every case within a reasonable amount of time. 

This method is as follows. It.is Repentetiten' in reference to 
asmall-scale problem. = 


The method in theory npsenteneatistionsin (a) The matrix ”?- 


is enumerated. (b) A “‘good”’ initial solution’is obtained by select- 
ing in any arbitrary manner a combination of good stations to 
comprise a balance. (c) By testing different combinations of the 
stations which have been selected, one attempts to find -better 
recombinations of the elemental tasks so as to improve the solu- 
tion. This last step implies a series of small combinatorial analy- 
ses in lieu of a matrix inversion, such as in the simplex method. 
However, the combinatorial method may incorporate optimality 
tests which are conclusive at least within the set of combinations 
tested. The steps in the method are as follows: 


I Generate the Matrix, B: 


(a) Select each individual task as one of the candidate com- 
binations. 
(b) Generate selected combinations, B;, such that - 


and such that the precedence relations are not, and cannot, be 
violated. 

(c) Record the combinations as in Table 1. 

(d) Compute and record for each combination 


dj =c—Zb ;a;j =1,...,0 


II To Select a Feasible Balance: 


(a) Select the column B;, with minimum d,. 
trarily select any one of those in the tie. 

(b) Write the selected column B; in the solution matrix, e.g., 
S = (s;;) Table 2 in the sample problem. 

(c) Select from among those columns in 6 which do not have 
any entry in any of the rows in which the column selected in 
step II(a) has entries, a second column, again, one with minimum 


If a tie, arbi- 


(d) Write the second selected column into S as a second 
column. 

(e) Continue as in the foregoing, each time deleting from con- 
sideration those columns in B which have any entry in any row 
in which any of the columns already in S have entries, until 
every row in S has one and only one nonzero entry. The com- 
pleted matrix S, at this step then constitutes an initial feasible 
solution or line balance. 


III To Determine the Optimality: 
(a) Compute for the solution at this step 


' TRANSACTIONS OF THE ASME 


AUGUST, 1955 
D= d; 
icS 


1 If D <e, the set of combinations contained in S is an opti- 
mal combination and the computation is terminated. 

2 If D >c, it may be possible to find some other combination 
which is better. Proceed to step III(6). 

(b) If III(a)2, compute for each selected combination of col- 
umns in B a number 


= — + 


where d,, are the d; for those columns which are to be removed 
from S and the d,; are the d; for those columns which enter S if 
the columns under consideration were removed from the solution. 
1 If w,; < 0, the solution already in S is better than the 
others tried, and cannot be improved by introducing any of those 
combinations into S. 
‘2 If any w,; > 0, the solution in S is not optimal and a better 
solution has been found in the combination of candidates which 
yielded that w,;, Proceed to step IV, 


-Do Change the Solution: 
-» (a) Seleet the combination with maximum pantie valued w, ; 


- (or any arbitrarily selected tie). 


(b) Enter that combination of cohstnds into the solution matrix 
S and delete from-S all columns which have a nonzero entry in 
any row in which the selected column has a nonzero entry. This 
will yield a new solution matrix S. 

(c) Return to step III and step IV in cycles until the criterion 
in either III(a) 1 or in III(6) 1 is satisfied, until all possible com- 
binations have been tested, or until the engineer considers that 
the solution he has is good enough that further search is not war- 
ranted. 

At the termination of computation, each combination of col- 
umns tested for which w,; = 0 represents a set of candidate sta- 
tions which, if entered into the solution, would give an equally 
good line balance. From a practical point of view, in relation- 
ships with the foreman of the assembly line, it is very convenient 
to have these alternatives since they permit him to choose com- 
binations agreeable to him, but which do not destroy the opti- 
mality of the balance. 

Of course, the foregoing computations seldom, if ever, would 
be made exactly as indicated because one seldom would wish to 
enumerate the matrix. However, it illustrates the concepts un- 
derlying a practical, manual method which is of manageable pro- 
portions. To illustrate these concepts is important, especially in 
dealing with “‘practical’’ persons, because they may easily under- 
estimate the magnitude of the combinatorial problem underlying 
the method and hence may adopt short cuts which could 
negate the value of any systematic method of analysis. Some of 
the simplifications in the method for manual handling are as fol- 
lows: 

Step I need not be enumerated. 

Step II may be carried out by graphical methods, encircling 
each good combination to indicate a station until each element 
is included in one and only one station. The precedence require- 
ments can be handled by excluding combinations of stations 
whose encircling lines cross or overlap (this simple requirement 
disposes of an otherwise ‘‘messy”’ logical problem). 

Step III should be carried out by selecting only combinations 
of stations in the solution which have idle time equal to or greater 
than cycle time, sin-> an improvement in the balance can be 
achieved only by distributing the elements of two or more lightly 
loaded stations into a smaller number of efficient stations. This 
redistribution of the elements from the inefficient stations is 
accomplished by a combinatorial analysis of those elements to 
find another way in which they can be recombined into more 
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efficient stations. In addition, it is necessary to consider the 
recombination of the elements from all possible combinations of 
the inefficient stations with all other (including the efficient) 
stations in the solution.. If it were necessary to consider the full 
set of such recombinations the task would be equivalent to testing 
all possible combinations by exhaustive enumeration. Fortu- 
nately, it typically is possible to obtain minimal balances early in 
this procedure. 

Step IV then becomes re-encircling the new combinations on the 
precedence graph, and changing the entries in the solution matrix. 


Samp_Le PROBLEM 


Let us consider the sample problem now to illustrate these com- 
putational procedures. Assume the following information (we 
will not concern ourselves with adjusting c to co): 


For i = 1, a; = 0.6 
c=1.0 


Kmin =4 


(7) 
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In the “Precedence Matrix’’ accompanying Fig. 1, the subset 
of relations designated by numbers in circles constitutes the 
“minimal” set, and all others can be derived from them by the 
transitivity and antisymmetric properties of the precedence rela- 
tion. Note that both the precedence graph and the precedence 


matrix demonstrate that the set of precedence relations is con- 
sistent. The full set of possible combinations for this problem is 
shown in Table 1. 

In Table 1 zeros are implied at all row-column intersections 
other than those with ones. Entries which are circled denote 
those with more than one station due to precedence-consistency 
requirements. For example, it is consistent with the precedence 
relations and cycle-time restrictions that elements 4 and 8 be 
combined in one column as a candidate for a station. However, 
if it were selected as a station, it would create an inconsistency if 
another station were selected that included elements 5 and 6, 
which by themselves also constitute a permissible combination. 
Hence it is necessary to include, with elements 4 and 8, also ele- 
ment 6 by itself or in combination with an element that precedes 
element 4. The only such element with which 6 can be combined 
is 3, hence column 20 of Table 1. 

Cycle I. Step II—Choose Feasible Balance 


TABLE 2 = (8;,) 


19 23 
0 0.3 


Step II1I—Determine Optimality: 

(a) D = 1.3 > ¢, therefore continue to II1(b). 

(b) Compute w, ; for recombinations of elements from combina- 
tions of stations whose total idle time is greater than cycle time. 


Stations 
removed 


= 23 
3 


Idle time El Cc 
dgj = 0 j* = none 


didates Idle time 


Wei 


Swe 


Both of the last two combinations reduce idle time by 1.0 cycle 
time and both are successful in creating minimal solutions, as 
follows: 
Step IV—Minimal Solutions 
= 


Zdj = 


Cycle II. Step III: 
(a) D = 0.3 < 1, therefore solution is optimal and computa- 
tions may terminate. 
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(b) All w,; may be computed in the general case in order to 
determine other equally good alternatives. 
From the two solutions, we obtain line balances given in Table 


TABLE 3 LINE BALANCES 
Total 


Station No. Elements assigned time 
Bs 1 1,2 1.0 
2 3,6 1.0 
3 4,7 1.0 
4 5,8 0.7 
1 1,2 1.0 
2 3,6 1.0 
3 4,8 0.9 
4 5,7 0.8 


The suggested further abbreviation of this procedure is as follows: 
Step I—Omit. 
Step II—Prepare precedence graph including, also, the opera- 
tion-time values for the elemental operations. For convenience, 
express these times as percentages of cycle time. 


Step I1I—The solution obtained in the foregoing is already 
optimal. 

At this point, it is convenient to indicate some specific con- 
figurations which must not be used in selecting combinations of 
elements for becoming stations by this method. 


Alternative Procedure. A second procedure has been suggested 
by Bryton (12). It follows essentially the concepts mentioned 
earlier as having been developed by Votaw and Orden (7), for 
rapid but not necessarily optimum solution of the assignment 
problem. However, Bryton’s procedure incorporates a good 
technique for handling the precedence-relation problem not 
present in the assignment problem. One of the advantages of 
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Bryton’s method is that it assumes a fixed number of stations 
and seeks to minimize delay time. Since this is equivalent to 
minimizing the maximum station time, it fits the second formu- 
lation [16] and related discreteness in number of personnel on an 
assembly line very nicely. 

Some limitations on that method, however, are that (a) it tends 
to be susceptible to restricted optima and must be arbitrarily 
perturbed, (6) it does not handle a problem with highly restricted 
precedence relations well because it involves excessive checking 
(a though the checking may be rapid if carried out by large-scale 
computer). 

Other Suggested Procedures. A random, but rapid, search was 
used in a few cases and found to yield acceptable solutions in 
reasonable lengths of time. A search using information gener- 
ated at each step might have considerable merit. 

A method employing only logical operations has been con- 
sidered but not tested. It would involve classifying the tasks 
into subsets according to characteristic tasks-operation times. 
Then, in conjunction with manipulation of the precedence rela- 
tions (which involve only logical operations) a set of solutions 
could be sought. 


SuMMARY 


When the stuuy of this problem was undertaken it was pre- 
sented as a permutations problem, hence a very difficult situation 
to handle. While the desire to handle as a problem with continu- 
ous variables is strong, no reasonable method thus far has been 
found which has immediate practical value. However, the dimen- 
sions of the problem have been significantly reduced, in part, by 
making it combinatorial instead of permutations; i.e., by the 
proof that any assignment of tasks to stations such that if the 
relations between the tasks in one station and the tasks in all 
other stations are satisfied it is always possible to develop a con- 
sistent ordering of the tasks within that station."° Then, by 
considering the set of solutions as a convex subset of a high di- 
mensional space, one gains the advantage of being able to move 
from extreme to extreme with a consistent “sense of direction.” 
However, unlike problems which are not strongly discrete, a com- 
binatorial analysis instead of a partial matrix inversion thus far has 
been used in practice to select the moves. This method is being ex- 
plored for further application to fabrication scheduling where a 
similar representation of the problem is possible, but with a fur- 
ther convex subset at each extreme which must be explored be- 
fore moving to another. 

In any case, it is emphasized that there are many important 
problems to solve beyond the formal mathematical problems. 
Leadership and motivation by the foremen and supervisors are, 
of course, necessary. Interestingly, it is reported by operating 
personnel that the closely balanced assembly lines have acted as 
“100 per cent inspection’’ stations. No longer is there slack 
time available for ‘touch-up’? work on the assembly line that 
should be done in fabrication. The result of such improvements 
in line balance is, therefore, to diffuse the high-quality levels 
which are maintained in assembly back to the source of quality 
control, i.e., fabrication and fabrication inspection. 

Finally, the engineers in the Method and Wage Rate Unit have 
obtained balances with so little idle time that some difficulty has 
been encountered because of increased frequency of operator 
failure to meet the cycle time. The reason for this difficulty is, 
of course, that all production rates or standards are really dis- 
tributive, although they are treated in all motion-time systems 


10 For example, in a loose problem with 100 elements, the number 
of solutions would be in the order of magnitude of 100! But as a 
combinatorial problem it would be 100!/5!95! = 1 X 108, a relatively 
small number which would be made smaller by any precedence rela- 
tions which may exist. 
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as deterministic. Accordingly, a further refinement is to measure 
experimentally the other relevant parameters of each assembly- 
task’s distribution. At this writing, it appears certain that the 
present single-parameter system (mean) for motion-time systems 
is not meaningful for refined methods of programming. In- 
stead, we shall need at least a two-parameter system (mean and 
variability) for short ‘stable’ periods, together with regression 
coefficients or other measures of change in relation to such factors 
as quality of parts and tools, ambient temperature, season, hour 
of day, day of week, ete. Given these, it would be possible to 
develop a procedure whereby standard task time is flexibly estab- 
lished so as to yield optimum percentage of the time which the 
worker should be unable to meet cycle time. This is an optimiz- 
ing problem because of opposing cost trends; i.e., attempts to 
assure 100 per cent achievement of tasks will increase cycle time 
to uneconomic proportions and, arbitrarily reducing cycle time 
(or increasing worker assignment) will result in excessive numbers 
of partially complete commodities having to be finish-assembled 
in the repair stations. New standard data together with a related 
computational method for finding the optimum compromise be- 
tween these two opposing cost trends now are needed. 
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Discussion 


H. O. Davipson.'! Perhaps the most unsatisfactory aspect of 
the paper from the viewpoint of a discusser is that the author has 
anticipated so many of the observations which might be offered. 
Thus, while the method presented utilizes a single-parameter 
system of description for task times, there is explicit recognition 
of the fact that a multiparameter system might be a desirable 
refinement in the programming system. Such a refinement con- 
ceivably could provide a basis for choosing an optimum tight- 
ness of scheduling which takes account of the frequency and 
costs of “‘off-schedule’’ events. 

In view of the fact that the author has himself explored so 
many of the implications of his central development there may be 
some advantage in addressing these remarks to the significance 
of his contribution rather than to its content. We seem to be 
quite convinced in this country of the desirability of a high level 
of effort on the frontiers of the physical sciences. Thus it was 
not surprising that a substantial number of problems were formu- 
lated which had then to await the development of high-speed 
computers for their solution. Indeed, this situation provided 
much of the impetus for the computer developments. 

Now that the computers are a reality much is being made of 
their possible applications to the solution of management prob- 
lems. The fact is, however, that pitifully few management 
problems have yet been formulated in a manner which permits 
the efficient use of computers. There is little point, for example, 
in programming a machine to make Gantt charts since the Gantt 
chart is a relatively crude scheduling device, the main virtue of 
which lies in the fact that it is amenable to nonmachine solutions. 
The really important pay-offs to be obtained from the application 
of computers to management problems are absolutely dependent 
upon the production of major advances in the formulations of 
those problems. Since this work, in the management field, has 
tended to lag rather than lead computer development the impor- 
tance of contributions such as this paper must be counted as con- 
siderable. 


8S. M. Jounson."* The author is to be commended for 
formulating this interesting and important type of problem 
whose practicality has been demonstrated by his work at General 
Electric. His mathematical representation and his analysis have 
reduced the magnitude of the problem although a formidable 
task still remains. His paper will furnish an excellent starting 
point for further work in this field. 

From a mathematical point of view the analysis is incomplete 
(as the author admits) since the method is one of listing a very 
large number of trial combinations and, by machine calculations, 
sifting through until a better solution is found. 

As the writer sees it, there are at least two mathematical diffi- 
culties to be overcome. 

After the trial solution S has been chosen, the machine sifts 
through every feasible combination of jobs, i.e., the columns R, 
in the matrix R (a tremendous number). 

Perhaps some dominance arguments could exclude most of these 
combinations so that the list could be reduced greatly at each 
step. 

Also, after a trial column is chosen, the author says: 

“Typically, there will be some tasks which are in the combina- 


il Chairman, Targets Group, Operations Research Office, Chevy 
Chase, Md. 
12 Rand Corporation, Santa Monica, Cal. 
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tion, R,*, dropped from the solution S but which are not in the 
new tria] combination R,. For these tasks, select from the matrix 
R that set of columns with minimum total delay time 2d,.”’ 

It is not clear just how this is done, by the computing machine 
or by inspection. If the problem is nontrivial to begin with, this 
step may be a task only a few orders of magnitude below that of 
the original problem. 

These combinational problems are very awkward to handle 
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unless there are some dominance relations which reduce an 
astronomical number of cases down to something which can be 
listed in a practical way. At first, there are usually some relatively 
easy reductions in magnitude to be made by common-sense argu- 
ments but one has to be lucky to be able to get down to a workable 
order of magnitude. Nevertheless, these problems are very chal- 
lenging since new mathematical techniques apparently have to be 
discovered to handle them. 


| tall 
Aw 
‘Lager 
4 
Ve 
ON ak 
are 
4 


Using as an example a simple fixed-gage design, the 
author explains the application of statistics to quality con- 
trol. The methods of selecting and designing gages are 
considered—the bilateral and unilateral systems. How 
these tolerance theories may be applied and the results 
achieved are discussed at some length. 


INTRODUCTION 


r YO INTRODUCE this subject it is necessary to review 
briefly the subject of statistics, the application of statistics to 
quality control, and to present, in addition to the foregoing, 

some background material on prevalent practices in fixed-gage 

design. 

The term “statistics” may denote merely a collection of data, 
the methods used in the analysis of data, or the interpretation of 
numerical data. When applying the concept of statistics to 
quality control, data are collected from an industrial process; 
then statistical measures are used in evaluating these data. 

To illustrate this concept it is first necessary to have some 
fundamental knowledge of variation. Everyone is aware that no 
two things are ever produced exactly alike. Since variation is 
inherent to some degree in all products, tolerances are established. 
This tolerance permits a certain latitude of deviation from a 
basic dimension, and the assumption is made that the particular 
machine and skills assigned to produce the part are capable of 
holding this tolerance. Since variation is inevitable, the pattern 
that this variation follows when produced by a controlled process 
is a bell-shaped curve, or normal curve as shown in Fig. 1. 


Mean Dimension 


Fig. 1 Tue Normat Curve—Equat Division Paper 


Upper Limit 


Lower Limit 


For purposes of analysis the curve is divided into six separate 
areas. These areas are termed by statisticians as standard 
deviations. Notice that, as the curve develops toward either 
limit, progressively fewer parts fall within these areas. De- 


1 Senior Technical Instructor, Statistical Applications, General 

Motors Institute. 
} Contributed by the Production Engineering Division and pre- 
sented at a joint session of the Production Engineering and Man- 
agement Divisions at the Annual Meeting, New York, N. Y., No- 
vember 28-December 3, 1954, of THe American Socrety or 
CHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, Octo- 
ber 13, 1954. Paper No. 54—A-210., 


The Application of Statistics to Simple 
Fixed-Gage Design 


By H. C. CHARBONNEAU,’ FLINT, MICH. 


the various standard deviations: 


+ 1 standard deviation = 68.26 per cent 
+ 2 standard deviation = 95.44 per cent 
+ 3 standard deviation = 99.73 per cent 


This knowledge, coupled with other statistical techniques, 
permits the evaluation of the percentages which may be falling 
outside tolerance limits, or conversely, parts falling within. 
However, for this application probability paper? will be used 
wherein the normal curve assumes a straight line when plotted, 
Fig. 2. Using this paper and drawing a line from the upper left- 
hand corner to the lower right-hand corner, or vice versa, the 
function of the normal curve is duplicated and the areas included 
under that curve can be read on the ordinates scale. 

Any particular scale desired can be constructed on the abscissa. 
In this case a scale for a part having a tolerance of +0901 has 
been selected to fit the existing conditions; namely, that the 
process is capable of producing parts witbin the specified toler- 
ance and centered, and that 99.73 per cent of the parts will fall 
within the specifications, This is accomplished by allowing one 
tolerance limit to intersect our straight line at 00.135 per cent and 
the other tolerance limit to intersect at 99.865 per cent. The 
difference between the two is 99.73 per cent. 

Having taken a rather brief look at the application of statistics 
to industrial processes, the next step is to consider some of the 
prevalent practices in fixed-gage design used in industry today. 
The methods of selecting and designing gaging may be divided 
into two primary classifications. One is the bilateral theory of 
gaging and the other the unilateral theory. There are modi- 
fications of these theories, but a brief explanation of only the 
bilateral and unilateral systems will be sufficient to illustrate this 
particular application, Fig. 3. 


Tue TuEeory or TOLERANCES 


The bilateral theory of tolerances offers three possibilities as 
the ultimate result of gage making. One is that the gage will be 
within the work tolerance with the result that acceptable parts 
may be rejected. The second possibility is that the gage will be 
made to the size specified and as soon as wear occurs defective 
material will be accepted. The third possibility is that the gage 
will be made outside the work tolerance and defective mate- 
rial will be accepted immediately and continue to be accepted as 
long as the gage isin use. Of these three alternatives the first is 
probably the most desirable. However, using bilateral toler- 
ances, it is never certain which one of the conditions will exist 
until the gage is received and checked. 

To illustrate this concept consider the following = 


To design a plug gage for gaging a 0.500 


hole. The total tolerance is 0.002 in. The oe maker’s 
tolerance, using standard practice, is 10 per cent of the total 
working tolerance or 0.0002 in. Standard practice is to allow an 
additional 0.0001 or 0.00005 in. as wear allowance for the ‘go 


2 Small grid lines in “probability paper’’ have been eliminated in 
the illustrations accompanying this presentation. 
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CHARBONNEAU—APPLICATION OF STATISTICS TO SIMPLE FIXED-GAGE DESIGN 


gage.’’* This is shown graphically in Fig. 4, and possible sizes 
of the “go” and ‘“‘not-go” plug gages under maximum conditions 
are tabulated in Table 1. 


TABLE 1 SIZES OF GAGES 
Wear 
allowance, 
in. 


Gage 


Gage maker's 
size, 
in. 


tolerance, 


0.5000 
0.5002 
Noto ee 

Note that these are the maximum conditions which may occur. 
If the gage maker does not utilize his full tolerance, the final gage 
size may be either slightly larger or smaller. Referring to the 
go gage the 0.5000-in. gage would accept parts outside the 
work tolerance almost immediately. The 0.5002-in. gage will 
reduce our acceptance of parts that are within work tolerance and 
permits a wear of 0.0002 in. before it is unusable. On the not- 
go gage the 0.5019-in. will give adequate protection. The 
0.5021-in. gage will accept parts outside our specified tolerance 
until at least 0.0001 in. is worn off. This summarizes existing 
conditions using the bilateral concept, although as previously 
pointed out, the sizes are not usually known until the gage is 
received. 


Tue UNILATERAL THEORY OF TOLERANCES 


Using the same problems as used for bilateral tolerances the 
concept of unilateral tolerances will be illustrated. Usually 
there is only one possibility when using this theory; if the uni- 
lateral tolerances are applied within the work tolerance, accepta- 
ble parts will be rejected, but this is normally preferable to 
accepting parts outside the work tolerance. Using the previous 


problem, a plug gage for gaging a 0.500 bs oogritdiam hole, 


a 10 per cent gage maker’s tolerance or 0.0002 in. is applied. In 
addition to this, 10 per cent is applied for wear allowance to the go 
gage only. This concept is illustrated in Fig. 5 and possible sizes 
of go and not-go gages under maximum conditions are tabulated 
in Table 2. 


TABLE 2 SIZES OF GAGES FOR MAXIMUM CONDITIONS 


Basic 


Gage maker's Wear Gage 
size, i 


tolerance, allowance, size, 
in. in. in. 


gage +0.0002 +0.0002 0.5004 
Not-go gage... : —0.0002 ih 0.5018 


It should be re-emphasized that these are maximum conditions 
and exist only in the event that the gage maker utilizes his total 
tolerance. However, wear allowance always should be provided 
as specified and means that there will be parts rejected that are 
within the acceptable tolerance limits. 

The primary question then, if the unilateral method of applying 
tolerances is used, is determining the percentage of parts that 
will be rejected by the go and not-go gages. This is essentially 
the tie-in to the introduction of this paper wherein statistics were 
discussed and also the method of developing the normal curve on 
probability paper. 

Reference is now made to Fig. 6. Here is illustrated the appli- 
cation of the concept which utilizes the statistical approach in 
determining the percentage of parts rejected by the fixed gage. 
The specifications are 0.500 i Pe and this tolerance is again 
constructed on the abscissa. A diagonal is drawn intersecting the 


3 Quoted from “Inspection and Gaging,”’ 
Industrial Press, New York, N. Y., 1951. 

4 Wear allowance is normally specified by the buyer. 
cent used here would be a maximum in most cases. 


by C. W. Kennedy, 


The 10 per 


Not Go Gage 


0.500 


0.0002 Tolerance 


0.0002 & Wear Allowance 


Fig. 5 Grapnic ILtustration or UNILATERAL THEORY OF TOLER- 
ANCES 


limits of the tolerance at 00.13 per cent. If the tolerance and 
wear allowance on the go gage is applied in a unilateral direction, 
using maximum values, a total of 20 per cent of the work toler- 
ance or 0.0004 in. is cut off. Erecting a vertical line intersecting 
the diagonal, and referring to the ordinate scale, a total of 3.6 
per cent is found to be cut off. This minus 0.13 per cent equals a 
total of 3.47 per cent of the acceptable parts rejected by the go 
gage. 

Since the not-go gage does not require a wear allowance ordi- 
narily, a total of 10 per cent of the work tolerance or 0.0002 in. 
is taken for the gage maker’s tolerance. Applying this uni- 
laterally and again erecting a vertical intersecting the diagonal 
a total of 0.82 per cent is found to be cut off. This minus 0.13 
per cent equals a total of 0.69 per cent of the acceptable parts 
rejected by the not-go gage. Adding these two areas together, 
or 3.47 plus 0.69 per cent, gives a total of 4.16 per cent of accepta- 
ble parts rejected by these gages when new, assuming the 
material is produced and centered within blue-print specifications. 

The foregoing follows the ordnance method of applying gage 
maker’s tolerance and wear allowance and represents the maxi- 
mum conditions which would be encountered. For this size 
range (0.501) and total tolerance of 0.002 in. a Class Z gage 
could be utilized which has a gage maker’s tolerance of 0.00010 
in. (using 10 per cent rule for establishing gage maker’s toler- 
ance). This would give a total of 0.00020 in. when both go and 
not-go gages are used. 

Referring to Fig. 7, the picture is observed to be somewhat 
altered. Still using the same wear allowance of 0.0002 in., the 
revised tolerance and wear allowance combined will result in re- 
jecting 1.85 per cent of the parts. Cost for this Class Z gage 
would be $5.18 according to a prominent manufacturing con- 
cern’s price list. If a Class Y gage were specified in this in- 
stance, tolerance for each gage is 0.00007 in. This gage would 
reject a total of 1.45 per cent of the good parts produced and the 
cost would be $5.75. 

To illustrate, consider a hypothetical case involving the in- 
spection of 10,000 units. If these are hardened-steel gages, a 
rough estimate of the gage-wear life with a 0,0001-in. wear 
allowance would be approximately 2000 pieces. Since this 
wear allowance is 0.0002 in. the gage should be useful for 4000 
pieces. This means 2'/, gages are required to inspect the lot. 
Suppose that reinspection of rejected material amounts to $0.015/ 
each. The results of these calculations are summarize 1 below 
in Table 3. 


5 Average value adopted from ‘Precision Measurement in the 
Metalworking Industry’’—Department of Education—IBM Cor- 
poration. 
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Fig. 6 Use or Propasiity Paper ror DetTeRMINING 


TABLE 3 GAGE COSTS COMPARED 


Cost of 
Gage Cost Savings reinspection Savings 
Class Z... $12.95 $1.42 $2.925 2. 
Class Y... 14.37 2.175 0.750 


This shows that the difference in gage cost is $1.42 in favor of 
the Class Z gage. However, on reinspection cost the Class Y 
gage results in a greater savings amounting to $0.750. Net 
savings remain in favor of the Class Z gage in the amount of 
$0.67. 

In the foregoing example there seems to be a very slight proba- 
bility of ever reflecting substantial savings by utilizing a smaller 
gaging tolerance. However, savings may be possible if the wear 
allowance is varied. Previously a wear allowance of 0.0002 in. 
was used and the Class Z gage rejected 1.95 per cent of the parts. 
If this is reduced to 0.0001 in. wear allowance 0.84 per cent of 
the parts would be rejected. Reducing the wear allowances 
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means that now five gages are required, each gage having a wear 
life of 2000 pieces. Again summarizing in Table 4. 


TABLE 4 GAGES COST WITH REDUCED WEAR ALLOWANCE 


Total gage Cost of > 
Gage cost Difference reinspection Difference 
0.0002 w/a $12.95 $12.95 $2.925 er 
0.0001 w/a 25.90 Ga 1.26 1.665 


In this example it is more practical to allow a 0.0002-in. wear 
allowance. Savings are $11.285. It seems obvious now, that if 
an additional wear allowance is provided on the gages, the gage 
inspects a much larger number of parts with a relatively small 
increase in reinspection cost. 

To evaluate this concept in more detail it is of benefit to con- 
struct a break-even-point graph showing how much wear allow- 
ance is economically justified. For convenience Table 5 has 
been compiled, showing the total percentage of parts rejected 
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CHARBONNEAU—APPLICATION OF STATISTICS TO SIMPLE FIXED-GAGE DESIGN 


GRAPH OF AREAS CUT OFF BY 
CLASS Z GAGE 


Gage Makers Tolerance (0. 0001) 


Wear Allowance (0. 0002") 


\ 


\ 


Gage Makers 
Tolerance (0. 9001) 


+ 0, 0065 


0.591 


7 Graps or Areas Cut Orr sy Crass Z Gace 


for various combinations of gage maker's tolerance and wear 
allowance. Using the previous problem (hole size 0.500 
poe and a production of 30,000 pieces, the data can be 
tabulated as shown in Table 6. This does not have to be done 
in every analysis and is presented here primarily for clarity. 
The first five columns are taken directly from Table 5. The 
per cent rejected by the not-go gage has been altered to conform 
with the gage maker’s tolerance for a Class Z gage in this size 
range, and is taken from Fig. 7. 

For this size range 0.500 in., a work tolerance of 0.002 in., 
and using the 10 per cent rule, the gage maker’s tolerance is 
0.0002 in. Since this much latitude is not given the gage maker 
in any classification we can use a “Class Z” gage with a gage 
maker’s tolerance of 0.0001 in. and apply the extra 0.0001 in. to 
the wear allowance. This will not affect the total wear allow- 
ance plus gage maker’s tolerance since we are merely adding to 


the former and subtracting from the latter. However, it will 
affect the number of gages required, based on the wear life noted 
in Table 6. For example, the first wear allowance of 0.00008 in. 
will be increased to 0.00018 in. and instead of 12.5 gages for_the 
30,000 pieces we would need 


and the gages required would be 


30,000 
= 8.33 
3600 


The number of gages for the remaining conditions are shown in 
Table 6, and are derived in a similar way. 

The cost per gage is taken from a 1952 edition of the Van 
Keuren catalog and is not intended to reflect current prices. 
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TABLE 5 TOTAL PERCENTAGE OF PARTS REJECTED FOR VARIOUS COMBINATIONS OF GAGE-MAKER’S TOLERANCE 
AND WEAR ALLOWANCE 


Total 
Work Makers Wear £ Parts Makers 7% Parts Total £ 
Tolerance Tolerance Allowance - Total Rejectec Tolerance Rejected Rejected 
0.9002 0,90002 9.90001 0.00003 1.66 0.20002 0. 69 2.35 
0.00002 0.0000h 3.16 0.69 4.15 
9.90903 9.90005 6, 0.69 
0.0000h 0.00006 11.38 0.69 
0.0003 0.00003 1.900015 9.9000K5 1.66 0.00003 9.69 2.35 
3.90093 0.00006 3 2069 
0.9000L5 0.000075 6.55 0.69 7.2 
0.90009 11. 0.69 12.07 
0.000; 0.0000) 9.900016 0.009056 1.12 0.0000: 0.6 2.10 
0.00006 0.6 2.35 
9.000032 0.900972 2.61 0.69 3.30 
% 0.00008 3.16 0.69 
0.00006 0.90019 6.55 0.69 T.2h 
0.210008 3,00012 11.38 0.69 12.07 
0.0005 0.00005 9.00002 9.00007 1./2 0.00008 0.69 2.10 
0.0000 0.00009 2 0.69 3.30 
7.00005 0.90010 3.16 0.69 
9.00007 9.00012 5,81 0.69 6.50 
0.90099 9.0001, 922 0.69 9.90 
0.00010 9.90015 11.38 0.69 12.07 
0.0006 9.00006 0.000918 0.000078 1.19 0.00006 0,69 1.88 
0.00003 0.00009 1.66 0.69 2. 
0.00006 0.99012 3.16 
0.00009 0.00015 0.69 
9.90012 0.00018 11.38 0.69 12.07 
0.00065 3.000065 0,000026 0, Ll 0.000065 0.69 2. 
9.900952 9.900117 2.61 "2.69 3.30 
0.000078 0,000113 1.52 0.69 
9.900101: 9.000169 7.36 9.69 8.05 
0.09013 0.000195 11.38 0.69 12.07 
0.0007 0.90007 .09002k 9.00006), 1.00 9.90007 1.0 
9.900035 9.000195 1.66 0.69 2. 
0.9997 0,0001h 0.69 
9.000105 6.55 0.69 72h 
0.0001h 6,20021 11.30 0.69 12.97 
0.0008 0.00008 9,90002h 9.00019 1.19 0.90008 697 1.88 
0.000010 9.99012 1.66 0.69 2.35 
0.00008 0,00016 3,h6 0.69 4.15 
0.99012 9,00020 6, 0.69 
0.00016 0.0002 11.38 0.69 12.97 
0.0009 0.90099 0,000018 0.000108 1.00 0.00009 (0.69 1.69 
0.900015 9.000135 1.66 0069 2.35 
0.00009 0.00018 3.16 0.69 
0.000135 0.000225 6.55 0.69 7.2h 
0.00018 9.00027 11.38 0.69 12.07 
0.0010 9.90019 0.20002 1.00 9.9019 «9. 1.69 
0.000904 0.0071, “1.42 9.69 2.10 
0.20006 0.00016 1.9h 9.69 2.63 
0,900 2.61 2.69 3.30 
0.00919 9.019020 7.16 9.69 4.15 
€.50 
0.00018 9.21 5.90 
0.00020 0.90030 211.38 1.69 12.97 
2.90022 220006 0.09018 1./€ 1.29N2 9.69 2.35 
0.00012 0.9072) 3.16 669 4.15 
0.0007" 0.0139 6.55 9.69 7.2h 
0.009216 0.999336 9.21 2.69 9.90 
9.00921 0.99036 11.38 9.69 12.07 
9.9013 9.00013 5.200065 6.002195 1.66 9.99013 (0.69 2.35 
6.9001? 0.09926 3.16 1.69 1.015 
9.009195 0.900325 46.55 0.69 
0.20023k 9.90036 9.22 9.90 
0.20026 0.0139 12.38 9069 12.07 
0.0015 7.00015 9.1003 7.00218 1.7 9.0015 969 1.69 
9.09009 0.9002, 1.9h 0,8 2.63 
9.90015 2.00030 3.16 9.69 
9.30021 0.00036 5.82 0.69 €.50 
9.027 0.00L2 9.21 0,69 9.90 
9.00030 11.36 0.69 12.07 
0.0016 0.00016 0.00008 9,69 2.35 
0.00016 9,00032 3.16 0.69 15 
6.55 0.69 762k 
9.00288 9.22 0.69 9.99 
0.00032 0. 11,38 0.69 12.07 
0.0019 0.00019 9.900095 0.990285 1.66 0.290019 2.35 
0.30029 9.99038 3.16 0.69 4.15 
©.090205 0.000L75 6.55 0.69 
0.99038 0.90057 11.38 0.69 12.07 
0.002 0.00020 0.00098 0.10028 0.00020 0.69 2.10 
0.20016 2, 9.69 7.30 
0.00029 0.000L0 3.h6 69 
0.9002 0.00014 4. 0.69 5.21 
0.00028 0.00018 5,81 0.69 6.59 
0.90932 0.90952 7. 0.69 8.05 
9.20036 0.90056 9 0.69 9.90 
9.00010 0.90060 11.38 0.69 12.07 
0.002 06,0002 0.00012 0.00036 1.66 9.0002h 0.69 2.35 
9.9002 9.0005 3.16 0.69 b.15 
9.50060 6.55 0.69 722k 
0.00018 9.00072 11.30 0.69 
0.0025 0.00025 0.00019 0.09035 0.00025 9.69 
9.00020 0.900)5 2.61 0.69 3.30 
0.00030 0.00055 1.52 0.69 5.21 
0.00010 0.00065 7.36 0.69 8.05 
0.00050 2.00075 11.38 0. 12.07 


The prices are for precision-lapped, Class Z gages and are cor- 
rected for the discount allowed when buying more than one. 
Total gage cost is the result of multiplying the last two columns. 
This curve can now be plotted as illustrated in Fig. 8. Total 
cost is plotted on the ordinate and percentage of rejections is 
plotted on the abscissa. 

Reinspection. To determine the cost of reinspection curve 
some means should be found for setting a per-piece cost. This 
will be primarily labor, burden, and gaging expense in the ma- 


vage 
en Makers { Parts 


Makers ‘Fear rarts Totel . 
Tolerance Tolerance Allow. Total Kejected Tolerance Reject. hejectei 
0.0030 0.90030 1.90006 0.90036 1.00 9.00030 0.69 1.69 
0.00015 9.000L5 1.66 0.69 2.35 
0.00030 0.9006 3.16 4.15 
0.000K5 0.00075 6.55 0.69 
0.0005 0,0008h 9.22 0.69 +90 
090032 0.00032 0.00016 0.0008 1. 0.00032 2.3 
0.90032 0.0006h 3.46 0.69 4.15 
0.0008 0.00080 0.69 7.2h 
0.0006 9.00096 11.38 0.69 12.07 
0.0010 0.00010 0.00008 0,000h8 1.00 1.69 
0.00020 9.00060 1.66 0.69 2.35 
0.00032 0.00072 2.61 0.69 3.30 
0.000K0 2.0008 0.69 4.25 
0.0008 0.90088 0.69 5. 
0.00060 0.00100 6.55 0.69 722k 
0.00072 0.00112 9. 0.69 9.90 
0.0008) 9.00120 11.38 0.69 12.07 
0.0050 0,90050 9.00010 0.00060 1.90 0.0005 69 1.69 
0.90920 0.90070 0.69 2.10 
9.00030 3.00080 0.69 2.63 
0.20010 9.000%) 2.61 0.69 3.30 
0.90050 9.00190 3.16 0.69 L.15 
0.00060 3.00110 4.52 0.69 5.21 
0.00070 0.00120 5.9 0.69 6.50 
9.0008) 9.90130 7.36 0.69 
0.00090 9.0010 9.21 0669 9.99 
9.90100 0.0015) 11.38 0.69 12.07 
0,006h 0,9006h 0,30032 9.00096 1.66 0.0006L 0.69 2.35 
0.0006h 0.00126 3.16 0.69 4.15 
0.00096 0.00160 SS 7.2h 
0.90128 0,00192 13.38 0.69 12.07 
0.0080 0.00080 ,00016 0.00096 1.00 9.00080 (0.69 1.6 
0.90019 0.00120 1.66 0.69 2.35 
0.0006L 0.69 3.30 
0.00080 0.00160 3.6 0.69 L.15 
0.09120 0.00200 5s 0.69 7.2 
0.0022 9.22 0.69 9.90 
0.90160 11.38 0.69 12.07 
0.0100 7.0019 0,0001 0.9011 0,83 0.0010 0.69 1.52 
0.0002 0.0012 1.90 0.69 1. 
0.000. 0.69 2.10 
0.0006 0.0016 0. 2.63 
0.0008 2.61 0.69 3.30 
0.0010 0.0020 3.46 0.69 4.15 
0.001h 0.002h 5.82 0.69 
3.0016 0.9026 0.69 6.05 
0.218 06,0028 9.21 9.9 
0.2020 29,0030 11.38 0.69 12.07 
0.9120 0.9012 9.20012 0.00132 0.83 9.0012 0.69 1.52 
9.0002L 0,001LL 1.00 0.69 1.69 
9.00168 0.69 2.10 
9.9060 9.9916 1.66 2.69 2.35 
9.09096 9.390216 2.62 0.69 3.30 
7.0012 9,002 316 0.69 L.15 
7.7018 3.3030 6.55 0.69 7.2k 
9.0216 9.90336 9.21 0.69 
2.902 9.0036 11.38 0.69 12.97 
0.001L0 0.9901) 0.30156 0.83 0.9014 0.69 1.52 
20028 9.9168 1.90 0.69 1.69 
9.20056 3.90196 1. 0.69 2.10 
0.00070 9.00210 1.66 0.69 2.35 
0.00112 1.00252 2.61 0.69 3.30 
9.991, 079028 3.16 0.69 4.15 
9.0021 9.0035 6.55 0.69 722k 
0.79252 7.00392 9.22 0.69 
0.9028 0.90L2 11.38 0.69 12.07 
1.0160 9.0016 9.00016 9.83 0.0016 0.69 1.52 
9.09032 0.00192 1.90 9.69 1.69 
0.0006 9.9022, 1./1 0.69 2.10 
0.00080 0.902h 1.66 0.69 2.35 
0.00128 0.00288 2.4 0.69 3.30 
0.0016 0.0032 3.16 0.69 4.15 
9.002h 0.0010 6.55 0.69 7.2k 
3.202! 9.21 0.69 9.90 
9.9032 0,90K8 11.38 0.69 12.07 
#0.0200 0.0020 0.9002 0,0022 0.73 0.0020 9.69 1.52 
0.000h 0,002h 1.90 0.69 1.69 
0.9008 9.0028 1.42 0.69 2.10 
9.0010 0.9030 1.66 0.69 2.35 
0.0016 9.0036 2.61 0.69 3.30 
9.9020 0.7010 3.46 0.69 b.15 
9.3030 19.0050 6,55 0.69 7.2k 
922036 9.21 0.69 9.90 
9.000 0.9060 11.38 0.69 12.07 
Notes Since page makers toleramces for mumerous naminal sizes and work 


tolerances exceed any values found in standard tables, use the 
gage makers tolerance for the classification selected and apply 
the remainder to the wear allowance. As can be seen this will 
not effect the combined gage makers tolerance and wear allowance, 
nor will it effect ‘the total percent rejected. 


jority of cases and may be determined from past experience 
under similar conditions. In this example an arbitrary figure 
of $0.015 per piece is selected for demonstration of the principle 
involved. These costs are tabulated in Table 7. The curve 
showing the reinspection costs is plotied in Fig. 8. Table 8 sums 
the costs of fixed gages and reinspection and Fig. 8 shows these 
costs in the form of a minimum-cost curve. This curve indicates 
that the minimum cost is achieved around 3 per cent rejected, 
and is plotted only to illustrate these costs graphically, since 
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CHARBONNEAU—APPLICATION OF STATISTICS TO SIMPLE FIXED-GAGE DESIGN 


TABLE 6 GAGE AND PRODUCTION DATA 
(Work tolerance 0.002 in.) 


— ——— Go gage -- ——— - 
Gage maker's Wear 


on hardened-steel gage with approximate wear life of 2000 pieces per 0.0001-in. wear allowance. 


Based 
Based on 6-gage quantity price. 
Based on 3-gage quantity price. 


TABLE 7 COST OF REINSPECTION 
Total per cent Number Cost of reinspection 
rejected rejected at $0.015/piece 


the information is obtainable in Table 8 and Table 6. Referring 
to these tables a rejection rate of 2.81 per cent indicates the 
need for 6.0 gages with a gage maker’s tolerance of 0.0001 in. and 
a wear allowance of 0.00026 in. for a combined value of 0.00036 
in. As can be observed, this is considerably more wear allowance 
than normally would be specified. 

Alternative Solution. While the preceding problem illustrates 
one method of solution, an alternative method exists. For 
example, all values of per cent rejection by gages are conditions 
that exist only when a gage is new. As the gage wears, fewer 
and fewer parts are rejected, so possibly an average value of 
per cent rejections would be more realistic. This would result 
in less gage savings than under the conditions specified; however, 
if average values were used, additional wear allowance could be 
applied with the probability of effecting the same or greater 
savings in gaging cost. The problem presented used maximum 
conditions throughout, with the thought that by so doing the 
designer is provided with additional protection. There are, 
however, mathematical means of determining the average per 
cent rejections for any particular gage size, and the use of these 
values would in no way alter the general method of solution. 


ConcLuUSsION 
Summarizing, since there are many variables connected with 
this analysis, i.e., the per cent rejections, the gage wear life 
(hardened steel, chrome, carbide, etc.), the gage cost (based on 
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Figure 
COST POINT CHART 
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COST IM DOLLARS 


PERCENT REJECTED 


Fic. 8 Breax-Even Pornt Coart—Cost or Fixep Gages Versus 
REINSPECTION Cost 


TABLE 8 TOTAL INSPECTION COST 
Total per cent rejection Total gage cost Reinspection cost Total cost 


* Minimum-Cost point. 


quantity needed), and the reinspection cost, there would be no 
great benefit in deriving a formula for solution. Each approach 
is individual and should be an analysis of individual needs. 
However, by following through these calculations, considerable 
savings should be possible. A last note of caution is given—the 
process must be statistically in control, for this technique to be 
applied effectively. 


Discussion 


J. B. T. Downs.* The method outlined is useful in determin- 
ing the maximum wear allowance and, consequently, the mini- 
mum number of gages for any particular class of gage. Whether 


6 Professor of Machine Design, Mechanical Engineering Depart- 
ment, West Virginia University, Morgantown, W.Va. Mem. ASME. 
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— maker's No. gages* req'd Cost Total 
t tolerance, allowance, Total Per cent rance, Per cent Total per cent to inspect per gage x 
in. in. 1+ 2 rejected in. rejected rejected 30000 pieces gage cost 
0.00020 0.00008 0.00028 1.41 9.00010 0.20 1.61 8.33 $3.90% $32.45 : 
0.00016 0.00036 2.61 0.20 2.81 5.78 4.125°¢ 23.75 
0.00020 0.00040 3.46 0.20 3.66 5.00 4.125 20.63 
0.00024 0.00044 4.52 0.20 4.72 4.42 4.125 18.13 
0.00028 0.00048 5.81 0.20 6.01 3.95 4.125 16.25 
0.00032 0.00052 7.36 0.20 7.56 3.57 4.125 14.65 
- 0.00036 0.00056 9.21 0.20 9.41 3.26 4.125 13.40 : 
0.00040 0.00060 11.38 0.20 11.58 3.00 4.125 12.38 
a 
| 
1.61 $3 } | | 
4.72 14.16 21.24 | 
6.91 18.03 27.05 36 
| 
30 
| | | 
| 
wee 
18 aan 
: 
| wa | 
| 
6 
. 1.61 $32.45 $ 7.25 $39.70 
2.81 23.75 12.65 36. 40° 
3.66 20.63 16.47 37.10 ‘ 
4.72 18.13 21.24 39.37 
6.01 16.25 27.05 43.30 
7.56 14.65 34.02 48.67 
9.41 13.40 42.35 55.75 
11.58 12.38 52.11 64.49 
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it is desirable to use the minimum number of gages should bear a 
little more investigation. For the case considered in Table 6 
and Fig. 8, five Class Z gages were obtained. The total gaging 
cost, i.e., the total gage cost plus reinspection cost, would be 
$37.10. If six Class Z gages were used the corresponding cost 
would b $36.58 using the 3-gage quantity price, and $35.23 
using the 6-gage quantity price. Also, seven Class Z gages would 
give $36.39. The use of Class Y gages also should be considered. 
If this is done for the given case, it is found that five Class Y 
gages would give a total gaging cost of $36.04, and four Class 
Y, a total cost of $39.56. The given figures for Class Y gages 
were obtained using the same relative costs of Class Z and Class 
Y gages used in the earlier part of the paper. 

These results are in line with the conclusions reached in Table 3 
that no substantial savings would result, provided the same num- 
ber of gages are used. This might not be true in all cases. The 
situation could arise where one Class Y gage plus increased wear 
allowance would be satisfactory whereas two Class Z gages might 
be necessary for the same job. 

The rejection rate of 4.15 per cent referred to, as being obtained 
from Table 6, appears to have been taken from Table 5. This 
has no effect on the conclusions, however. 

Although a small quantity, it seems that the total number of 
parts rejected should be used in figuring reinspection costs 
rather than the per cent of acceptable parts rejected, as all re- 
jected parts have to be reinspected to salvage the acceptable ones. 
It is true that the cost of reinspection of unacceptable parts 
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would be the same under all conditions but would be an item in 
the total cost and affect the per cent savings in comparing one 
method with another. 

The toolmaker’s allowance is of course subject to statistical 
variation resulting in a smaller percentage rejection than figured. 
Perhaps an average figure for the toolmaker’s allowance would be 
better, especially if a large number of gages is involved. 


AuTHOR’s CLOSURE 


Professor Downs is correct in stating that additional investi- 
gation might be done in the area of the various classes of gages, 
particularly when quantity prices are taken into consideration. 
However, no attempt was made to evaluate all the possibilities 
connected with this statistical approach, since the paper would 
have become unnecessarily long. 

The percentage of acceptable parts was used in calculating 
reinspection costs primarily for consistency of approach. While 
it is true that all parts would be inspected eventually, this is a 
relatively small quantity when the process is under statistical . 
control, approximately 3 in 1000 pieces. Where large quantities 
are involved this could be taken into consideration as suggested 
by Professor Downs. 

The alternative solution discusses the use of average values for 
wear allowance, and the same method could be applied in cal- 
culating average values of toolmaker’s tolerance, although, as 
indicated previously, the end results would be substantially the 
same. 
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The Effect of Pulse Shape on Simple 
Systems Under Impulsive Loading 


By C. E. CREDE,' WATERTOWN, MASS. 


This paper proposes modified parameters for presenting 
“shock spectra” for elastic systems acted upon by ac- 
celeration pulses. It is shown that the ratio of maximum 
response acceleration to maximum acceleration of the 
pulse is a function of the pulse shape. By introducing 
a parameter which includes velocity change of the 
pulse and the natural frequency of the elastic system, in 
place of maximum acceleration of the pulse, the influence 
of pulse shape on the spectrum is reduced materially. The 
significance of the spectrum for lightly damped systems is 
considered where failure may result from fatigue after 
many cycles of stress reversal induced by a single pulse. 


INTRODUCTION 


‘ \ Y HEN mechanical equipment is subjected to impact, all 
structures comprising such equipment vibrate in a 
transient manner. The maximum stress in any struc- 
ture as a result of this vibration may occur either during or after 
the impact, and is a function of parameters which are difficult to 
define. This problem has received considerable attention re- 
cently and it has been shown that the maximum stress can be de- 
termined if the pulse shape of the impact is defined, the maxi- 
mum acceleration of the pulse is known, and the relation between 
certain frequencies has been evaluated. In this paper, the pre- 
viously reported data are reworked and supplemented by certain 
hitherto unpublished data to show that the maximum stress can 
be defined independently of the pulse shape by appropriate selec- 
tion of parameters. 


Srupy or Impact on Exvastic Structure 


The study of impact on an elastic structure tends to become 
complicated because the sudden force induces transient vibration 
of the structure in many natural modes. As a consequence, the 
basic principles applying to such vibration are obscured. The 
natural modes may be separated, to be combined subsequently 
by superposition if desired, by investigating a single degree-of- 
freedom system having constraints which limit its motion to a 
single co-ordinate. This idealized equipment is illustrated in Fig. 
1. It consists of a rigid housing m; closed at its upper end and 
having a relatively thin diaphragm spring k, at its lower end. A 
relatively small rigid mass m, is suspended within the housing by 
the massless spring k;, the mass m, being constrained by the hous- 
ing t. move only in a vertical direction. Displacement of 
the housing is designated by z2 and absolute displacement of the 
mass m, is designated by z;. All masses are assumed rigid and 
all springs are assumed linear and massless. Mass m, is assumed 
of negligible size relative to mass mz and the motion of mz con- 


1 Vice-President, Chief Engineer, The Barry Corporation. Mem. 
ASME. 

Contributed by the Rubber and Plastics Division and presented at 
a joint session of the Rubber and Plastics and Machine Design Divi- 
sions at the Annual Meeting, New York, N. Y., November 28— 
December 3, 1954, of Tae American Soctety or Mecuanicat En- 
GINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, October 
7, 1954. Paper No. 54—A-203. 


Fie.1 Hyporueticat Equipment Usep 
to Errect or Impact on 
Exastic StrucTuRESs 


sequently is not influenced by the motion of m. Damping is 
neglected in both systems. 

An impulse is now applied to this equipment by suddenly 
moving the assembly downward (as, for example, in a free fall) 
until the spring k, strikes the anvil. If the spring kz is linear, the 
acceleration experienced by the housing m, as a result of this im- 
pulse is given by 


#2 = —dz SiN Wet 


(0 < w/w) 
# = 0 


[t > w/w] 


where w: = V kz/mz and a is the peak acceleration. The period 
of contact of the spring kz against the anvil is r/w.; therefore, no 
forces except gravity forces act on the housing mz: when t > w/w. 
The differential equation defining the movement of the mass m; is 


mz, + k(x, — 22) = 0 


where an expression for zz is obtained by integrating Equation 
{1}. 

In equipment subjected to impact, the principal interest often 
resides in the magnitude of the maximum stress induced in struc- 
tural members of the equipment. The probability of damage in- 
creases as this stress increases. Assuming the spring k in Fig. 1 
to be the vulnerable element, the probability of damage increases 
as the spring deflection (z, — zz) increases. As indicated by 
Equation [2], the elongation of the spring /; is directly propor- 
tional to the acceleration #, of the mass m,. Equation [2] has been 
evaluated by Mindlin (1),? and the result may be expressed by the 
following two equations, one applying to the period of the impulse 
and the other applying to the period after the impulse 


a, 1— 


a, We 


B=-— [t > 


where a, is the maximum value of the acceleration 2, associated 
with the impulse, a, is the maximum value of the acceleration #, of 
mass m, and n is a positive integer chosen so as to make the sine 


2 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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term as large as possible while the argument remains less than 7. 
If the housing m:, is moving freely at moment of impact and if 
the impact does not dissipate energy, the equipment will re- 
bound from the anvil with a numerically equal but oppositely 
directed velocity. The velocity change of the equipment is thus 
two times its velocity of approach and may be calculated by in- 
tegrating Equation [1] between the limits 0 and 7/w. as follows 


Telocity change = A -{ Sin Wet dt = [4] 
0 We 


where the velocity change of the housing is equal to the area A 
under the curve defined by Equation [1]. 


A new parameter C is now established as follows 


where w, is the circular natural frequency of the system com- 
prised of the mass m, and spring k,. Substituting A from Equa- 
tion [4] and a, from Equation [3], the following expressions for C 
are obtained when the pulse is sinusoidal, i.e., when ke is linear 


(0 <t < | 


. [6] 


eos — 
a, | 

When w, > ws, the maximum deflection of the spring k, occurs 
during the impact and the first of Equations [6] applies. When 
w@, < Ws, the maximum deflection occurs after the impact and the 
second of Equations [6] applies. 

A graphical portrayal of Equations [3], as reproduced from 
reference (1), is included in Fig. 2 as curve 1. This curve shows 
the maximum acceleration a; of mass m, with reference to the 
maximum acceleration a, of the housing me, as a function of the 
frequency ratio w;/w2. The maximum acceleration a; also may be 
expressed with reference to the velocity change A of the housing. 
This relation is indicated by Equations [6], which are plotted as 
curve | in Fig. 3. The relation between the ordinate parameters 
B and C of Figs. 2 and 3 is obtained from Equations [3] and [6] as 
follows 


B a, Aa, 


ade ay 


For the half-sinusoidal pulse B/C = 2(w;/w2). As pointed out in 
reference (1) and indicated by curves 1 in Figs. 2 and 3, the 
maximum acceleration a, of the mass m, tends to be directly 
proportional to the maximum acceleration az when w,/w:» is large 
and to the velocity change A when w/w» is small. 


Types or Impact 


Many types of impact occur during operation and testing of 
mechanical equipment. Several possible types of impact, either 
hypothetical or actual, are illustrated in Table 1. These impacts 
are included here because each has been analyzed either analyti- 
cally or experimentally and results similar to those defined by 
Equations [3] for the linear spring k: are available. The analysis 
is continued in this paper, and results corresponding to Equation 
[6] for the half-sinusoid are obtained. The availability of the pre- 
vious analyses is as follows: 
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Fic. 2 Maximum AccELERATION a; OF Mass m, WitH REFERENCE 
To MaxtmuM ACCELERATION OF HOUSING m2 


Aw 


VELOCITY CHANGE X NATURAL FREQUENCY «, 


-MAXMUM ACCELERATION OF MASS 


Frequency 


Fic. 3) Maximum AccELERATION @; OF Mass m; With REFERENCE 


To VeLociry CHANGE A or HousING 


1 The half-sinusoidal pulse 1 has been analyzed by Mindlin 
(1) and Frankland (2). This type of pulse results from a linear 
spring and is readily susceptible to analytical treatment. The 
analytical results set forth in Equations [3] are reproduced from 
the technical literature; the further results defined by Equations 
[6] are derived from Equations [3]. 

2 The triangular pulse 2 also has been analyzed by Mindlin 
(1) and Frankland (2), and the results are available in a form 
corresponding to Equations [3]. 

3 The quarter-sinusoidal pulse 3 and skewed sinusoidal pulse 
4 have been analyzed by Shapiro and Hudson (3). This analysis 
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CREDE—EFFECT OF PULSE SHAPE ON SIMPLE SYSTEMS UNDER IMPULSIVE LOADING 


TABLE 1 


DIAGRAMS OF PULSES ANALYZED AND DATA ON CERTAIN PROPERTIES OF EACH PULSE 


TYPE 


CURVE 


AREA 


OF PULSE 


HALF - SINUSOID 


TRIANGLE 


IRREGULAR 


was carried out by electrical analogy and the results are available 
in graphical form corresponding to a plot of Equations [3]. 

4 The irregular pulse 5 was measured on a shock-testing ma- 
chine. A previously unpublished analysis was made during a 
program being carried out under the supervision of the author, 
and the results are available in graphical form corresponding to a 
plot of Equations [3]. These results were obtained by electrical 
analogy. 

For each type of pulse illustrated in Table 1, there is a charac- 
teristic relation between maximum amplitude, duration, and area 
of the pulse; provided geometrical similarity has been maintained 


throughout the type of similar pulses. It is, therefore, possible 
to express the area of any one type of pulse in terms of its maxi- 
mum amplitude and duration. The areas of the pulses are in- 
cluded in Table 1, together with the ratios B/C corresponding to 
Equation [7] for the semisinusoidal pulse. 

The designation shock spectrum has been applied to a curve 
showing the ratio of a; to a2, as a function of the ratio of natural 
frequency «, of the elastic system to the frequency w, associated 
with the pulse. The ordinate parameter of this spectrum is desig- 
nated as B = a;/a2, as defined by Equations [3] for the haif- 
sinusoidal pulse 1. Corresponding shock spectra are set forth in 
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Fig. 2 for the pulses described in Table 1, the time scale being 
adjusted in each instance so that 7/w: represents the duration of 
the pulse. 

A second type of spectrum is shown in Fig. 3 and is defined by 
the parameter C. The curves in Fig. 3 are plotted from Equation 
[7], using values of the parameter B plotted in Fig. 2 and values 
of the area A set forth in Table 1. 

Assuming that the maximum deflection of the spring kh is a 
measure of the severity of the impact, the significance of the spectra 
shown in Figs. 2 and 3 may now be considered. As pointed out 
previously, the maximum acceleration of the mass m, is directly 
proportional to the deflection of the spring k. If the pulse shape 
is known, including its maximum amplitude a, and the frequency 
w@, associated with its duration, the maximum acceleration a, of 
the mass m, may be found from Fig. 2 for any system whose 
natural frequency is known. Referring now to the spectra shown 
in Fig. 3, the maximum acceleration a, may be calculated for any 
structure whose natural frequency @ is known, using the change 
in velocity A and the frequency w, associated with the pulse. 
The spectra in Figs. 2 and 3 thus become important in evaluating 
the effect of an impact. 

The spectrum for pulse 5 exhibits a relatively great amplitude 
when the frequency ratio w/w: = i0. This is the result of a 
resonance between the system m, k,, and the superimposed high- 
frequency vibration of the pulse 5 illustrated in Table 1. This 
superimposed vibration continues for an appreciable number of 
cycles, thereby allowing adequate time for the vibration of the 
mass-spring system to build up to a relatively great value. The 
downward trend of curve 5 in Fig. 3 at low values of w,/w: occurs 
because the illustrated pulse is actually followed by reversed 
pulses not shown. The value of A in Table 1 is therefore 
greater than justified by the physical system which was analyzed. 

It is significant that the curves in Fig. 3 are more closely 
grouped than the curves in Fig. 2. The parameter used on the 
ordinate of Fig. 3 thus tends to define the response of the system, 
independently of the pulse shape. It should be noted that the 
maximum acceleration az of the pulse does not appear in Fig. 3. 
To find the maximum stress in an elastic structure, it is necessary 
to know the following: 


1 The change in velocity of the housing as a result of the pulse. 
This is related to the change in momentum or to the total impulse 
which acts upon the housing. 

2 The duration of the pulse. This is expressed here in terms 
of a circular frequency w: which defines the duration by analogy 
with the half period of a sinusoidal pulse. 

3 The natural frequency of the structure in which it is desired 
to calculate the stress. This frequency is used twice, first to es- 
tablish a frequency ratio w,/w: which forms the abscissa of Fig. 3 
and, second, in conjunction with the velocity change A to establish 
the ordinate parameter. 

In many types of shock-testing machines, velocity change 
can be calculated readily from the height of free fall. The speci- 
fication of impacts is then simplified by setting forth the velocity 
change and duration of the impact, in contrast to certain current 
procedures, which designate maximum acceleration and duration. 
The latter is not adequate in the absence of pulse shape; in many 
cases, it is not possible to define pulse shape and the specification 
of the impact becomes unnecessarily indefinite. 


Impacts ENCOUNTERED IN SERVICE 


Among the many types of impact encountered in service, ir- 
regularities in shape occur because of nonlinear springs, chatter 
at point of impact, or vibration of structures associated with the 
impact. ‘These influences cause deviations froin the relatively 
regular pulses 1 to 4in Table 1. Pulse 5 is a measurement taken 


TRANSACTIONS OF THE ASME 


AUGUST, 1955 


on the elevator of a shock-testing machine, and the superimposed 
vibration represents vibration of the elevator structure. The fre- 
quency of this vibration is approximately 500 cycles per sec 
(eps), and the peak which appears in Fig. 2 at w/w: = 10 repre- 
sents a transient type of resonance of the system m, k; with the 
vibration of the elevator structure. The time history of the 
acceleration #, of this system when a; = 47g is shown in Fig. 4. 
It is evident from Fig. 4 that the pattern includes several cycles 
of relatively high stress occurring as a result of the single impulse. 
It thus appears possible that failure of the structure may occur, 
not because the ultimate strength of the structure is exceeded 
during a single cycle, but because the ensuing vibration causes 
failure as a result of repeated stressing. If failure results from re- 
peating stressing, the maximum value of acceleration, set forth in 
Figs. 2 and 3, does not include sufficient information to evaluate 
the strength of the structure. 


Fie. 4 Time History or 

RESPONSE ACCELERATION 
= or System Havine Natura 
FREQUENCY wi /2r = 500 Cps 
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2 
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STRENGTH OF MATERIALS 


The technical literature includes many accounts of investiga- 
tions of the strength of material under repeated applications of 
stress. The conventional method of conducting such tests is to 
apply the same maximum stress at each cycle until failure of the 
test specimen occurs. The results are then plotted with the stress 
at which failure occurs as the ordinate and the number of cycles to 
failure as the abscissa. A review of available data on this subject 
reveals a common pattern in which the curve tends to be hori- 
zontal at both extremities. In other words, the material will 
withstand an infinitely large number of stress reversals if the 
maximum stress is less than the endurance limit for the material. 
Furthermore, the stress required to cause failure after a few cycles 
apparently is independent of the number of cycles, particularly 
if the test is conducted by bending of the specimen. 

A typical stress-cycle (S-N) curve indicating this condition is 
shown in reference (4),* and is idealized here in Fig. 5. The 
idealized curve includes a horizontal portion at the ultimate stress 
S, extending from 10 cycles to 1000 cycles, an inclined portion 
extending downward to the right to a stress of 0.4S, at 5,000,000 
cycles, and a horizontal portion extending to the right at a con- 
stant stress of 0.45, for an infinitely large number of cycles. This 
curve is defined in the region between 10% and 5 X 10* cycles by 
either of the following equations 


1-S/S« 
3 + 1—5/8e 
N 
7 149 — 0.168 19) 


where S is actual stress, S, is stress at ultimate strength, and N is 
number of cycles to failure at stress S. 


3 Reference (4), p. 192. 
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Fic. 5 Ipearizep Stress-Cyrcte Curve ror Steer Sussectep To 
RePEATED APPLICATIONS OF STRESS 


The method of applying the diagram in Fig. 5 to determine the 
strength of a structure subjected to the stress pattern of Fig. 4 is 
not readily evident. The discrepancy resides in the fact that Fig. 
5 refers to a condition in which the stress reaches the same 
maximum at each cycle, whereas Fig. 4 indicates a different maxi- 
mum stress at each cycle. Endurance testing with different stress 
levels “applied to a single specimen before failure has been con- 
sidered by M. A. Miner (5) and others. Miner initially pointed 
out that if a specimen is subjected to a stress S, for mn, cycles, a 
stress of S2 for nz cycles, etc., failure tends to occur when 


where N,, Ns, ete., are cycles to failure at stresses S,, S2, etc. as 
taken from Fig. 5. Marco and Starkey (6) have shown experi- 
mentally that the value of unity on the right-hand side of Equa- 
tion [10] should have a value somewhat greater than or less than 
unity, depending upon whether the stress is applied to the speci- 
men in an increasing or decreasing progression. The hypothesis of 
Miner remains a good first approximation, however, and has been 
confirmed experimentally (6, 7). 

The relative importance of the several cycles of stress in Fig. 4, 
compared to the importance of the one cycle having highest stress, 
will now be considered. Assume that a structure having a 
natural frequency of 500 eps is subjected to 10,000 repetitions of 
impulse 5 in Tabie 1. Numerical values on the ordinate scale in 
Fig. 4 are now adjusted by changing the parameter from accelera- 
tion to stress and assigning values such that the amplitude at the 
highest (second) cycle is equal to 0.84S,. This is the value of 
stress, as determined from Fig. 5 or Equations [6] or [7], that 
would cause failure of the structure after 10,000 stress reversals, 
considering only the maximum stress and excluding the cumula- 
tive effect of the cycles of stress at lower levels. 


CuMULATIVE DAMAGE 
To illustrate the cumulative damage resulting from the several 


TABLE 2 MAXIMUM STRESS AT EACH CYCLE IN FIG. 4 AND 
THE INFLUENCE OF LOWER STRESS IN CONTRIBUTING TO 
FATIGUE FAILURE 


tm 


Cycle No. 


w 


cycles at lower stress, the second ¢olumn of Table 2 includes 
data on the stress amplitude at each of the first ten cycles of stress 
as measured in Fig. 4. The third column of this table represents 
the number of cycles to failure, taken from Fig. 5 for the cor- 
responding values of stress in the second column of Table 2. The 
reciprocals of the values given in the third column are set forth in 
the fourth column. Assuming that each cycle of stress occurs 
once for each application of the impulse and that the impulse is 
repeated D times, the following equation may be written after 
Equation [10] to define the conditions of failure under the 
cumulative law of fatigue damage formulated by Miner 


1 
v 
b= ( x ) 


From the sum of values in the fourth column of Table 2, 
(1/N) = 18.635 & 10-* and D = 5380 applications of the im- 
pulse to failure. The structure thus appears able to withstand 
only 5380 applications of the impulse for the assumed S-N curve 
if cumulative damage is considered. Neglecting the effect of 
cumulative damage, the structure is able to withstand 10,000 
applications of the impulse. The apparent strength, considering 
cumulative damage, thus tends to be lower then when only the 
maximum stress is considered. Although it is unconservative to 
consider only maximum acceleration in evaluating the effect of an 
impact, the difference has been found relatively small in some 
circumstances. For highly damped structures, in particular, the 
transient vibration dies out rapidly and little fatigue damage 
results. 
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Impact and Longitudinal Wave Transmission 


By E. A. L. SMITH, NEW YORK, N. Y. 


The necessary formulas for a numerical method of cal- 
culation are derived without the use of calculus or other 
advanced mathematics; an illustrative problem is solved 
in complete detail; eight different types of impact are 
discussed; methods are given for taking account of fric- 
tion, damping, coefficient of restitution, plastic flow, and 
gravity; branched systems are discussed briefly; methods 
are given for checking the calculated results. 


INTRODUCTION 


HE purpose of this paper is to present, as simply as possible, 
| a numerical method that may be used with slide rule, desk 
calculator, or electronic digital calculator for approximate 
solution of problems such as the action of a forging hammer, a 
railroad train, or a pile-driving hammer and pile. The method 
also may be applied to problems of longitudinal vibration without 
impact, and is especially suitable where many degrees of freedom, 
irregular weight distribution, or other complications are involved. 
Basic theory applying to such problems has been discussed by 
Timoshenko (1),? Donnell (2), and others. 


The following notation will be used: 


1, 2, 3,....m — 1, m, ete., are numbers designating particular 
weights and associated springs, and may be used as subscripts. 

1, 2,3,....n—1, n, ete., are numbers designating time intervals. 
Zero is used similarly to designate the initial instant. 


The following apply to any time interval n: 


D,, = displacement of weight m measured from its initial 
position, in. 

compression of spring m, in. 

force exerted by spring m, lb 

net force acting on weight m, lb 

velocity of weight m, fps 
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Ve 
The following apply to the preceding time interval n — 1: 


d,, = displacement of weight m measured from its initial 
position, in, 

Cm = compression of spring m, in. 

v, = velocity of weight m, fps 


The following are usually constants: 


W,, = magnitude of weight m, lb 
K,, = spring constant for spring m, lb/in. 
R,, = external force or resistance acting on weight m, lb 
g = acceleration due to gravity (32.17 fps?) 
E = Young’s modulus of elasticity, psi 
A = cross-sectional area, sq in. 
1 = unit length, in. 
At = time interval used for numerical calculation, sec 


1 Chief Mechanical Engineer, Raymond Concrete Pile Company. 
Mem. ASME. 

2 Numbers in parentheses refer to Bibliography at end of paper. 

Contributed by the Rubber and Plastics Division and presented at 
a joint session with the Machine Design Division at the Annual 
Meeting, New York, N. Y., November 28—-December 3, 1954, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, June 9, 
1954. Paper No. 54—A-42. 


7, = critical time interval for spring m, sec 
Tmin = minimum value of T,,, sec 
@ = over-all “factor of safety” = Tmin/At 
¢, = individual factor of safety for spring m = T',,/At 


A number of other symbols used for special purposes only are 
defined as they occur. 

The object or objects taking part in the action will be repre- 
sented as a series of concentrated weights separated by weightless 
springs, as shown in Fig. 1. 


DIRECTION OF MOTION CONSIDERED POSITIVE 
_ 
' 

Rs Rm-1 = 


BEGINNING OF IMPACT” 
Fig. 1 


RAM aT" 


The time during which the action occurs will be divided into 
small time intervals At such as '/,o00 sec, the size of the intervals 
being chosen to suit the nature of the problem. The in- 
tervals must be small enough so that with negligible error it 
may be assumed that all velocities, forces, and displacements 
will have fixed values during any particular interval. 

The numerical calculation will be a step-by-step process in 
which the five variables D,,, C,,, Fny Zm, and V,, will be cal- 
culated for each weight or spring in each successive interval. It 
is therefore necessary to develop formulas for these five variables. 


DEVELOPMENT OF Basic FoRMULAS 


D,, equals d,, plus an increment of displacement acquired during 
a single interval At. This increment may be evaluated as 
v,,(12At) based on the law that distance traveled = velocity 
X time. The coefficient 12 is required because D,, and d,, are 
expressed in inches and v,, in feet per second. The required for- 
mula for D,, is then 


In Equation [1] the values of d,,, v,,, and At are always known, 
because At is the chosen time interval, and d,, and v,, are either 
given quantities or they have been calculated previously. 


Wmei 


Fic. 2 


To obtain a formula for C,, let the dotted squares in Fig. 2 
represent the initial positions of weights m and m + 1, and let the 
solid squares represent their positions in interval n. Then / 
will be the initial length of spring m and /’ will be its length in 
interval n; also D,, and D,,+, will be the displacement of weights 
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mand m + Linintervaln. Then C, =1—U'; butl + Dan = 
D,, + l' from which it follows at once that 


The foree F,, is direetly proportional to C,, and to the spring 
constant K,,, thus 


teferring to Fig. 1, it will be noted that weight m is acted on by 
springs m — 1 and m and by external force or resistance R,,; 
therefore the net accelerating force Z,, acting on weight m is 


V,, equals v,, plus an increment of velocity acquired during a 
single interval At. This increment may be evaluated as 
Atg/ 

from Newton’s law that change of velocity 

= force X time + mass 
The required formula for V,, then becomes 


ILLUSTRATIVE PROBLEM 


The following simple problem shows how the foregoing formulas 
are used: 

Problem. A ram weighing 5 lb and moving at 10 fps strikes a 
system of two stationary weights, each with a frictional re- 
sistance, and three weightless springs, as shown in Fig. 3. Calcu- 
late the subsequent motions and forces using a time interval of 
1 / sec. 


Ko" 5500 K3" 6500 
2 Ws 
R3*!0* 
FIXED 
Fig. 3 


First a tabulation of constants, Table 1, used in the five for- 
mulas is prepared for the given problem. 


TABLE 1 TABULATION OF CONSTANTS 


m Wm, lb Km Rm, |b 12a¢ Ato/Wm 
l 5 4500 0 0.004 1/466 .3 
2 1 5500 100 0.004 1/93 .25 
3 2 6500 10 0.004 186.5 


The numerical calculation may then be performed and tabu- 
lated as shown in Table 2. 


Comments on Table 2 


1 Spaces between lines for making computations have been 
shown as far as interval (or line) 3. Such spaces are convenient 
if the work is done by slide rule. 

2 On each line values are computed for D,, D,, and D; first, 
then for C;, Cz, and C; next, ete. 

3 Since R, and &; are frictional resistances they cannot be 
allowed to produce motion at the beginning of the calculation. 
This fact shows up in Table 2 as follows: 


Line 0: Z; and Z; = 0 (not —100 for Z, or —10 for Z;) 
Line 1: Z; = 0 (not —10) 
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4 Similarly, R; and R; act only to oppose motion; therefore 
when V; becomes negative on line 12, R; becomes positive starting 
with line 13. Similar reversals of sign occur on lines 14, 20, 21, 22, 
and 23. 

5 Spring K;, is not designed to take tension; therefore when 
C, becomes negative on line 24 it means that K, has ceased to act 
and W, has bounced off with a velocity of —7.5303 fps. 

6 Impact ends in interval 24; therefore the duration of im- 
pact is approximately */s999 or 0.008 sec. 

7 The numerical calculation may be started at the beginning 
of impact or at any other instant for which conditions are given. 
For instance, Table 2 might have been started at line 6 if the given 
conditions had been as follows: 


D, = 0.19722 Vi = 5.0156 
D, = 0.10226 V2 = 6.5367 
D; = 0.01975 V; = 4 6695 


8 The numerical calculation may start from known forces. 
For instance, if the values of F; shown in Table 2 had all been 
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known or assumed, the action of W2, K2, Ws, and K; could have 
been calculated exactly as in Table 2 except that columns D,, C,, 
Z;, and V; could be omitted. 

9 It follows from items 7 and 8 that certain problems may be 
solved that involve longitudinal wave transmission but do not in- 
volve impact. 

10 Some electronic digital calculators can be programmed to 
handle automatically such special conditions as 3, 4, and 5. 

11 Problems involving a larger number of weights and springs 
can be handled in exactly the same way, except that more lines 
would appear in Table 1 and more columns (and also probably 
more lines) in Table 2. 

12 Ordinarily, Table 1 would be prepared by an engineer or 
mathematician, but the numerical calculation of Table 2 may be 
performed by others. 

Plotting. Plotting the results of the nuinerical calculation is an 
excellent method of checking accuracy. The values of D,,, V,,, 
and F,, should plot as ‘‘smooth”’ or “stable” curves. Any sharp 
peak, or any sharp “wiggle” in any of the curves indicates either 
that a numerical error has been made or that the time interval 
used was too large. 

The values listed in Table 2 have been plotted in Fig. 4. The 
curves are all reasonably smooth, except for the sharp peak that is 
marked P in Fig. 4(b). It may be concluded that the numerical 
calculation was reasonably accurate up to and ineluding interval 
19, but that thereafter something occurred that produced definite 
inaccuracy. A check of the numerical work has disclosed no 
error; therefore the results of the calculation up to interval 19 
may be taken as correct, but the calculation should be repeated 
from this point on, using a smaller time interval. 

Weight Distribution.* It is recommended that the weight of a 
long rod or similar object be distributed to the ends of each unit 
length, not toward the center. For instance, a uniform rod to be 
divided into six weights would be divided into five unit lengths. 
If each unit length weighs 10 tb, the distribution would be made as 
shown in Fig. 5. 


Fie. 5 


For purposes of calculation this would result in the diagram of 
Fig. 6. 


We Ws We Ws We Wr 
Fia. 6 


If the area of the rod is not uniform, it is recommended that the 
weight be distributed in proportion to the location of the center 
of gravity of each unit length, as in Fig. 7. 


10* 


Fie. 7 
’ The number W, is usually reserved for the ram. 
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The resulting diagram for purposes of computation is shown in 
Fig. 8. 


Fie. 8 


If the object is not continuous but consists of individual sections 
of considerable weight with intermediate springs, such as a rail- 
road train, it ordinarily may be represented with sufficient 
accuracy as shown in Fig. 9 in which W;, is the weight of the 


Fie. 9 


locomotive, and Ws, etc., are the weights of the individual cars. 
Any elasticity in the structure of the car itself may be added to 
the spring constants of the couplers at either end using Formula 
[8] given later. If extreme accuracy is required, each weight as 
noted may be divided into two or more weights with intermediate 
springs by following the method of Figs. 5 and 6. 

Spring Constant K,,. If spring K,, represents the elasticity of a 
unit length | of a rod of uniform section the formula for K,, is 


If K,, consists of two or more springs in parallel its value is 
obtained by adding the spring constants of the individual springs, 
thus 


| = ky + ke + ks, ete 


If K,, consists of two or more springs in series its value is ob- 
tained by adding reciprocals, thus 


1/K,, = + + 1/ks, ete............ 


If K,, represents a uniformly tapered square section with sides 
at one end equal to @ and at the other end equal to 8, then 


If K,, represents a uniformly tapered round section of diameter 
a’ at one end and @’ at the other, then 


Ea’B’/l 


If K,, represents a uniformly tapered rectangular section having 
sides a’ and b’ at one end and corresponding sides A’ and B’ at the 
other end, then 


If A’b’ = a’B’, K,, = Ea’B'/l 
E(A'b’ — a’B’) 


log, (A’b’/a’B’) [12} 


If A'b’ # a'B’, K,, = 

Stability. Stability may be defined as freedom from oscillation 
(or hunting) caused by a fault in the calculation and not present 
in the objects being analyzed. 

One way to detect instability is to plot the values of D,,, V,,, and 
F,, as in Fig. 4, and examine the curves for sharp peaks or sharp 
wiggles. (It already has been pointed out that the sharp peak 
at P in Fig. 4(b) indicates instability.) Another way is to examine 
the tabulated values of Z,,. If any of these shows a tendency to 
fluctuate from interval to interval, instability is present. In 
Table 2 the values of Z, fluctuate in this way in intervals 12, 13, 
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14, and 15, but the fluctuation does not continue; therefore it 
may be ignored unless great accuracy is desired. The occurrence 
of instability means that a numerical error has been made, or that 
At is too large. Instability may occur suddenly in the middle of a 
calculation, especially if comparatively large external forces or 
resistances are inserted suddenly, or are required to change sign 
suddenly as in the case of R, of Fig. 3. 

Unit Lengths | and Time Interval At. In some problems the unit 
lengths are decided more or less automatically, as in a short rail- 
road train where each car and coupler normally would be chosen 
as a unit length. If the object is continuous it may be divided 
into any number of units (preferably of equal length) depending 
on the degree of accuracy desired and the computing personnel 
and equipment available. 

Once the unit lengths have been decided, the time interval 
must be chosen to correspond. An unnecessarily small time in- 
terval involves a great deal of extra work with little or no increase 
in accuracy. Too large a time interval produces instability and 
immediate inaccuracy. 

Each spring in a diagram such as Fig. 1 or Fig. 3 has a “critical’’ 
time interval which is the time that it would require for a sound 
or stress wave to traverse this particular spring and its associated 
weight. Remembering that sound waves travel in both directions 
and at a speed equal to VE/p where p equals the mass per unit 
volume, the following formulas may be derived for the critical 
time interval for spring K,,, which will be called T,,: 

For wave motion to right 


129K,, 19.648 ¥ K,, 


For wave motion to left 


T Wm 1 yu: 
129K, 19.648 ¥ K,, 


The lower value of 7',, from either Formula [13] or [14] is the 
critical one. 

If Formulas [13] and [14] are applied to Fig. 3 the results are 
as follows: 

For wave motion to the right, Formula [13] 


T: = 1/1030 T; = @ 


T, = 1/1316 
For wave motion to the left, Formula [14] 
T, = 1/589 T: = 1/1455 T; = 1/1120 


The value of @ must never be less than unity; otherwise the re- 
sults of the numerical calculation will be meaningless because the 
numerical calculation will not progress as fast as the actual sound 
or stress wave. If the value of @ is close to unity, instability is 
likely to occur. The value of @ used for Tables 1 and 2 was 
1/1455 + 1/3000 = 2.06. 

Change of Time Interval At. The time interval may be changed 
conveniently at any line of the numerical calculation such as 
Table 2. Ordinarily, this involves only the writing in of new 
values for the constants 12At and Atg/W,, used in Formulas [1] 
and [5], but this change must be made simultaneously in all 
columns D,, and V,, of a calculation such as Table 2. 

Types of Impact: Practical problems may involve at least 
eight distinct types of impact as listed and discussed in the 
following. In this discussion the assumption is made that all 
springs are perfectly elastic. Methods for taking account of 
damping and inelasticity will be discussed later on. 

The spring that receives the first impact, such as K, of Figs. 1 
and 3, and K; of Fig. 10, will be called the “impact spring.”’ 

In some impact problems there is an actual impact spring or 
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cushion on which the ram may strike. For instance, a locomotive 
bumping into a line of freight cars first encounters coupler springs, 
or ‘draft gears,’”’ and must compress them in order to move the 
first car. Such problems will be called “cushioned impact.”” On 
the other hand, if a ram strikes a steel rod or anvil directly, there 
is no true impact spring present. Such problems will be called 
“direct impact.” 

A single moving weight, such as a locomotive without cars, or 
the moving part of a forging hammer, will be called a “ram.” 
A group of objects, such as a railroad train in which each com- 
paratively rigid car is separated from the next by a spring coupler, 
will be called ‘‘a group of separate weights and springs,”’ and must 
be distinguished clearly from a ‘long object” such as a long steel 
rod or a driven pile. 

An Important Distinction. In this method a long object is 
represented conventionally by the same type of diagram that is 
used for a corresponding group or separate weights and springs. 
If the impact is well cushioned by a comparatively “soft” impact 
spring, a long object and a corresponding group of separate 
weights and springs will act almost exactly alike. On the other 
hand, if the impact is direct, or if the impact spring is compara- 
tively stiff, surges or minor oscillations may occur in a group of 
separate weights and springs that would not be present in a 
corresponding long object. This difference calls for the ob- 
servance of certain rules as listed in the following section. 


Types or Impact 


Type I Impact. Cushioned impact between a ram and a group 
of separate weights and springs: This type of impact presents a 
diagram similar to Figs. 1 and 3. A locomotive bumping into a 
number of railroad cars with spring couplers is an example. 

Good accuracy is obtainable with this type of problem because 
the diagram used is likely to be an accurate representation of the 
actual objects involved. The numerical calculation is similar to 
Table 2. The accuracy may be increased by decreasing the inter- 
val. Ordinarily, a value of @ of 3 or 4 will give results accurate 
within a few per cent if the calculation is not carried through 
more than 100 intervals. 

Type II Impact. Cushioned impact between two groups of 
separate weights and springs: A problem of this type presents a 
diagram such as Fig. 10. 


Ky Ka Ks Ke Ks Ke 
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The numerical calculation is handled as in Table 2 except that 
positive velocities appear on line O for Wi, We, and W; instead of 
for W, only. Accuracy obtainable is about the same as for Type I 
impact. 

Type III Impact. Cushioned impact between a ram and a long 
object: After the long object has been divided as in Figs. 5, 6, 7, 
and 8, this type of impact presents a diagram similar to Fig. 1 
or Fig. 3. The driving of a steel or concrete pile into the ground 
is an example of this type of impact, because ordinarily a cushion 
of wood or similar material is used between the ram and the pile. 
Suitable ground resistance or resistances are introduced and the 
problem is handled very much like the problem of Fig. 3. 

The accuracy obtainable with this type of problem is ordinarily 
not quite as great as with problems of Type I or Type II unless the 
impact spring is comparatively soft. This leads to the follow- 
ing practical rule: 

Rule. The critical time interval for the impact spring as calcu- 
lated by Formula [13] or [14] should be at least 1.5 times as large 


= 
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as the critical time interval for any other spring in the system. 

If the impact spring is comparatively stiff it will be found that 
this rule calls for the use of quite small unit lengths and thus may 
involve an amount of computation which in some cases is im- 
practical. In such cases the rule should be followed as nearly as 
possible. Failure to follow the rule will result in peak forces and 
velocities somewhat above their true values, but the transfer of 
energy and momentum from the ram to the object struck will still 
remain very accurate. 
$ In this type of impact accuracy may best be increased by re- 
ducing the unit letigths. A value of @ of about 2 is usually satis- 
factory for all springs except the impact spring. 

Type IV Impact. Cushioned impact between two long objects: 
In this case the ram is also a long object and should be divided into 
unit lengths in the same way as the object struck and using ap- 
proximately the same value for 1. This will produce a diagram 
like Fig. 10. The rule and the remarks given for Type III impact 
apply to Type IV also. 

Type V Impact. Direct impact between a ram and a group of 
separate weights and springs: A forging hammer which, through 
carelessness, is allowed to strike its anvil directly is an example of 
this type of impact. Such a hammer might be represented by 
Fig. 11 in which W, is the ram, W, the steel anvil, W; the concrete 
inertia block, Kz the wood or special cushion under the anvil, and 
K;, the elasticity of the ground or foundation. 


Fig. 11 


With no impact spring present the impact will take place 

directly between weights W, and W:. There are two recommended 
ways of handling the problem: 
’ Method 1. The instantaneous velocities of W,; and W, imme- 
diately after impact occurs may be calculated from Newton’s 
laws considering these two weights only, and these resultant 
velocities may be used to start the numerical calculation such as 
Table 2. If W, is considerably heavier than W, (as in a forging 
hammer) this is the simplest and the recommended method be- 
cause only a single major impact will occur between W, and W, 
and therefore W; may be omitted entirely from the numerical 
calculation. However, if W, is lighter than this there may be 
multiple impacts and it is simpler to use Method 2. 

Method 2. Arbitrarily insert an imaginary impact spring Ki 
so that the numerical calculation can be made like that for Type I 
impact. To assign a suitable spring constant for this imaginary 
impact spring proceed as follows: 

By definition 7,, = ,,At. Making this substitution in Formu- 
las [13] and [14] and transposing, gives 
For wave motion to right 


129(o, At)? 386.04(,,At)? 


For wave motion to left 


K,, 


W,, 
129(,,At)*?  386.04(¢,,At)* 


Kn 


The lower value of K,, from either Formula [15] or [16] is the 
one to be used, and a value of @,, of 1.2 is recommended for the 
imaginary impact spring mentioned. 

During the numerical calculation the value of C; may become 
negative. When this happens it means that W, and W, have 
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bounced apart; therefore F, should be given the value of zero 
until C; again becomes positive. 

With this type of problem accuracy may be increased by de- 
creasing the time interval At. The smaller At is made, the stiffer 
will be the imaginary impact spring as calculated from Formula 
[15] or [16], and the higher will be the values obtained for F;. 
From this it follows that the values for F; and C; given by the 
numerical calculation are not correct or true values. 

Sometimes an impact spring may be obtained less arbitrarily 
by borrowing elasticity from the weights involved as explained 
in connection with Fig. 9. Even if this is done the values given 
by the numerical calculation for F; and C, will have doubtful 
accuracy. 

If true values must be had for the forces at or near the point of 
impact and immediately following the beginning of impact, they 
must be obtained by other means. A suitable method is ex- 
plained in connection with Type VIII impact, Method 2, which 
involves dividing some or all weights into very small unit lengths. 

Type VI Impact. Direct impact between two groups of separate 
weights and springs: This may be handled like Type V except 
that the impact occurs at a different place. 

Type VII Impact. Direct impact between a ram and a long 
object: This type of impact may be handled by dividing the long 
object into unit lengths as shown in Figs. 5, 6, 7, and 8, and then 
introducing an imaginary impact spring, thus making the numeri- 
cal calculation become similar to that of Type V impact. Formu- 
las [15] and [16] are used to determine the spring constant for the 
imaginary impact spring as in Type V impact. 

This method has some important shortcomings as follows: 
The numerical values of C,, F;, Z:, De, C2, F2, Z2, and V2 are likely 
to be quite incorrect. In the numerical calculation W, serves 
merely as a means of transmitting energy and momentum, and 
its motion as given by the calculation is not likely to be correct. 
Numerical values of F,, and V,, starting with F; and V; will show 
peak values that may be as much a: 25 per cent above the 
theoretical y correct ones, and will tend to oscillate above and 
below the theoretically correct values. If halving the unit lengths 
land making a corresponding change in the interval Aft and in the 
stiffness of the imaginary impact spring as per Formulas [15] and 
[16] results in more rapid oscillations, it may be concluded that 
these minor oscillations do not, in fact, exist, and smooth curves 
may be plotted eliminating them. Similar minor oscillations 
show up clearly in the velocity curves of Fig. 4. In the case of 
Fig. 4 these are true oscillations because W; and W; are separate 
and distinet weights. However, if W2, Ke, and W; were intended 
to represent a single long object, these minor oscillations would 
have to be investigated further in the manner explained in the 
foregoing. 

In applying this numerical method to Type VII impact it 
should be borne in mind that from a practical standpoint its 
tendency to produce false minor oscillations, and thus give peak 
stresses and velocities higher than theoretical, is not entirely a 
disadvantage because of the uneven stress distribution through- 
out a cross section that is almost sure to occur with this type of 
impact. If values closer to theoretical are desired for forces and 
velocities, they may be obtained at the cost of considerable extra 
computation by using Method 2 listed under Type VIII impact 
which follows. 

Type VII impact has been discussed by Donnell (2), and a 
knowledge of his method is very helpful. 

Type VIII Impact. Direct impact between two long objects: 
Method 1. This type of impact may be handled like Type VI 
except that the two long objects first must be divided into 
weights and springs in accordance with Figs. 5, 6, 7, and 8. The 
remarks as to accuracy of results made in connection with Type 
VII apply here also except that the subscripts must be changed to 
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correspond. If K, is the imaginary impact spring then the 
values that are definitely incorrect are as follows: 


D, F,, Ze Ve 
Catt Prati Z Vinti 


Other values tend to show the same minor oscillations as noted 
under Type VII. 

Method 2. If both long objects are divided into unusually small 
unit lengths, the imaginary impact spring may be chosen in 
accordance with the following rule without introducing any im- 
portant amount of elasticity into the system: 

Rule. The value chosen for @,, for the imaginary impact spring 
for use in Formulas [15] and [16], should be 1.5 times as great as 
the largest value of ¢,, applying to any other spring in the system. 
(This rule is the same as the rule given under Type IIT impact, 
but is stated in different words.) 

If the foregoing rule is followed, the false minor oscillations 
mentioned under Type VII impact will be almost completely 
eliminated, and the forces and velocities will be very close to the 
theoretical ones. The smaller the unit lengths used, the greater 
will be the accuracy. 

Method 2 furnishes a means of getting very accurate results on 
a Type VII problem also. It is merely necessary to choose such 
small unit lengths that the ram as well as the long object may be 
divided into small sections. This reduces a Type VII problem to 
a Type VIII problem. In order to save computation time this 
process ordinarily would be used only to check maximum forces 
and veloci‘ies immediately after impact, but if the necessary com- 
putational capacity is available there is no reason why it should 
not be used for the complete numerical calculation with resulting 
high accuracy. 

Method 2 also may be used to determine accurately the 
stresses at the point of impact in Type V and Type VI problems. 

Type VIII impact has been discussed by Donnell (2), and a 
knowledge of his method is very helpful. 


IRREGULARIIIES 


Various irregularities may be introduced into the calculation, 
such as those illustrated in Table 2 where the resistances R, and 
R; changed sign whenever the corresponding weight changed its 
direction of motion, and where F; became zero and remained zero 
instead of following Formula [3] into the negative range. Sudden 
irregularities such as the foregoing are called “boundary condi- 
tions.” It is possible to devise an almost endless number of irregu- 
larities that can be handled successfully by this numerical method. 
However, it will pay to introduce only such irregularities as will 
materially improve the accuracy of the calculated results, be- 
cause the extra work involved may be considerable. Examples of 
various types of irregularities follow. 

Variable Resistances, R,,. In some problems the external re- 
sistances 2,, may vary from interval to interval according to some 
definite formula. For instance, R,, might vary linearly with the 
velocity v,,. In this case R,, would be computed for each time 
interval and listed in a separate column, using the formula 


where y = a suitable constant. 

Formula [17] is merely illustrative and must he modified to suit 
the problem in hand. For instance, R,, might vary as the square 
of v,, or as the displacement D,,, etc. 

Damping. Various types of damping can be handled success- 
fully. The simplest type is the introduction of frictional re- 
sistances as in Table 2. Formula [17] is also a form of damping. 
A hysteresis loop suitable for a spring that acts both in com- 
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pression and in tension can be produced by using the following 
formula instead of Formula [3] 


Cn — Cm 


At 


= [ca +0 


where = a suitable constant. 

A hysteresis loop suitable for a spring that acts only in com- 
pression can be produced by using the following formula instead 
of Formula [3] 


where 6’ = a suitable constant. 

Coefficient of Restitution. Occasionally materials, such as rub- 
ber, which have a low coefficient of restitution, are used as springs 
or “cushions.” Such materials when tested statically in the 
laboratory may give force-deflection curves of the type shown in 
Fig. 12. 


Fmax.,Cmax. 


COMPRESSION Cm 
12 


The compression part of the curve may be straight enough so 
that the use of Formula [3] is justified up to the maximum point 
Fmax, Cmax, Fig. 12. For restitution, an equation is needed whose 
graph passes through the origin and the point Fmax, Cmax, and 
whose shape is similar to the restitution part of the curve shown in 
Fig. 12. Equation [19] satifies these conditions reasonably 
well 


in which 
u = (2,’n*)— 1 
F,, = force exerted by spring m in time interval n during resti- 
tution (or recoil) 
Fmax = Maximum value of F,, 
Cmax = maximum value of C,, 
n = coefficient of restitution for spring m 


During restitution only part of the energy of compression is re- 
turned. This energy return varies as the square of the coefficient 
of restitution 7, and is represented by the shaded area in Fig. 12. 

In making the numerical calculation the force F,, is calculated 
by means of Formula [3] until the value of C,, begins to decrease. 
At this point in the calculation the maximum values attained by 
F,, and C,,, namely, Fmax and Cmax, Fig. 12, are substituted in 
Formula [19] and this formula is then used to compute F,,, until 
C,, returns to zero. 

A somewhat awkward problem arises as to what is to be done 
if C,, again begins to increase before returning to zero. If only a 
slight hesitation is involved it is better to stick to Formula [19] 
until C,, does return to zero, rather than to make additional 
changes of formula. 

Plastic Flow. The force F,,, calculated by Formula [3] may be- 
come so great that plastic flow occurs, as in a forging process or 
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when a pile is driven into the ground. This condition corresponds 
to a deflection curve of the type shown in Fig. 13. 

During elastic compression, Formula [3] would be used. Dur- 
ing plastic flow F,, may remain practically constant. As soon as 
the spring begins to expand, as indicated by a decrease in the 
value of C,,, Formula [20] would be used 


where 
P = amount of plastic flow, in. 
= one C, 
C, = value of C,, at yield point, in. 


In the numerical calculation it may be convenient to list the 
computed values of C,, — P in a separate column. 

Graphical or Tabular Relationships. Sometimes it is not possi- 
ble or convenient to express the relationship between F,, and C,, 
as a formula such as Equation [3], [18a], [186], [19], or [20], but 
graphs or tabular data may be available showing the relationship. 
If the numerical calculation is performed by hand, the values for 
F,,, corresponding to each value of C,, can be read directly from 
the graphs or obtained from the tabular data by interpolation. 
This process may involve the complication that the curve of 
restitution may have to be adjusted so that it will start at the 
maximum point reached by the curve of compression, as was done 
with a curve in Formula [19] Some electronic digital calculators 
can perform a similar operation based on tabular data fed into the 
machine ahead of time. 

Gravity. In problems involving vertical motion, the static 
forces due to gravity ordinarily may be neglected. If the weights 
are large, as in a forging hammer, the gravity forces may be in- 
serted as negative resistances R,,, with consequent initial com- 
pressions C,, and initial forces F,, which must appear on line O of 
the numerical calculation. Alternately, the static effects of 
gravity may be added algebraically after the numerical calcula- 
tion of the dynamic forces has been completed. In the latter 
case the following rule should be observed in making the dynamic 
calculation: 

Rule. If any particular spring K,, is not designed to take 
tension, nevertheless if C,, becomes negative F,, also must be 
allowed to become negative, but its negative value must not be 
allowed to exceed the positive static force F,, caused by gravity 
alone. 

When, as a final step, the static-gravity forces are added alge- 
braically to the dynamic forces, the negative and positive values 
of F,,, may cancel each other having a net value of F,,, equal to zero. 

Branched Systems. A simple branched system is shown in Fig. 
14. Such systems may be handled readily by this numerical 
method. Values for D,,, Cn, Fim; Zm, and V,, may be calculated 
for all weights and springs of Fig. 14 by Formulas [1] to [5], with 
the exception of values for Z;. There are four springs acting on 
therefore Z; = F;— F;— F34 Similar adaptations 
of the method may be made for more complicated systems. 
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CHECKING THE NUMERICAL CALCULATION 


Plotting computed values, as in Fig. 4, is an excellent way of 
checking accuracy. An error will show up as a sudden irregularity 
in the curves. The speed with which the actual stress or sound 
wave progresses also will be observable, and in some problems this 
may be used as a check. 

Repeating the numerical calculation with a smaller time inter- 
val or a smaller unit length is another method of checking. 

The simplest numerical check is based on the ‘‘law of conserva- 
tion of momentum,” which states that the total momentum as 
given by the following expression always must remain constant 


Total momentum = TW,,V,,/g + DRat....... [21] 


In using this check, 2,, must be interpreted to mean all external 
forces such as R:, R;, and F; of Fig. 3. The total momentum may 
be computed for any line of the numerical calculation such as 
Table 2. 

A more complete numerical check is based on the ‘law of con- 
servation of energy,” which states that. the total energy as given 
by the following expression must always remain constant 


W F 


- > energy lost externally or as heat ... . [22] 


The necessary values for substitution in this formula will be 
found in a tabulation such as Table 2, but some of them may not 
be at once obvious. This energy check is not as accurate as the 
momentum check, especially for the first four or five intervals. 
Usually a check of this kind is made only at the end of the calcu- 
lation. 
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Appendix 


The following notes will be of interest to those who wish to in- 
vestigate fundamentals: 


1 Formulas [1] to [5] are extrapolation formulas. Other 
formulas, as well as iterative procedures, may be devised, but 
Formulas [1] to [5] are simple, surprisingly accurate, and have an 
inherent and important tendency to produce stability even when 
comparatively large time intervals are used. 

2 A single weight and spring will obey the laws of harmonic 
motion. Any values may be assumed, but the simplest case for 
purposes of calculation is arrived at as follows: 

Omitting subscripts as unnecessary, let D, C, and K be ex- 
pressed in the same units as F, Z, and V, thus eliminating the 
constant 12 from Formulas {1}, [13], [14], [15], [16], and [22]. 
Let W = gand let K = 1. Then Formulas [1] and [5] become 


From these formulas we readily may calculate values for sin ¢ 
and cos ¢t by letting V = 1.000 at n = 0, and considering that 
‘ is measured in radians. Formula [14] then gives 7 = 1. If 
® = 5, then At = 0.2, and it will be found that the calculated 
values of D approximate the tabular values of sin t. However, the 
calculated values of V will not closely approximate the tabular 
values of cos ¢ after the first interval unless the angles used in 
looking up the tabular values of cos ¢ are taken as 1'/,At, 2'/,At, 
3'/2At, ete. This indicates that the values of V tend to be ‘‘out 
of phase” by about half an interval. 

3 A “classical’’ impact problem is that of an infinite weight or 
ram striking directly on the end of a uniform rod of infinite 
length. If this problem is represented as in Fig. 1, with all 
springs and all weights exactly equal, excepting the ram W,, then 
a value of @ = 1 will give results that agree exactly with theory. 
Forces F,,, and velocities V,, for each weight and spring will jump 
instantaneously to their maximum and theoretical values, and this 
action will progress down the length of the rod with exactly the 
speed of sound. This result will be obtained no matter what 
value of / is used. If, however, a larger value is used for @, the 
values of F,, and V,, will oscillate above and below the values ob- 
tained with @ = 1, but, nevertheless, the peak values of F,,, and 
V,, will travel down the rod with a speed closely approximating 
the speed of sound. If @ is given a value of about 3 or more, the 
calculated results will correspond closely to the action of a group 
of separate, and equal, weights and springs. 


Discussion 
W. P. Heistnc.* The equation of motion for free longitudinal 


vibrations in a continuous bar is 


mD,, — (KD,), = 0 
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where 


D = longitudinal displacement of a thin disk from its reference 
point 

mass per unit length 

“spring constant” or Young’s modulus times cross-sec- 
tional area 

are independent variables for position and time, respec- 


tively, with subscripts denoting partial differentiation 


m= 
K = 
z,¢t 


This partial differential equation is approximated by the dif- 
ference equation 


m(At)~*[D(z, t + At) — 2D(z, t) + D(x, t — At)] 
= (Az)~*{ K(z + 0.5Ar)[D(x + Az, t) — D(z, t)) 
— K(z — 0.5Az)[D(z, t)D(x, t — 


If the D are known for two successive time steps (equivalent to 
known initial positions and velocities) the foregoing differential 
equation can be integrated one time step at a time into the future. 
It is instructive to consider the simple case of a uniform bar with 
c = (K/m)4. The solution of the partial differential equation is 


D = fi(x — et) + fz + ct) 


In this example with fixed ends the solution of the difference equa- 
tions with N space intervals yields the correct characteristic 
modes of sine waves traveling at a velocity V. We find, however, 
that instead of the velocity being independent of the mode (fre- 
quency), that 


are sin [@~! sin (nw/2N)) 


vec 


where 
@ = Az/(cAt); n = 1,2,.....1 N—1 


We have thus the surprising result that if @ = 1 (i.e.,c = Ax/At), 
the solution of the difference equation is an absolutely exact solu- 
tion of the partial differential equation with v = c for all modes. 
If At > Az/c, v becomes imaginary for some large n, indicating 
exponential behavior in time of the high-frequency modes. These 
cause the amplitude to increase without limit; thus the numerical 
method is unstable. 

At < Azx/ec gives a less accurate solution to the case of the 
uniform bar, the highest frequencies traveling near 2/7 or 
64 per cent of the true sonic velocity. This leads to dispersion. 
If At — 0, the solution approaches the behavior of N discrete 
identical springs. In all the stable solutions energy and momen- 
tum are conserved. 

In the actual physical problems, the author considers nonuni- 
form bars and friction. The significance of @ is qualitatively ex- 
plainable in terms of the behavior found for the uniform bar. 
Where there is a ram striking a continuous bar, an effective spring 
is inserted between them. In order that the solution of the dif- 
ference equations behave properly, we wish @ram car >> 1 and bar 
approximately equal to, but not less than unity. Where the im- 
pact is cushioned or “‘soft,” these conditions can be made to hold 
readily with quite practical values for Az and At. 

Some consideration has been given to the use of alternative 
numerical integration formulas. The application of the author’s 
formulas to the case of a body in simple harmonic motion gives 
an apparent frequency higher than the true frequency by a factor 


Investigation shows that if At is chosen so that less than 30 points 
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per cycle are used, better or comparable accuracy is obtained by 
his formulas for the same effort, when one considers that each 
integration step is twice as laborious in more elaborate methods. 
If more elaborate difference approximations are adopted for D,,, 
it would appear desirable to do the same for (KD,),. 

In most of the problems considered in the paper, the necessary 
physical assumptions for friction and cushioned impact are suf- 
ficiently crude, that refinements in the difference approximations 
do not seem justified. 


W.E. Mitne.’ The problem considered in the paper deals with 
the transmission of waves along a linear body, either continuous or 
made up of discrete parts elastically connected. The motion is 
subjected to a force of resistance. The continuous case leads to a 
partial differential equation of the type 


oD 
Pot («= 


where D is displacement at time ¢ at distance z from one end, p is 
mass per unit length, k depends on the spring constant, and R is 
the resisting force. In the special case where R = 0 and p and k 
are constant this reduces to the familiar wave equation, which is 
readily solved. However, the author deals with variable p and k 
and nonzero resistance, a case for which an analytic solution is not 
obtainable. 

He resorts therefore to an approximate solution by considering 
the body as a train of discrete parts, for each of which he sets up 
the equation of motion, in this case an ordinary second-order dif- 
ferential equation in terms of time. This is a standard procedure 
in the numerical treatment of partial differential equations. 

The following comments deal entirely with various ways of 
carrying out the numerical integration of this system of ordinary 
equations. Since time did not permit working out the five differ- 
ent methods of the illustrative example which the author solved 


‘Head, Department of Mathematics, Oregon State College, 
Corvallis, Oregon, 


Meruop 1 
D Vv Z 
0 0 1.0000 — 1.000 
0.1 0.10000 0.8600 —1.400 
0.2 0.18600 0.6856 —1.744 
0.3 0.25456 0.4838 —2.018 
0.4 0.30294 0.2626 —2.212 
0.5 0.32920 0. —2.317 
0.6 0.33229 —0.2020 —2.329 
0.7 0.31209 —0.2268 —0.248 
0.8 0.28941 —0.2426 -—0.158 
0.9 0.26515 —0.2487 —0.061 
1.0 0.24027 —0.2448 —0.039 


0.1 0. —1.380 
0.2 0.17620 0.7248 —1.705 
0.3 0.24035 0.5406 —1.962 
0.4 0.28489 0.3348 —2.140 
0.5 0.30803 0.1156 —2.232 
0.6 0.30885 -0.1 — 1.236 
0.7 0.29731 —0.1277 —0.189 
0.8 0.28388 —0.1422 —0.136 
0.9 0.26911 —0.1508 -0 

1.0 0 25356 —0.1535 —0.058 


0 0 1.0000 —1.000 
0.1 0.09406 12 —1.376 
0.2 0.17450 0.7276 —1.698 
0.3 0.23814 0.5451 —1.953 
0.4 0. 28245 0.3410 —2.130 
0.5 0.30566 0.1234 —2.223 
0.6 0.30889 —0.0143 —0.236 
0.7 0.30630 —0.0374 —0.225 
0.8 0.30162 —0.0562 —0.206 
0.9 0.29504 —0.0755 -0.1 
1.0 0. 28667 —0.0919. —0.148 
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in his paper, the writer has selecteu a simpler problem which is 
easier to handle, and also for which the correct solution can be 
found so that the approximate results can be checked. The 
problem is this: A unit mass is drawn toward the origin by a force 
equal to four times the distance from the origin and subject to a re- 
sisting force of unit magnitude. The equations of motion for this 
problem are 


41 


(+ if V is negative; — if V is positive). We take At = 0.1 and 
start with D = 0, V = lat? = 0. 

Method 1. This is the method used by the author and is based 
on the equations (ef. Equations [1] and [5] of the paper) 


D=d+vAt 
V =v+ZAt 


The solution using these equations is shown under Method 1 on 
the accompanying computation sheet. Comparison with the 
true values shows fair agreement for D, but poor agreement for V. 

Method 2. This is similar in spirit to Method 1, but uses the 
equations 


D=d+VAi 
V=v+zAt 


Here the error in D is about the same as for Method 1, but V is 
somewhat better, mainly because the effect of the sign change in 
the resistance is taken into account one step earlier. 

Method 3. This is not a practical computational method but 
is given for illustration. The values are obtained by using both 
Method | and Method 2, and then taking the average. 

Method 4. This is the practical way of carrying out Method 3. 


Mernuop 2 


N 


0 0 1.0000 — 1.000 
0.1 0. . 9000 —1.360 
0.2 0.16640 0.7640 — 1.666 
0.3 0.22614 0.5974 —1.905 
0.4 0. 26683 0.4069 —2.067 
0.5 0. 28685 0.2002 —2.147 
0.6 0.28540 —0.0145 —0.142 
0.7 0. 28253 —0.0287 —0.130 
0.8 0. 27836 —0.0417 —0.113 
0.9 0.27306 —0.0530 —0.092 
1.0 0. 26684 — 0.0622 —0.077 


0.1 0.09500 0.8800 —1.380 
0.2 0.17620 —1.705 
0.3 0.24035 —1.961 
0.4 0.28489 —2.140 
0.5 0.30803 —2.232 
0.6 0.30885 —1.235 
0.7 0.29732 —0.189 
0.8 0.28390 —0.136 
0.9 0.26912 —0.076 
1.0 0.25358 


0 0 1.0000 —1.000 
0.1 0.09435 0.8807 —1.377 
0.2 0.17497 0.7264 —1.700 
0.3 0. 23866 0.5430 —1.955 
0.4 0. 28286 0.3380 —2.131 
0.5 0.30581 0.1196 —2.223 
0.6 0.30877 —0.0110 —0.235 
0.7 0.30651 —0.0341 —0.226 
0.8 0.30200 —0.0559 —0.208 
0.9 0.29541 —0.0754 —0.182 
1.0 0.28701 —0.0919 —0.148 


fe aD 
dt 
Ke 
| 
— 
| 
— 
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SMITH—IMPACT AND LONGITUDINAL WAVE TRANSMISSION 


It is actually easier than either Method 1 or Method 2, and gen- 
erally gives better results than either. The first step is computed 
by Method 1 and by Method 2 and the average is taken. From 
then on the computation proceeds by the formula 


D = 2d — d* + 


where d* is the value preceding d. Thus tocompute D for! = 0.5 
we have 


D = 2(0.28489) — (0.24035) + (—2.140) (0.01) 


In computing Z for the line where the sign of the resistance 
changes, the value of R was replaced by zero, the average of +1 
and —1. 

Method 5. This is the one explained for first-order equations 
in a previous work by the writer.6 Because each line is rechecked 
it takes more work than the other methods but it is much more 
accurate. 

Comparison with the true solution shows that Method 5 gives 
decidedly better results than any of the other methods, and this is 
especially true for the values of V. 

Effect of sign change in R. At a point where V changes sign, R 
also changes sign and produces a discontinuity in Z. The ap- 
proximate formulas used in the foregoing methods are liable to be 
highly inaccurate when discontinuities occur, and this error is 
propagated, sometimes with cumulative effect, far past the point 
where this sign changes. Instead of using formulas for this step it 
is better to perform the integrations graphically. By plotting V 
against ¢ we can tell approximately where in the next interval the 
value of V will be zero. At this point the magnitude of Z changes 
by the amount 2R. Even a very rough graph will give a better 
estimate for the next V and D than use of the formulas. This was 
done in Method 5. 

The easiest method is probably Method 4, and it is usually also 
somewhat more accurate than 1 or 2. The most accurate method 
of those mentioned here is Method 5. This method has two other 
virtues: (a) It contains in itself a check by which one can estimate 
how big the error probably is. The other methods do not tell how 


* Author's reference (7), articles 8, 9, 10, and 11, pp. 24-30. 
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far off the result may be.’ (b) In using Method 5 we do not need 
to worry about the stability of our numerical solution. For the 
other methods an improper choice of the interval At may cause 
the process to diverge. In Method 5 it is easy to see whether the 
process converges. Finally, Method 5 gives much more accurate 
values of V, and, although we are not interested in V itself, the 
place where V changes sign is very important, as we see by com- 
paring Methods 1 and 2. Hence we need to have reasonably 
accurate values of V. 


AvuTHOR’s CLOSURE 


The discussions by Dr. Milne and Mr. Heising are important 
contributions to our knowledge of this subject. Mr. Heising gives 
mathematical background that is not included at all in my paper, 
and which should prove valuable to anyone who wishes to investi- 
gate the problem thoroughly. Dr. Milne proposes certain alterna- 
tive methods for the purpose of increasing accuracy. 

Dr. Milne’s Methods 2, 3, and 4 are basically identical with my 
method (which he calls Method 1) except in the handling of the 
frictional force. The formula he uses for D in Method 4 is a 
combination of the two formulas he uses for my method. This 
combination can easily be made if it is remembered that in Dr. 
Milne’s notation v = v* + zAt, and v*At = d— d*, where d, v, and 
z indicate values in time interval n — 1, and d* and v* indicate 
values in time interval n — 2. Dr. Milne’s problem involves 
rapid frictional damping applied directly to the ram. Accurate 
results on this problem can be obtained by my method by using a 
smaller time interval. 

Dr. Milne’s Method 5 uses a correction formula to check or 
correct each step in the calculation, and is designed to give 
accuracy specifically on problems involving the idealized condi- 
tion of springs entirely without weight and weights entirely with- 
out elasticity. My method is suitable for such problems if com- 
paratively high values of @ are used, and for problems involving 
partially or completely distributed weight and elasticity if lower 
values of @ are used. 

In closing it may be well to point out that torsional problems 
can be handled in a very similar manner. 


7 Author’s reference (7), articles 10 and 11. 
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An experimental technique is presented for evaluating 
those mechanical properties of materials which permit the 
prediction of the stress-strain diagram associated with a 
given strain-time diagram. Particular attention is given 
to the unrelaxed or dynamic modulus of elasticity and the 
relaxed modulus. It is shown how the energy loss for a 
cycle of loading and unloading depends on the rates of 
straining and unstraining as well as on any elapsed time 
between the straining and unstraining. The equipment 
and equations necessary to evaluate the properties and 
make the predictions are discussed. Several predicted 
stress-strain diagrams are compared with diagrams con- 
structed from direct observations. 


INTRODUCTION 


HE mechanical properties of materials have been defined to 

assist the designer in predicting the behavior of a material 

under given conditions. Properties such as creep limit and 
creep rate have been used for predicting behavior over long 
periods of time while other properties such as Young’s modulus 
and Poisson’s ratio have been used for predicting behavior under 
the action of slowly applied loads. Exactly which properties are 
necessary and sufficient for the prediction of the behavior of a 
material when it is subjected to a suddenly applied load is still 
open to discussion. In particular, the role of the conventional 
properties in predicting stress-strain characteristics during dy- 
namic loading remains unknown. 

Zener* introduced the idea of a relaxed and unrelaxed modulus 
of elasticity, E, and E,, respectively, in connection with the dy- 
namics of slip bands in metals. In addition, he pointed out the 
relationship between these moduli and the relaxation coefficient 
T, and certain other properties used by Fredrickson and Eyring‘ 
in applying the Eyring rate theory. The concept of using the re- 
laxed and unrelaxed elastic moduli, Z, and £,, and the related 
relaxation coefficient 7, to predict the behavior of rubber when 
subjected to dynamic loading has been extended in the investiga- 
tion discussed here. 


DEFINITION OF TERMS AND PRESENTATION OF EQUATIONS 
The unrelaxed modulus of elasticity Z, is defined as the slope 


1 National Science Foundation Fellow in Theoretical and Applied 
Mechanics, Iowa State College. 

2 Professor and Head, Department of Aeronautical Engineering, 
Towa State College. Mem. ASME. 

3**Dynamics of Slip Bands,’’ by C. Zener, in ‘‘Cold Working of 
Metals,’’ American Society for Metals, Cleveland, Ohio, 1949, p. 180. 

4 “Statistical Rate Theory of Metals—I,” by J. W. Fredrickson and 
H. Eyring, Metals Technolgoy, vol. 15, part 2, August—-December, 
1948, Tech. Pub. No. 2423. 

Contributed by the Rubber and Plastics Division and presented at 
a joint session with the Machine Design Division at the Annual 
Meeting, New York, N. Y., November 28—December 3, 1954, of 
Tue AMERICAN Society oF MECHANICAL ENGINEERS. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, June 9, 
1954. Paper No. 54—A-41. 
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of the stress-strain curve’ [o, = f,(€)] resulting from the applica- 
tion of strain at an infinitely high rate; i.e., the time required to 
produce any given value of strain is zero. In other words, E,, is 
the slope of the ‘‘unrelaxed” stress-strain curve; the stresses de- 
veloped by straining have had no time during which relaxation 
can oceur. 

The relaxed modulus of elasticity E, is defined as the slope of 
the stress-strain curve’ [o, = f,(€)] which would result if the 
strain were applied at an infinitely low rate; i.e., the time required 
to produce any given value of strain is infinite. The property £, 
is then the slope of the completely ‘‘relaxed’’ stress-strain curve; 
stresses developed by straining have been reduced by relaxation 
to their minimum value. The relaxation coefficient 7, in the most 
general sense, is the parameter invoived in the stress-time rela- 
tionship for constant strain as the stress varies from its value on 
the unrelaxed stress-strain curve to its value on the relaxed stress- 
strain curve. 

For the special case in which the time required to produce a 
given strain is zero one possible form of the relationship between 
stress o, strain €, and time /, suggested by Zener’ is 


o(e, t) = Eye — E, — E,X1 {1} 
or 
o(e, t) = Ee + 


An interpretation of Equation [1] is that the stress at any time 
t, can be expressed as the stress that results from the application 
of a given strain in zero time (F,¢ = unrelaxed stress) minus the 
amount of relaxation that has occurred in time ¢, while an in- 
terpretation of Equation [la] is that the stress equals the stress 
that results from the application of a given strain in infinite time 
(E,e = completely relaxed stress) plus the amount of relaxation 
which has not yet occurred at time ¢. 

In predicting the stress-strain curve associated with any finite 
rate of straining the time of straining cannot be neglected; there- 
fore it is proposed that an equation of the same form as Equation 
[1] be applied to each differential increment of strain applied 
during the straining process 


do = f,(e)de — delf,(e) [2] 


in which do and de replace o and € from Equation [1] and in which 
E,, and E, have been replaced by f,(€) and f,(€), respectively, to 
indicate that the unrelaxed and relaxed stress-strain curves need 
not be straight lines. Equation [2] may now be integrated to 
give the value of stress ¢, in terms of strain €, time ¢, f,(e), f,(€), 
and r. The difficulty of this integration and the final result of 
course will depend upon the form of f,(€), f,(€), rT, and upon the 
relationship between ¢ and ¢. For the purpose of the present dis- 
cussion the results of this integration for two cases are presented 
as follows: 


5 The subscript u will be used throughout this paper to signify the 
unrelaxed condition. 

¢ The subscript r will be used to signify the relaxed condition. 

7 Op. cit., C. Zener. 
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(a) Strain ¢ is increased at a constant rate of b'"/'"/see to some 
value €* at time ¢* and then held constant as shown in Fig. 1(a) 
t—1* 


Mer +. (N — [(¢/br) Series] ... [3] 


pti 


T(e,t) = 


STRAIN-E 


STRAIN - € 


TIME -t 
(b) 


Fie. 1 Types or Srrarn-Time D1acrams ConsIDERED 


(b) Strain ¢ is increased at a constant rate 6, to some value e* 
and then decreased at the same constant rate, b, Fig. 1(6) 


Mer* 


T(ince) = + (N — M)et'[(€/br) Series]... . [4] 

1 
T(dece) = + (N — Series] 
2 M\Xe ett) 
pt+l 
+ 2(N — M)e*?*[(€*/br) Series]. ..... [4a] 


in which o(e, 4) = stress associated with any value of strain from 
0 to e*, or the stress associated with a strain of e* when ¢ > ¢*. 


[(€/br) Series] represents the infinite series 


| (e/br) 
p+1 (p+ 1p + 2) 
+ (€/br)? (—1)"*e/br) ] 
(p + 1Xp +2Xp +n) 
t—1* 
e is included only when { > ¢*. 


Cline «) = stress associated with any value of strain during 
period of increasing ¢€ 

T(dec «) = stress associated with any value of strain during 

period of decreasing € 
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f.(€) has been taken as Ne? 
fe) has been taken as Me” 


.— = p, and rt have been taken as constants 


If the values of NV, M, p, and 7 can be established for a given ma- 
terial then Equation [3] can be used to predict the stress-strain 
diagram resulting from any given constant rate of strain; and 
Equations [4] and [4a] can be used to predict the energy loss re- 
sulting from any given constant rate strain cycle. 


DESCRIPTION OF EQUIPMENT 


The equipment shown in Fig. 2 was developed for the purpose of 
straining rubber specimens at various rates to a specified value of 
strain and then holding the strain constant. The top and bottom 
supports (part numbers 2 and 7 in Fig. 2) were bolted securely to 
a 4-in.' 9.5-lb standard I-beam which in turn was bolted to a 
vertical 2-in. < 8-in. timber. The rubber specimen to be tested 5, 
rests on 2, and supports the steel plate 4. The specimen is com- 
pressed between 2 and 4 when 4 is drawn vertically downward by 
a force exerted on the pull bar 3. This force is exerted by turning 
the loading nut 8. 

The fiat portion of the pull bar 3, which is marked “gages” 
in Fig. 2, consists of a piece of brass shim stock on which two 
SR-4 strain gages are cemented back to back. These gages meas- 
ure the total resistance offered to the downward motion of the pull 
bar 3, which includes not only the resistance to compression 
offered by the specimen but also the forces necessary to accelerate 
all of the masses moving with 3 above the gages. For the rates of 
strain tested (up to 34 per cent per sec in the present test series), 
it was found that the accelerating forces were negligible compared 
to the resistance to compression offered by the test specimen. 
The pull bar 3 is connected to an extension rod 11 which extends 
into the induction coil 12. Any motion of 3 changes the position of 
the extension rod in the induction coil. The electrical effect pro- 
duced by this change in position provides the means for measuring 
the amount of compression of the specimen. The micrometer 1, 
mounted above the specimen, was used only during preliminary 
tests for the calibration of the electrical signal produced by the 
induction coil. 

The two SR-4 strain gages mounted back to back on the pull 
bar were connected as opposite arms in a Wheatstone-bridge 
circuit; the remaining two arms of the bridge consisted of two 
additional gages, of the same lot number (No. 126) as the active 
gages, mounted on the same material as the active gages, but in an 
unstrained condition. This arrangement provides for tempera- 
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ture compensation, elimination of signal due to flexural strain, 
and for doubling of the signal due to tensile strain. 

The induction coil used to measure the motion of the pull bar 
was connected as one arm in a Wheatstone-bridge circuit, and the 
remaining three arms consisted of three nearly identical coils. 
Two of the three inactive coils were uncored while the third con- 
tained a movable core for obtaining initial balance of the bridge. 
These two bridges were connected for recording as shown in Fig. 3. 

The test specimens were cut from one end of a rubber rod 
furnished for this investigaton by the Chemical and Physical Re- 
search Laboratories of The Firestone Tire and Rubber Company. 
The rod was fabricated by an extrusion process followed by vul- 
canization, and had a diameter of 0.93 in. and a length of approxi- 
mately 100 in. Individual specimens were produced by cutting 


slices approximately 0.25 in. thick from one end. The cutting was 
done on a power saw or in a miter box. A 0.50-in-diam centrally 
located hole was then removed from each slice with a standard 
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'/,-in. gasket cutter. The parallel surfaces of each specimen were 
finished by hand on 00 sand paper. 


EvaALuaTION OF Properties f,(€), f(€), AND T 


The method employed by the authors in evaluating all of the 
unknowns in Equations [3] and [4] involved two tests. In the 
first test a specimen was strained as slowly as possible with inter- 
mediate stops of sufficient length to allow nearly complete relaxa- 
tion of stress. The force-time and compression-time records ob- 
tained from this test were converted to stress-time and strain- 
time curves using the original cross-sectional area of the specimen 
and the original specimen height. From these two curves a 
stress-strain curve was constructed—this is the relaxed stress- 
strain diagrams and f,(€) is available from it. An example of a 
relaxed stress-strain curve is shown as the bottom curve in Fig. 4. 

An exact experimental evaluation of f,(€) is of course impossible 
since by definition of f,(€) the time of straining must be equal to 
zero. However, if a test can be conducted for which the loading 
time is very small compared to the value of r the value of f,(¢) thus 
determined should be adequate to predict the effect of straining 
at rates for which the loading time is comparable to or greater 
than r. For this purpose a second test was performed. In this 
test the strain was applied in small increments and the stress 
allowed to relax between each increment. The rate of application 
of each of these increments of strain was made as great as possible. 
The force-time and compression-time records obtained from this 
test were converted to stress-time and strain-time curves as in the 
first test. If the stress increments associated with each strain in- 
crement are added and plotted against strain the result is a stress- 
strain curve for which the relaxation is limited to the sums of the 
amounts by which each individual stress increment can relax 
during its time of application. This curve may be interpreted as 
an experimental approach to the unrelaxed stress-strain diagram 
and f,(€) is available from it. Such a test was conducted and the 
step curve showing the incremental increases in stress and strain, 
and the stress-strain curve constructed from this by the addition 
of the stress increments are also shown in Fig. 4. These two 
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curves (unrelaxed and relaxed stress-strain diagrams) are re- 
plotted on logarithmic co-ordinates in Fig. 5 and from these plots 
the value of f,(€) and f,(€) are determined as 


= 15.76 


Sle) = 


or 


N = 15.7, M = 6.9, p = 0.455 if € is substituted as a per- 
centage value in Equations [3], [4], and [4a]. 

The data obtained on stress relaxation following each incre- 
mental increase in strain may be used to evaluate the relaxation 
constant in the following manner: Equation [3] may be rewritten 
as 


Mer'\ 
(cw e* = (N — M)e*'|(€/br) Series]... [3a] 
pri 


Since the right-hand side of Equation [3a] is equal to a constant 
for any given test, the difference between the stress associated 
with a given strain (€*) and the relaxed stress for that value of e* 
is plotted versus ¢ — /* (time interval during which €* is held 
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constant) on semilogarithmic co-ordinates. Since the data plot 
as straight lines the value of 7 may be taken as proportional to the 
reciprocal of the slope. Fig. 6 is such a plot, the data being taken 
from the relaxation period following the second, third, and fourth 
incremental strain increases during test 2. From Fig. 6 the value 
of 7 is taken as T = 0.69 sec. . 


RESULTS AND DISCUSSION 


As a first check on the theory and on the evaluation of the 
properties involved the same test equipment was used to strain a 
second specimen at a nearly constant rate of 2.5 per cent per sec. 
The values of stress and strain computed from measured values 
of force and compression are shown as circled points in Fig. 7. 
The solid-line curve in the same figure labeled b = 2.5 per cent 
per sec is the stress-strain curve predicted by solving Equation 
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[3] with b = 2.5 per cent per sec and with the other terms (V, ./, 
p, T) having the values given in the preceding section. 

As a further check the same specimen was strained and un- 
strained at a nearly constant rate of 7.8 per cent per sec. The 
values of stress and strain computed from measured values of 
forces and compression are shown as circled points in Fig. 8. The 
solid line in the same figure labeled 6 = +7.8 per cent per sec is 
the stress-strain curve predicted by the solution of Equation [4]. 
The solution of Equation [4a] gives values which are represented 
by the solid line (labeled b = —7.8 per cent per sec) extending 
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from the value of maximum strain to the point of its intersection 
with the relaxed stress-strain curve. If Equation [4a] is solved 
for values of stress associated with values of strain which are less 
the value of strain at this intersection (in Fig. 8) the pre- 
dicted stress-strain curve will be that shown as the dotted line 
in Fig. 8. That this dotted portion of the predicted stress-strain 
curve does not check well with the observed results is obvious. 
Further, tests have shown that relaxation always acts to shift the 
value of stress associated with a given strain toward the value 
of stress on the relaxed stress-strain curve. Therefore a better 
prediction for the decreasing strain curve appears to result from 
the solution of Equation [4a] for values of strain greater than €, in 
Fig. 8. That is, Equation [4a] should be applied only for 


(N — Series] br ] 
— — et") 
pt+il 
+ 2(N — M)e**+1[(e*/br) Series] > 0...... [5] 


For values of € less than €, the stress-strain curve can be assumed 
to follow the relaxed stress-strain curve. 
The proposed method for predicting the dynamic behavior of 


rubber from a knowledge of properties f,(e), f,(€), and r has been 
illustrated here for very limited conditions. That is, f,(€) and 
f(€) have been assumed of a form such that 


Ne Mer* 


T has been taken as a constant, and further, the solution has been 
carried out only for constant rate of strain problems. However, 
even with these limitations the results indicate that this method 
shows promise. The method is not inherently limited to any par- 
ticular form of the relaxed and unrelaxed stress-strain function 
[f.(€) and f,(€)] or by a single-valued relaxation constant r. The 
basic differential equation, Equation [2], can be solved for vary- 
ing strain rates and equations or tabular forms comparable to 
Equations [4] and [4a] can be obtained for any strain-time cycle. 

The possibility of establishing the unrelaxed stress-strain curve 
and also the value of the relaxation coefficient for very small times 
by studying the propagation of strain waves in a long rubber rod 
is currently being investigated by the authors. It is hoped that 
by thus establishing an experimentally determined unrelaxed 
stress-strain curve which is even closer to the true unre- 
laxed curve the method for predicting stress-strain diagrams 
which is outlined in this paper can be extended to strain 
rates which are characteristic of true impact problems. 
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HERE IS SOME GOOD READIN 


for those interested in tracing important phases of 
engineering developments through the lives of 
engineers identified with them 


PARTNERS FOR LIFE 


FRANK AND LILLIAN GILBRETH: 


This is a well-documented perspective study of a perfect partnership. The career in 
which this couple were to become distinguished began when Frank Gilbreth left the 
construction business and devoted all of his time to management and human 
His work on motion study paralleled the work on time study by Frederick Taylor. 2 
When he died Mrs. Gilbreth went on with his work. ee 4 
of management by many of the large industries. 


I REMEMBER BY DEXTER 8S. KIMBALL 


This autobiography of the apprentice machinist who became dean of Cornell’s Engi- 
neering School parallels our nation’s industrial and scientific development. What Dean 
Kimball remembers ranges from San Francisco in the eighties to Cornell’s campus, 
from engineering education to engineering practice, and, finally to government service 
in Washington. It is a vital story of a dynamic era and an equally engrossing story of 
an intrepid leader in industry, engineering, and education. $4.00 


ADVENTURES IN THE NAVY, IN EDUCATION, 
SCIENCE, AND IN WAR BY W. F. DURAND 


The eng ering career of Dr. Durand is one of the most varied of our times. In his 
autobiogra,.y, the author has recorded what he considers to be the most interesting 
and important events of his life. They include his investigations of ship propellers at 
Cornell, the creation of the National Advisory Committee for Aeronautics, his activities 
as consultant on the Hoover Dam and other similar projects, his introduction of logarith- 
mic graph paper to science, and his invention of a radial planimeter. He also tells of the 
rebuilding of Stanford University after the earthquake, of life in the wooden Navy, and 
a hundred other stories. $4.00 


SCIENTIFIC BLACKSMITH: THE AUTOBIOGRAPHY OF 
MORTIMER E. COOLEY 


Few engineers have had the length and breadth of experiences reflected in this auto- 
biography. The author was for more than forty years on the University of Michigan 
faculty and for twenty-five of those years Dean of the College of Engineering; he also 
was active in consultant engineering, in public service, and as a leader in the work of 
engineering societies. His zest for life is well reflected in the many anecdotes which he é 
tells and the salty character of his writings. $3.75 


THE AUTOBIOGRAPHY OF AN ENGINEER 
BY WILLIAM LEROY EMMET 


When you read this life-story you also read about the many developments with which 
the author was identified: the best known of which are the invention, design, and de- 
velopment of the mercury-vapor power system, the many types of apparatus and 
methods of distribution used extensively in central station electric industry, the steam 
turbine electric apparatus, and the electrical propulsion of ships Dr. Emmet’s early 
life, his years at the Naval Academy and at sea, and his outstanding contributions to 


engineering progress combine to make his autobiography a truly dramatic story. $3.50 
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